
 Lazy approach to categories 0 III
1 Description ofDire

1.0 Recep

Let te5 R 5 7 K Frac R C5 R bethe

natural inclusion In Sec 2 of Part 2 we haveproduced

a functor Wh Q Zg Rmed andprovedthat
It's faithful on 0

fullyfaithful on Opr
Ourgoal now is to give a description of the full

subcategoryWhOir Zog RmedAn additional ingredient
is the analysis of subgeneric behavior done in Sect of
Part 2

111Target category Recall Sec2.1 ofPart2 that
Wh Δ r X R where Zog acts via

g 53 515 R
Bex a catcat x

T



In particular let me Zog denotethemaximal ideal

of 7 7 for Xe E the same for all such 7 Weseethat

meWh o r X Wh o rlXm
Sinceeveryobject MEQR has a finite filtration by

quotientsof Δ p X Xe E wehave m WhM WhMIM
where k is the lengthof the filtration
It follows that Zlog 1Wh M canonically extends

to the completion Zog at me
Now we examine the structure of E W Xt Atta

where A is the rootlattice Notethat for XeA we have

w X t E A wt ten we.im Stabwxalt W

Since WKA is a reflectiongroup Stat its image

are reflection subgroups to be denotedby Wes Every
E is a Wayorbit hence contains a uniqueelement X X s.t

It is antidominant forWes forthepositive rootsystem
consistingofpositiveroots ofW LetW Spanwe Ttt

Note that I log E is identifiedwith R Moreprecisely

we have the following elementary but important
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Exercise1 1 the action of Zg on Wh o r X R
is via an embedding Zlog c R whose image is RW
Denote it by 2

2 Theaction of Z g on Wh Opp wk for
we Was is via way where we view w as an automorphism

of R
We need to shrink the target category technical

Exercise2 Use 2 andQ r beinghighestweight to show

an ideal ICRWGR

a Wh O r e RW R I mod

6 RWGR IF RWpwR RWR I is fingen over R
I isgenerically radical RWR I qk 1K

two Wl

One can make a much moreprecise elegant statement

especially if one is Seergel

Fact We can take RWER I RWRwR
I



Conclusion we have seen that the target category
forWh as well as imagesof standards are recoveredfrom
a reflectiongroup Wess and its parabolic subgroup W

and a reflection representation ofWa

In Sec 1.3 we'll see that a similarclaim is true

for Wh Otr e

12 Abstract nonsense

Suppose

R is a regular complete Noetherian local ring I Rlm

Ep is a highest weight category over R

Ep is an R linearabelian category equivalent to

Apimodfy whereAp is an associative R algebra that is
a finitelygenerated Rmodule

Np Ep Ep is a rightexact R linearfunctor

Note that Ip is given by Bpp whereBp is an

Ap bimodule w Cr Armodey So for an Ralgebra



S we can consider As SepAp Ag S pAp Cs Agmodfg
Es Ts Bg etc

Mp is supposedto satisfy thefollowingconditions

a Cpc Eye are splitsemisimple DClinear categories
Pr Eye ER
6 Pp10pct is flat over R Liste Orto o iso t

c st is faithful on e

We call op an RS Rouquier Soergel functor For

example take Ep O r let Er RWGR I modsTp Wh
Here are consequences of the axioms a c First Ip is

fully faithful on Cp cf Premium Exercise 3 fromSec2.2of
Lec 2 The Yoneda description ofExt then shows that

Ip Ep Ep is injective on Ext s
Moreover we can recover Ext between objectsof

Eps Since E is semisimple there's a devisor Dc Spec R1
with thefollowingproperty

ifMp AreEp are flat over R then Exter MpNp



is supported on D Let p preR betheprime ideals

correspondingto the components of D Let
LCR Rp a localization ofR

Wehavemaps Tr Ext'er MpNp ExteplitrMR.HRNr
MpNpeCR similarly start
We also have natural maps inducedby localization functorL

L Ext'er MpNr Exteur MccriNeck
similarmaps for Ep
Here's the required description of ExterMpNr

Thm I 1 23 The following diagram is Cartesian

Ext
er MrNr Exteur MccriNeri
JR ITURI

ExterMpNr Exteur MariNeck
where Mp MpMp etc MrNpeER

Note that the bottom arrow depends only on Er
while the right arrow only depends on the inclusions
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EppeErp Informally once wehave an RS functor

Ep is recovered from thetarget category its subgeneric
behavior

1.31 Back to 0

As our first application ofSec 1.2 wegive aproofof the

following result due to Soergel

Thm A regular block of 0 one w W 13 is

determinedup to an equivalence of highest weight categories byWe

There's an immediate generalization to singular blocks

which is provedsimilarly is left as premium exercise

Sketch ofproof
For weWas we write Rw for the R bimodule R where

R acts from the right by r ar and from the left by r to win
that Wh or wit Rw



Important commutativealgebra exercise1

Extper RuRu to u w 1 or s Moreover inthe

latter case this R bimodule is
Rw Rwd Ru Rud

Thx to this exercise we can take D USpec R K1
where the union is taken over the positive roots of Way
Consider the corresponding localization Oir It splits
into W 2 blocks andso doesEra the

blocks correspond

to Sjorbits in E The functorTragoes between blocks
Let E be the residue field ofRca

Important exercise 2 Let Xe satisfy Xp since
Then Ext

apr
10Rail Opa soil to hence Wh induces

isomorphism with Exter Rwm.Rwsa.ca Fa for D w.li

This impliesthe following characterization of the imageof

the block it
consists of all objects M s.t SES



e Risk M Rii e

w weWes shortest in its s coset Informally weget
all extensions in the right directionand none in thewrong
direction Thm in Sec1.2 now shows that Ext between
two objects in Wh Djr e can befullyrecovered
inside their Ext in Er without actually knowing
r e To finish theproof is left as an exercise

a


