
2/11/21
The Center of a Quantum Group , fare 2

Goal : We wish to determine the center ZCU) of the
quantum group U = 4cg) .

Aeeroach : Proceed similarly to the classical case , where
one determines the center of the universal

enveloping algebra of a semisimple lie algebra. We
follow the presentation in Jantzen 's book

"
lectures on

Quantum Groups
" (hence forth referred to as Jantzen) .



where we are going . . .
-

Using the bialgebra pairing on U
so

,
we

construct a non- degenerate invariant
pairing

< s : 0×0 → * Cq
"' )
,
which gives

an embedding OF U
*

.

Then
,
in U *

,
we construct U - invariants Using the

quantum trace of finite dimensional representations
and show these lie in the image of the

embedding; since they are invariant
,

their preimages will be invariant. A- general face
of Holt algebras is invariance v. re . adjoint
ree is the same as being central . Then

,
,

^

we show that the images of these
central elements under 4 sean gag)N
as a 1$ vector space .



Recall from last Time . . .

The Main Theorem

• Recall Oo = Not Ojo Out gives a

projection may TT: Uo → U ?

• Recall the algebra isomorphism 8.g
:U°→U°

uniquely given by Fg (ka) =q
-

Inky Heat.
"

Def ( Harish - Chandra homomorphism)
4 : Uo → U

°

B defined as

4 = Kg OTT .

Recall 0% = RnKyu is a W -stable subaly
k€24812 of UO .

(**x)MainT#em
Suppose 14 is a field of characteristic O and qekl

"
B

transcendental over therime subfield Q CK . Then
,
the restriction

4ffyt-g.TT/zco, : 2-Co) → U° B an isomorphism

onto its image , which is ①%)
!

Henceforth
,
the restrictions of 4 and TT to the

center shall be denoted as 4 and Tyrese .



Last time
,
we showed 40 is injective and

4 CZW)) E @%)
W

.
We began the

proof of surjective
'

-4 by constructing a bialgebra

pairing C
, )
!
U
Eo
x UH-7 # .

Think exists a unique bialgebra pairing
C
, ) : u

C-0×020 → K s-t - f q be TC :
i ) (ga , Ku) -- g- 440) Cea

,
Eisk -f.p ⇐-EID

'

• o
)

I 1) (Ka , Ea) = (Fa , ka) = O

bialgebra pairing meaning V-xi.AE U 'T
bi
, but 020

D ( Xix
,
4) = (x , axe

,
oCsi ))

2) ( x , , bish = GHI
,
y ,* sa)

whee O is the comaHillier-lion on U
.

LY Ha
,
U C- IoT

,

K¥0

⇒ (x , y)=o txt U
-

,
yeut

ya u



Let 's workout an example : if aC-Tf

Ee. IFL
,

EL) = nqancm'Ve ¥1

"e Cada = EL
- q
-

y
CE.- qiyn

-

Ea -QI
'

-

⇐
For n=O

,
it is obvious .

For A-(
¢
(Fa

,
Ea) = - (ga - q, ' ) is deer from- the era ?

For n > I
, Chan

,
EI ) = ( FF

'

Fa
,
< (Ean )) ¥)

Ariadnethe computation shows
ocean) - Eigil

"

LEE
'' kaiafai

In Ca)
, only the El term survives by Lemma 9 . So :

(fan
,Ean)

= (Fi
"

Fa
,
Ei"CnIaEa" ka Ea)

= qantas, Cta"' , EE
'
ka) (Fa

, Ea)
= eamcnsa

'

CFEIEEI era
,
En)

Now
, apply induction to deduce

= haha-412 CIA !
@a- eat )!



S -
2.2) Non degeneracy of Cl ) .

frock The restriction of C
, ) to

Oja x Utm CAE#IT ) is non- degenerate .

ft Cskeeeh)
VACHE

.

Because dim UTI =dim Ufa ( by using the involution

w on U
,
given by W (Ea)=Fa

,
UCR) = Ex

,

wlkatka
')

,
ie suffices to check that if Fg EU Iu

S
-

e
. AXEYat Cs

, x) =0,
then 5-0 .

We induct on the partial ordering on ZE . Clearly
the claim is tree for too

, as Ceo
-

=05k$
and cut =L

.

Now
, suppose

the restriction to UI XU to 13 non-deg
for all GE U < 1h . Suppose SEKI is in the left

radical of the form
.

Then
,

txt Yuta
,
Eax and

KEE Yat , so
Cy

,
XEn) = O = (y , Eax) .

Need to introduce sine new elements to proceed :



DEI Forge Oja CACHE) , define
races)

,
RLG) E kata Catt)

as follows:

• Recall

oCfp)=FpQkp
' '
t 10173 (BET)

Rko) = to ko Cotati)
° Then

,
for ye Oja

,

one can deduce

as) eoa.O.to-I Egan,ki
'

.

D 1h

Therefore
, F races)

,
rally ) E U ⇒

s
- t .

dst-gakpi-afqrabsoxfdgiiat.it lay .

Etui Fino Fox Ea

OG) -- loxytafqfa rally)KI't . - rt yakpi!-
-

C- 4- ④ via
a,

c- In 4-

Example : races) = 843 = rtcfp) Capet )



A direct computation shows a Leibniz style grocery :

• racyy
'

) = q
K'my racy ' ) tracy,y' ( Totti

• ra
'

Gy' ) = gratis + quay g)yl
Y'EUI
)

we need these elements for the follows lemma :

Lemma 12) for zoa , 9Goya , × EOgi,
-

G
,
Eax ) = CE

,
Ea) (radix)

(b , xEa) = (Fa , Ea) (ra
'G )
,
x )

.

He left as an exercise . D

Now
, corny back to prop 11 .

By the inductile hypothesis, nondegeneracy⇒ ralgkralg)
=D

.

Lem_mal3V-xeF.bEOIu@EZzoTD.ca
) Fay - sea = @a-gig

- '

(Karaca - ra'G)KI )

Left as an exercise . D



Coming back to Roell
,
Lemma B implies

that for g in the left radical of C
, I ,

Fay = yEa as racy ) =rIcyS=O
.

Leming) If y←UIµ and commutes with

all Ea (att)
,
then ye 0 .

¥ We claim such an element acts on any
finite - dim representation by O, from
which g

-

-O is clear . Indeed
,
on

any irreducible module M
, y

aces

⑨n a lowest weight vector Vas O and

Ed 's acting m v generate M
,
so b commute

with Ed ⇒ y annihilates M .

Now
, applying Lemma 14) proves Prop 11

D
.



5. 2. 3) The Invariant Pairing
Def let M be a U -module and C , ) :

Mxn -7 a bilinear form on M .
C

, )
is invariant if the induced my MOM-314

B a homomorphism of U -modules (ft viced
as trivial module) .

By definition:

( um
,
m
' ) = (m ,

Slu) m ' ) the U

Am ,mhm .

Lemma 15 There is a well-defined $ - bilinear map-

S
,
7 : Uxo → * Cq

'k)
with

Esko ) Kix ,
G' Koe> KIX

'

)
H

G! x ) ( y , d) gas . ay
- AA

'

)

where AE Yi , x 't Yui , gtfo , y
'

c-Qui
,
1,1 't GOI

,
Kalu, o't#of



⇐ The multiplication map 0-000 OTTO
is an isomorphism of vector spaces

whose restriction gives an isomorphism :

OI Ku Quo uµt→uIkuU%µt
I '

o
-Tuo gut

since Ku is a unit in UO . Therefore
,

Of Uiukuoxuo ④ Upi→ U
,
so

140 EZZOTI

we can extend C ) in the waydescribed .
I

fainted bfyfmmnro.iq?ed to Io × Yi
'

is zero unless

'D

⑨ ( 0.5000
,

'

, Koivu,is ⇒ unless fu:L!



Recall the adjoint representation : for at U ,
we define

ad u : u→ u by
if scat = Eai ai

,
then Cada) art = Eaivscai

'

) .

T¥ L
,
7 is invariant i.e . Tywin't U

,

Kadu)w
,
w
'
) = Cw

,
ad Scu) w'S .

*
It suffices to check on a = Fa

,
Ko
,
or Ea

Chet
,
0€ ZE )

,
and on

G- ykukzx W' = y
' Kui Kix '

(7,7
'

EEE
,
O
,µ ,

Ufa't #oh
, Xflfutix kyat '

ye Vio
,
y
'

EUI ' ) .

• For u-- Ko ,
① orthogonality relation implies the

form a degree O ,

which gives the result .

• For u= Ea
,
first recall that

fades)t= Eat - Kat ka
- '
Ea thou

⇒@Edw = Cad Ea) (ykok>x)
= Ealy Kuk> x) - ka (ykokaxlki

'
Ea



= y
-

b Ea) kukyxtyEakvkxx-qlk-YMgkula.AE
CtunmaB) ⇐ Gatti 'T

'

(Karalis)-

rhblka-7kukyxqft-oimykokzEax-EQ.mg/sokxxEy--fEa-ei'I' ( e-""t.ms#a-raknka-a)kuk
-

to.i*oYi
T ykukzlqtwmeax-qk-o.ME#

C- U.jo?yiia
Now

,
if we look at Cad Eau

,
w
'

> = Cateau
,
g
'

Kulka'd}
④ implies that for this to be nonzero

,
either

✓
'
= µ or U

'

=µtL

µ 's U -a µ
'
=V

So we can restrict to these cases . A similar

computation shows that CW
,
ad SCEDU

'

)



is nonzero in these very same cases .
In either

case
,
a straightforward computation shows

that Caked w , w
'

) = Ca ,
ad SED u

'

)
.

Finally
,
a similar thing can be doe fr E , or

one can use the involution w on U

and the folkway exercise:

Exercise: show ( w . Scv )
,
woscv

' ) )
11

for all Yuko .

ai v 'S

D



We can now erase the non degeneracy of the eairy :

Idt for any ne U ,
if Vw ⇐ U Lw

, a
7=0

,
then u=O .

I Recall U=¥%UIU°4i -ftp.qu-ukouoyatzoTsoft

as Ko is a unit ; since 5
,
3 is O on

by

UI -Vogt x UI ' U°Uµt , unless A-U
'

,
A'=D ②

itsuffices to show the prog for the restricted form to
Oj U°Uµt X U .µU0Uu Chae ETI) .

µ A M A µ 1h
Fix µEAT .

Uc
,
U2

, . -
- Ur beacons of✓

,
and We

,
02

,
. . .

W
ra
be a basis

K 1h
A µ

of u et. Cwicuj ) -- 8ij , which exists by prog II. Then

{ Gio ko) kanji : IE IE f: Ieee note

is a basis of UI U°Uµt .
Therefore

,
by definition :

((uh"Kµ) Kine
,

Ku)k,uj^7

twine) (wiki
" ) E'"ki'T""

= Sie Su;q⇐%a5""
D

The remainder of the proof is left as an exercise
(see next sage for the answer) ,



Now
, suppose at UI U°Uµ+ satisfies Lya) =ofreUIaU00ot.TkYtfu-iqyaijx@iukDkyUjM.tunGa) -- O Vv means

0=6%719×160
,
u)f.÷ :÷÷:*:÷:÷±÷÷÷÷÷÷:÷÷÷i÷÷"""tdifferent 7 give different characters as q
"

is not a root of unity . By
linear iadqeudae of these characters

,
we deduce aij 1=0

Ha
, j , X ⇒

u-O
.

D

froe . 18 utu is invariant under the adjoint ree
-

ift U is central .

TI This is a general face fer Hy f-algebras- Ideas

pray (q
an exercise in the case of U .

Tei X c- A be dominant Ci - e .
a)20 Va single)

s- e
.

27 E IE .
Then F ! Z>⇐ u s-t .

( u , Zz) = tr ukzj
'

LCH Hutu .

Furthermore
,
Z, is central .

Rink: Since U ⇐ U*
,
x H L.

,
x) is an injective

U-mod horn from the adjoint req to its dual

c
,
Zz) EU" being invariant means Za is invariant

,
and



hence central by prose 18 .

⇐
If Ma a finite dimensional U -module

, Hfe M
"

,
man

,
let the

matrix coefficient Cf
,m
EV" be given by CfmCvl = f-Cvm) . fufu)

we need the following lemma :
Lemma 20 Let M be a finite dimensional U -module (tyee l)
-

whose weights 7 each satisfy 27 c- EE .

Then
, for all

ft M*
,
man

, Fl
.

Ume U s -e . cqmcv) = G,
a > fVEU.

If. aeuiaueuess B a consequence of prop 17 .

.

For existence !
.

Claim : let a . ? EEE , O EEE . Then
for every bilinear

pairing aux uh -314 , F ne Eo KokoYat
s -t . U-XEUE.SE OI

,
IEEE

, o

( Cs Ko) Kix , a> = gas , ×) @
'g-
' A"

II ee E0(vjn ,
ai )E%N4i" ko) Kong will work

linen notation of the proof of arroz A) .

is

It suffices to show existence with f
, m as weight vectors

in MMM with weights -X
'

,
X EA (X11 weights of m) .

Then
,
it can be shown

cam kalknx) #
"

9
" "tYg¥m)



tf ANE#ok , QEII , XE U?
,
ye Io .

Furthermore
,

because MD finite-dimensional , it
has finitely way

weights , so there are finitely may U set . Ujm -40
.

Furthermore
, Uyuivduotm is in Itu

-A wedahtseace
,

so Gim ( U-judo Uu-4=0 unless I
'

⇒ to -µ .

Theatre
,
there finitely may gain Chul se . CfmlVio Voytko.

Now
, asyb the claim e. the funnier ⑨x)t) ftykyuxm ) with

0=-21-20 to get an element Yuu e-Uj Uo wut
s -e .

.
Cw

, Yau > = Camas V-V.EU Uouut .

Then
, can ,§4w does

. .

the trick by prop 17 Charis

is a finite sum by abu remarks) .

pg

Since truce i3 th sum of matrix coefficients
, apply the

lemma to M=LG7 to deduce F Zz St .

Tracy, Luka;) = Lu
,
za) .

Za is unique by poop 17

and Central by the remark - D



Notation for lemma 21
Zz as above lies in ZCO) E Uo

=

¥45000,51 , so ti
.
= Ezra

,
Gaea

, oooh .

C-2E (notice Zao = TT (Zz)) .

Lennart
Lee 2-y be as in pros 18 .

Then

tax) = E dim LCH
-oh Ko

fff UEZen 2h

If IT
,
o
= E au Ko ,

then
U EEE

Ca ) = Gyu , 2-27=44,2%05
= Eau@

' "5%4

But by err 1.8 ,
(x) = tried ( Kyu kg

' '

) . Since

Ka Kui
'

GUO
,
UH decomposing into weight spaces tells us:

Ca) = § dim LCH, qc"
"- 237

= Edimuxz.ie
" ¥9"

En X'en

lo
, 31⇒ au

-

- dim LCH
-%

9

Hence?
"" = Emotional"' -uke

""'

ko .

Q Ga) = 8-go ITCH)
-T-

g 0270=1*971"-ok Kuy



Finally
,
we can finish the proof of the main theorem !

Then.TK Harish- Chandra homomorphism Y is an

isomorphism between 2-Cu) and @g)W.

7£ We already proved injectiviey ,
so we need to prove

surjective .

Now that we have elements ef the form

4Czj-uEcaoIdnimzn4H-yzkuE@evYrbylemmazo.a
Standard argument (see Bourbaki lie groves and lie algebras

,
Chi 8)

shows these Sean ⑦%)
W
CAEN and MAZE) .

Ceroof given on next cage) . D



For ay AE ②OI , (let Wµ denote the W- orbit of a .
let

au CA) = E ku
VENA

By definition of @g)
W

,
the collection { auger) } where 1h runs over

4k W orbit representatives in ②In 2A forms a basis of @g)
W

.

Each orbit contains exactly one weight that is dominant
. Hence

,

{ aulyh) to µEZoIn2n dominant} is a basis for @%)!

Wewant these airCfa) to be in the image of Q .

wewill show this inductively on height of the weight
• If µ=o , then aw (o) = I = QU ) .

• Sure.se all ourG1) lie in the image for all Aclu . Since AEElena
is dominant

, 1h12 is dominant and satisfies the hypothesis ofthe

preceding lemma .

Therefore
,
we can contract Zµ/z EZCO ) se

.

4CZµ) = E din klutzy, Ku
= E dim leak)

,
K
-zo

U C-②02h21 20EZE
ane

p EN

= an C-µ) t E dim Kahlo au C-20)
.

✓442
,
D dominant

UGA
,
WE 202

bike we use the fact LCH g = L
wg
htt C- A dominant

,
8 a

weight , and w EW, and dim LEAK)µEl .

Aeely the indention hypothesis to get the claim . D
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