
2/4/21
The Center of a Quantum Group , Rare 1

Goal : We wish to determine the center ZCU) of the
quantum group U = 4cg) .

Aeeroach : Proceed similarly to the classical case , where
one determines the center of the universal

enveloping algebra of a semisimple lie algebra. We
follow the presentation in Jantzen 's book

"
lectures on

Quantum Groups
" (hence forth referred to as Jantzen) .



1)Notationforsemisimpleliettlge.br#
• 14 a field of characteristic O

• EE # × transcendental over prime subfield IQ C Kl (in Canicula, not a root of unity)
.

• og a semisimple lie agebra over Q of rank l

• vlog) its universal envelop ,y algebra

• h a Cartan subalgebra

• E the set of roots w re k
• IT a system of simple roots , A-{him, .

. he}
• It the see of positive roots b. re

.

IT
•

og=q- ④hay triangular decomposition
• W the Weyl group generated by simple reflections

acting on Y
"

- (and hence on 4
,
UCE) ) .

• C
, ) W - invariant inner product such that short roots have length2 .

• A weight lattice spanned by fundamental weights wi, we. . -we
• At = {. IEA : ca'S Echo Fatt 3 the dominant integral weights

n

• g the Weyl vector , given by g -- I { a = Ew ;

a- Itt it

• Sa the reflection given by Salt) = I - da
'
> a .



2) Recalling the classical case
2. 1) The Harish Chandra Homomorphism
Before we determine the center ZCU )

,
we briefly recall how one can

determine the center 2- (vlog)) , which will serve as our blueprint
.

• Lee Lei
,
ha , f- i3 denote the slz - triple ing

associated to di ETI . The roof gradation
on g induces a GOI gradation on UGG) .

• The degree O are.ee 0cg)o contains Uch) and
2-(0cg)) is a subalgebra .

Furthermore
, Ubslytn Ucsb = g-Vlog) nutty) ,

is a two sided
.

ideal of Ucg ) se.

OC9)
o = Uch) Ot Ulglntnvcos) ..

Hence
,
we get an algebra horn Tl : vlog) → 047

given by projection .

• Let 8 : Uch)→ Uch) denote the algebra hoon defined by hi h hi- l
.

Hi
,
extended to UCL) as an algebra horn . If I Eg

#

,
we

can extend it to an algebra horn 1 : vlog) → Q (by abuse
of notation) by X (hi

,

hi
,
. . hir) = Ichi ) 7-Chit - - - 7Chir

,
and 74k.

Then
, g) Chi - D= g)Chi) - Etty) (D= Ichi) + gchil - I ⇒Chi?

s



'

Efyltarishuaandjgottmomorehicsm, is defined as 4=805

It follows fttg) (QE)) = 1CECH) Hee Huff)

Since his aa abelian Lie algebra , UCL) -- Sch) ,
And can hence be veered as polynomial functions
on h" , given by evaluation .

Since W aces on

k
,
we have SCEIW :={ hesch) : wh=h faith .

I



2.2) The Harish - Chandra Isomorphism
Tha

The restriction of 4 to Zlucg )) is an

algebra isomorphism Hood) → Sch)!
tf we only state the key steps
I . First

,
it is clear it B an algebra

homomorphism .

2 . Second , we need to check injecting .

• Can view UCL) = Sch) as polynomial functions on y
"

given by evaluation
. So from above !

QGIG.es) = Atg) (4Gt) = 1 CECH) = TICH (7)
• If ZE HUG))

,
z aces on the -Verma module (heh) .

MCA = Vlog) Oxucqaftjh as a scalar as h . -z .↳ = t.hr V1
= Ich) ZVI

⇒ 2-Vy = X,CH Vz for some algebra horn

Xz : Hoog)) → ¢ ,

called a character .

* Since Z -ICH C- Vlog)ht annihilates Va
,

Therefore
, Xy CE) = HTT CH) = 4Gt Atg) .



So if 4ft) =D
,
Z carets as 0 on every

finite dimensional module ⇒ E-O

(the proof of this is very similar to the

analogous statement for quantum groups proved
last time) .

3
.

Third
, we

need to show that the image of

4 lies in scam .

• For WEW
,
let w .] :-w (Atg ) - g g defines dotation ofW

.

If Fai simple s-t . 51 , aids C-Ezo
,

then MA)

has a maximal vector f, '
"
v > + '

v
, of weight 1-Hair> + Dai

(this is a consequence of viewing MA) as an Sts-module

of -1kHz trick { fi , hi , e ,-3 . )

Hence
,
there is an embedding Mft-famineDai) as MCH .

ncs. .
"

I)
i

This implies %
.
.
.

.,
= Xy .

In particular ,
if 7 is

dominant integral , a short induction argument (omitted) shows

Xw . I = X, twoW
.



-

-

° Therefore
,
TICH (1) -

- X,Cz)
-
- Xw . ,G) = ITCH (w . D,

so the two polynomial functions TIE) ( - ) and TTA) (w . -)
agree on At

, a
Zariski dense subset of h

"

. Hence
, they agree

on all of ya, so for all 1 Eh
"

,
wtW

TITH (1) = TITH Cw . X)

⇒ UCH ( zag ) = QE) (w . Atg )
writy 1h = 2-g s

⇒ 4 Cz) Cx )
= QQ) (wya )

Therefore
,
4 is a map from Hoag))→ say)W.

4. Finally . one needs to show surjective-ly .

This is somewhat long
,
so I will be

brief .

he?
:

2cg) = Scg") - polynomial functions org
• O : flag)→ ply) be given by restriction,

13 an algebra homomorphism
• Gc Aut og

be the group generated
by { exe ad x : x nileoeene ]



G aces on play) by Cg . 67=p Cg .g)
tee flood

,
geog

, g EG .

The crux is the following theorem of Cheval leg :
try . (Restriction Thm)

Omnes 9cg)
G
isomorphrally onto HEM

The proof of Cheval leg's theorem involves looking
at traces of finite dimensional representations .

After using the killing form to identify og
with og

#
,
and k with

'

ly
*

,
this gives an isomorphin

s cost → sq)
w

finally
,
it can be shown scog)GB isomorphic

as a vector sauce to Zcucgj) .
D



3)NotationfarQuantum#
• G-Uqcog) is the quantized enveloping algebra over # of

og with parameter q

Recall it is defined by generators and relations

Uqcog) = (Ea
,
Fa

,
Ka

,
KI
'

: at elation,

relation, Va, BHT : l) Kaki
'
= KI Ka = I

kakpt-kpk.sn
2) keepki

'
= QQ" Ep

3) Ka Fp ki
'
-

-

g
- GB)

Fp
") tea

, Fp] = Sap k÷¥ , where gig
""?

5) quantized Serre relations

• For te EE
,
I - affair ,

K, := II.Kim . Clearly Katya'- Katia

for KAEDE
• Ut = subalgebra generated by Ed Get)

.U
-

= subalgebra generated by Fa

U °
= (commutative) subalgebra generated by Ka

,
KI

'

2- (O) = center of U .

•• U admits a IOI grading where deg Ea = a , degFaa
,
deg ka=degkI=O.

Let Uu = { xeu I deg x -- 03 (D C- IOI )
.



-

-

° Notice for at Oo
,
Kauk ECHL (1,0 EEE) .

Since
, E not a root Aunty ⇒ Uu -- {* Of Knox ki ' =q↳E)

HIEIE3 .

• 020 = gubalg generated by Ea , k key)
UEO = subalg generated by Fa

,
KIT '

• W aces on U° by wkµ= Kayu , AE LZOI .
• Vfr i = ¥z§§zln4u ,

a subalgebra of U ?

This is stable under W
.

• (Uo )W:= { we 00 : wa
-

- a two-W}



HD Description of the Center-
ofa Quantum Group-

ul) A very short outline
Just erased that 2- ( Ucg) ) E- Say)!
What can ve say about ZCO )

,
the

center of the quantum group ?

Turns out that we can produce an

algebra isomorphism ? : Ecu ) -1 9)Y which
is what we will construct in this lecture .

Oar approach will be similar Hn nature

Proof we produced
,
but with some

modifications
. Step ( to show 4 is an

9. lubra horn and step 2 to show 4 is injected
90 through almost identically .

Step 3 to show

that the image B @g)W will require somemodification
.

In Steg H ,

to show surjective-4 , we need to
modify heavily ; the trace needs to be
replaced by quantum trace , and more drastically
we must work around Using B (remark : this shows

bijective
'
-

y ).



4.21 The Cqaantum) Harishchandra
Hfomomorphism

For X E A , we can Produce an algebra horn

00-314 which by abuse of notation we also denote

7 defined by Nkp) again) HA EEE .

which is well defined as {kµ3µo→§ is a

basis of 00 and is an algebra horn because

Hkµ+o)= q
MOI

q
""#KICK,a)X(Ko) .

Furthermore
, if 4,1£ A ,

Atl ) ( ka ) =qdttfal.ae#4qHH--7Cka)X'(Kal .

Now
,
if 7 Ed

,
let 8,

denote the algebra
hour Ty : U '→ Uo given by

Tx ( ka ) = HE)Ka=qHa¥
CACHE ) . Notice 8¥ = thorn' .



Recall Uo -- { UEU / deg in a o }
-

- Sue U ftp.ulgikattaeae.
So dearly 2- (u) c Uo .

multiplication

The Isomorphism U
-

④ U
° Ut 't U means we can write

Uo = U
°
Of Oj U°Uj .

Hence
,
denote the

Projection Uo → U° as TT (similar to classical case)
.

Exercise check IT is an algebra horn .

"

Def ( Harish - Chandra homomorphism)
4 : Uo → U

°

B defined as

4 = Kg OTT .



4-3)The Main Theorem
(**x) Main Theorem
-

Suppose 14 is a field of characteristic O and q Ek
"
B

transcendental over therime subfield Q CK . Then
,
the restriction

41¥
,
kg OTT Izu,

: 2-Co) → U° B an isomorphism

onto its image , which is (b)
W

.

From now on we shall just write
4 to denote the restriction of y to

the center
,
and similarly for TT .



5)proofoftkmain-hm.IS
-D Outline
we will spend the rest of the lecture provingthis theorem .

Let 's outline what we 'll do .

1) First , show that 4 is an injective
algebra homomorphism from ZCO ) to

(b)
W

.
This encompasses

steps I to 3 in the proof of
the classical result above .

Then
,
we need to replace step 4

in that proof to show surjective-5 .

To do so :

2) We need to construct elements in

ZU) whose images under 4 Sean

(U:o)N .

.

To do this
,
we turn to the



dual space U*
,

which is naturally a -mod

dual to the adjoint representation U, and

construct a nondegenerate , invariant pairing
on U

,
which gives an embedding 0→U*.

Then
,
in U *

,
we construct U - invariants Using the

quantum trace of finite dimensional representations ,
and show these lie in the image of the

embedding; since they are invariant
,

their preimages will be invariant. A- general face
of Holt algebras is invariance v. re . adjoint
res is the same as being central . Then

,-

,

-

we show that the images of these
central elements under 4 sean @egg?

Rinks for this talk, we have assumed char Keo
and q is transcendental over ④CK .

This can be weakened to requiring q not be

a root of unity .



Si) showing 4 B injective and
its image is in@%)w .

• Recall there 1 Verma module MG) = YE.ue.at?guCka-e"")
generated by a coset Vy of 1 .

Lemma I

7) Lee 7 E A . ZE ZCU ) aces on MCA) as a scalar

this scalar is 7 CTTCZ))
b) Tl is injective on 2-Co)

.
-

I. a) Left as an exercise :

b) If TICH --o for 2-E 2-Col
,
then 2- acts as 0 on all

Hee l finite dimensional representations as these are a quotient
of MA) for Sone X .

Now achy the theorem from last time
to deduce t -- O . D

Recall if 7th
, Ty denotes the algebra

hour Ty : U'→ UO given by

t.lk/a)--7Ctya3Ka=qHaka4aE2oI) .



Recall the dot action ofW on A given by
w . X : = w Atg) - g .

Recall w 19µs 19am delves an action ofwon U ?
Carew) .

Lemme 4 CHO) ) E @9W.

tf Lee ZEZCO)
,
and let h=4C⇒

= 8-gotten G) ⇒ rgch ) - Theo,C⇒ .

By lemma l , for AGA ,
2- outs on MCI)

as the scalar XCEfzcog.CH) = 1 (rglhl)
= g) Chl

from last time
,
we saw that for aft , if

CAM ) 20
,
F non- zero hour Mesa . 1)→ MA) .

So 2- must act as the sane scalar

on both . Hence
,

g)Ch) = Atg)Ch) = Wh )
¥)

= @ez) CSI
'
Chl )

.

Ct) also holds it Gav ) co ; if Garth,

f- Ed by deft



then Said = 7 and (xn ) follows. If
aus c - I

, +un Lsa . 7,283=26*33-3,2)
¥

=
- 212-9227

a,

-2 by defofg and
✓- invariance of C

, 7 .

= - Law > -2 20
,
so CA )

aquas to Sa .X and hence to 7 .

Since single reflections generate W,
wededuce

g) Ch) = # 3) Cuh) f.we✓ fact
.

⇒ 7cal = Huh) as gel .

Finally
,
if h- wh = kayak, , then 0=7 th- wh) = { and

""? Each

X ft q
(YM is a character on A g these are distinct as q

B not a root of unity
,
and it is known distinct characters are linearly

indecorum ⇒ aµ=o ta ⇒ h- who ⇒ Que E@9!

Recall U%= ① 14km
D

ATIENZA
.



Boosie :The image of 4 lies in (Ug)!
2£ If 2-EZCO)

,
we already know that 4G) ECU!

Hence
,
can write

Cz) = EaµKµ
ACHE

where aµ=awµ flew .

We want to show that an# O ⇒ ME 21 .

Since
IT is a basis of ② OI , there exists a group hom r :&#→ IB
s -t

. Tca) = - l Fa EF .
Now

,
or induces an algebra

automorphism f : u→ u by U (Ea) = THIEL = - En

U Cfa) =FLOCKA't ' )=rCalkI" = - Kit
'

Notice Fereserves 210)
, 0904,0; grading on U .

i.e . F ( Eco)) =ZCo) , F (ut ) - Utu
,

ECI) --Eo

for O E IOI
,
F ( 09 = 00 .

It follows FOTI '-ToFly.
Also clea VAEA

,
For

>
= 8, off . , by checky on Kya's .

Therefore
,
for that

,

F o 4 = Fo 8-go T.lzcucoyi-t-gotlza.ws,jF= Olof

Theodore
, if 2-E 2-(u) and 4th - Eam Kya , then

YEH -- THEY- EaµFCkµ ) = { quota ka



TCH is central so by Lemma 2 this sum lies in !
Therefore

, quota) = aayurcayn) = qurcwyn ) fate# ,
WEW .

Ayato ⇒ Tbh ) = rlayu ) Hw EW, so if w - sa a single,
then

,
k tf - sad) = r (Gurus a) = 44N)

.

⇒ Gu ,
N) B even fat ⇒ IKE 21 .

p

Combining these statements, we here shown that

is 4 is an embedding Y : Io) → @g)W.



-

S
-2) Showing that 4surjectionto (veg)W
The remainder of

.
the lecture will show 4 is

surjective .

5. 2. 1) The Bialgebra Pairing
• Lee 's recall the Hq f- algebra striate (A, go , E, S )
on O .

• 1h is the multiplication
, R

is the unit
.

• g : ut U u is the comultifl.catAn Unigul, satisfying :
o (Ea) = Ea I t ka Ex @F)
° (Fa) = Fa KI't I Fa

b ( ka) = Ka Oka

• E : U→ K B the count and algebra horn uniquely
satisfy E (Ea) = E Cfa) =D

,
Eckel- I .

• S : u→ u is the antipode
, satisfying SEED =-Kita

,

SCH) = -Fake
,
SCka)- KI

'
.



In
.

order to construct the invariant fairy on
0×0
,
we first need to construct a bilgebra pairing

On Utoy U 20

Def let X , Y be two Korf algebras .
A- pairing

C ,
) : XxY → K 13 a bialgebreeairag

'fu (Xiu
,
s) = (x , a

, 4,61) and

(2) ( x , 9,92) = foxed, b , Yz) ,

where Xi
,
Xz C-X , 91,92 C- Y , Ox andOy

are the comultiplications on X
,
Y
, respectively , and

the form on XOXX x 404 B defined by

Motivation : 64014 , 9,04 ,)=
CME) Cbi ,94 .

A-
*

is naturally an algebra by defining its multiplication
as Aa. = A-

*

QA
"
↳ CA A)

"oi A!
Similarly for B

"

. Therefore
,
the conditions in CH ,

G)

are the sane as rearing A-→ B
" Cats Ca , .) )

and B → A
"

(SH C . , bi) be algebra horns
, resp .



U
"

and U
"

are HoH subalgebra, of U .

Think exists a unique bialgebra pairing
C
, ) : u

C-0×020 → ft s-t - f q 're Tl :
i ) (ga , Ku) -- g- 440) Cea

,
Eisk -f.p @a-EID

'

• o
)

I 1) (ka , Ea) = (Fa , ka) = O

H .

-

Assuming existence of such a form
,
uniqueness is

immediate
,
as relations 1) and 2) define it

on the generators, from which the bialgebra property
will show it y defied on the whole algebras . for example

us
(Fa Fp , Ea Ep) = ( IZQFP , GLEN Ep))

=

( Faa Fp , Efa I + ka Ea) oaths ED
= ¥0473

,
Ea Ep I t - -

- - t Kay,FEa¥)
= (Fa

,
EaEp) (Ep

,
D t -

-

-
-

t (Fa
,
Kate) ftp.IEEB)

then use (2) and it will be in tens of
the form on generators .



Now
, let's do existence .

° Recall that OEO is the algebra with the
same generators and relations as 0=0 except
the quantum Serre relations .

-

GEO B a bialgebmu.r.e.tk/toyfserac-we
formulas recalled above

,
gal U

't
ya bi-

algebra quote
.

• We will first defoe a bi algebra rainy on

010×020 as it is easier to define . Then
,

we show how it descends to f-0×010
.



• For att
,
define ft e@20¥ by

F' leaker) = - Coca- qi
'

)
"

taEZE{ Ecu.jo ) = o fo taEZE
• for 7 C- A

,
defile Kit E @

to

)
"

by

K' la Kya) = sea)q-AM
) ( heat

Notte Kt is an algebra horn .

Ut Ut )

lemme 7 Fat f
'

, Kats km (fact
defines an algebra hoon

HEE)

Geo→ (u 20¥ .

0¥ Left as an exercise (but this is
straightforward as Geo bevies like a free

algebra ; since F's hae no relations
,
and rdhtioasinvolvg

ka ace ears) . D

Therefore
,
this algebra horn induces a pairing



C , ) : 0%0×0'T-7$ satisfying
Ga

,
9) = (x , xz

,
dy) ) HK ,XaE

20
tyco .

Lemma_8
C
, ) : GEO x 020→ Kf also satisfies

Cxibisz) = Coca ,g , ya) txt Eto
Gy , Yzf

We first claim that it ( Xi , biz)
= (axil , 9,092) and Ca

,
b.ya) -- ¥19,092)

thx
, ,xzE Teo

,
giszf Uzo

,

then CAN
,
9,92)

= (664×27,9192) .
This is adirect

computation using Sweeter notation for the
comaHilli cation

,
and the fact lxcxz , g) =

(K&N
,
Hy)) by construction oftkeairy

- no other grocery of U b needed
,
so this

B a general statement left as an exercise .



Then
,
one can stand

, verify on the

generators Fa
, km Cat'T ,

at ELOI)
that

(Kyu , big = Cockpit , 4092)
and ( Fa , bish = COCKS

, bioxyz) .

C* )

Lee's do it for Kia :
( Kyu ,

bibz) = KMG .bz) = KMG ,) 15492)
= Again) (Kaisa) = (ka Kay ,#
= (Gugu) , 9,052) .

For Fa
,
one can check Ca ) first for

YF Ep
,
Epz .

. . Epr Kyu
,
and be Eoioi - -

Eg Kaz
( Bi , Oi ETI, Agh EEE ) by a direct calculation .

Then
,
Ca ) follows by linearity . The details are left

to the reader .
D

combining lemmas 7 and 8 ,
we have a

bialgebra seamy C , ) : GEE I, K .



LY Ha
,
U C- IoT

,

4=10

⇒ (x , y)=o AXED
-

,
yeut

ya u

ft This is by construction of the form .

In order to show Ci ) iJux Is Kl descends to

a form on UEOQUIO ,
we need the left radical

to contain the elements (faffs EF) :
rap rap -s

this = EE Eff rasp LE EES
€0 . (rap -- I - Lpr 's) .

Which define the quantum Sene relations . indeed

Lemmata

Togi 1×1=0 txt O_O , faffs GTI .



If - By - lemma 9 , we need only look at the

restriction of-he eairnyto E-
group)

x Utratps
Cathy as bats C- I

cratp)
A'I'Aman

.

Now
,
we will look at what happens when type g-Az;

the general case is left as an exercise .

There are two possibilities for at B ETI in this
case
,
but by symmetry

,
it suffices to look at one . Pickingone,

we had a =-I , andy
Ufp - Eef CHAFE'RE

'
= FEE - GLEBE

5=0 T Fp fat
and a basis for Utzatp is

{ETFs ka
, EaEpEakk3µezoI

The 19µs can effetely be ignored in the raining , they only
contribute a factor. A- direct computation shows
that (Ufp , b)

= O for each basis vector b.
pg

Now
, ambry lemma loft bialgebousairy on
GEOWw descends to One on U 20

,
also denoted as C , ) .

This proves theorem 6
.

D
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