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1 Introduction
We consider the moduli space of rank r coherent torsion-free sheaves E on P? with fixed trivialization on
the line I, i.e. Ej_ = O% (this implies ¢1(E) = 0 as H?(P?,7Z) is generated by l,) and c2(E) = n, up to

isomorphisms. This moduli space will be denoted by M, ,,. Our goal is to explain an isomorphism of M, ,
with Nakajima quiver variety

L)

[z, y] +ij = 0;
Mo =4 [1,9,4, j] € (End(C™)®? x Hom(C",C") x Hom(C™,C")) | Stability: there is no subspace S C C", /G‘Ln((C)7
such that z(S5),y(S) C S and im(i) C S

where g(z,y,4,j) = (929~ ", gyg~ ", gi, jg™").

This notes are mostly based on lectures [1] and chapter 2.3 of book [2].



2 Beilinson Spectral Sequence and Monad Description

First, we describe a construction which allows to study torsion-free sheaves using linear algebra, namely,
the sheaf is presented as a monad, which is a complex presented below, with ker(a) = coker(b) = 0 and
E = ker(b)/im(a)

0A%BYC—0.

2.1 Resolutions of Coherent Sheaves on P"

Let us remind the construction of Beilinson. We take the following resolution of the diagonal A C P™ x P™.
Define ) from the SES
0 — Opn(—=1) = OZM - Q =0

Notation. For coherent sheaves F,G on P" we set "X G := pri F ® pr;G as sheaves on P x P", where

P x pr 2Ly pn

lpw

]P)’I’L
Opn (1) K Q := Hom(pr} (Opn (1)), pr3(Q)).

Next, define the section s of this bundle, which over a point (z,y) € P" x P™, corresponding to the lines
Lo e C" s s, € Home(Opn(—1)z,Qy), I — [I] - the class of [ in the factor space C"*!/Cv = Q(y).
Clearly, the diagonal is the kernel of this map, i.e. A = s71(0). We produce the other terms the same way as
for the Koszul resolution:

0= A"(Opn (1)K QY) = -+ = A% (Opn (-1) K Q) —

— O]Pm(—l) X QV i) Opnxpn — OA —0

Now we tensor this sequence with priE to obtain

0 — Opn(—n) R (E® Q2. (n)) — -+ = Opn(=2) K (E @ Q3.(2)) = Opn(—1) X (E® Qpa (1)) = Opn X E — 0.
Fix notation: C_; := Opn(—i) X (E ® Q.. (7)), C* denotes the complex above.

2.2 Beilinson Spectral Sequence

Construct an injective (i.e. Cech with an appropriate cover of P" x P™) resolution of each term of C'® to come
up with a double complex I°°.



I(—n,l) — s e ](_271) - [(_111) - I(Ovl)

T T

](_”70) —_— s ](_270) — I(—l,O) RN I(0,0)

Our next goal is to compute cohomology of the total complex pri, (I*®) using (separately) two spectral
sequences 'E and " E. The Fs-terms are

"By = H"(Rpry, (C*))
"B3" = R'pr, (H?(C*))

Consider the following obvious identity: for a coherent sheaf E on P?
pri«(priE @ Op) = E.
This helps us to figure out that

E =
"By = Repr, (mo(ct) = 00 = 0.0
0, otherwise

2.3 Application to Coherent Sheaves on P?

We will need the following technical results, the proofs of which are explained in Appendix A.

Theorem 1. Let G, F be coherent sheaves on a compact variety X, moreover, F' is locally free. Then
Rpri,(FXG) =2 F@ H*(G).

Theorem 2. Let E be a torsion-free coherent sheaf on P? , locally free on I, then

HQ(P2,E(—p)):0, p:1a23q2072
Hq(P27E(71)®QV) :Oa q:032 .

Notice that A?QV = Opz(—1), therefore, E(—1) ® A2QY = E(—2). So if we take E(—1) instead of E, the
first page of the Beilinsion spectral sequence provides us with

’ ’

0 — Op2(—2) ® HI(P?, E(-2)) L, Op2(—1) ® HY(P?, E(-1) ® Q) ba, Op @ HY(P?, E(—1)) — 0,

which, according to Theorem 2, is nonzero if and only if ¢ = 1. It follows that the spectral sequence 'E also

degenerates on the second page. As @ 'EP?= @ "EY?'=E(-1)and @ 'EY?'= @ "EY? =0, we
p+q=0 p+q=0 p+q#0 p+q#0

see that ker a = coker b = 0, E(—1) 2 ker by /im a;. We tensor the monad for E(—1) with Op2(1) to obtain

the monad for F.



The next step is to use the monad description of F for identification with the one provided by Nakajima
quiver variety. From the first page of Beilinson spectral sequence 'E, we have the sequence
0= Op(—1) @V % Op2@ W2 Op2(1) @V — 0,
where ker a = coker b = 0 and E = ker b/im a, V := H'(P?, E(=2)), V' = H'(P?, E(~1)) and W=
HY(P?,E(-1) ® Q).

Lemma. dimV = dimV’ = ¢3(E), dim W= 2co(E) + rk(E).

Proof. We demonstrate the calculation of dimV', the other two equations are derived analogously. Use the
splitting principle: F = E; @ Ey @ --- @ E,, where each F; is a line bundle. Then ¢(F) = H (14 a1 (Ey)),

=1

E(-2)=FE10(-2)® FE200(-2)® -+ ® E,. ® O(—2). The following formula is due to Hirzebruch:
X(E) = CM(E)Td(Tx )n (%),

where Ch(E) = Z e, Td(E) = H Totar, a; = c1(E;) and the subscript n corresponds to the component of
degree n (each al has degree 1). If’;om the Euler exact sequence
0— Opz — OR (1) = Tp2 — 0
c(Tp2) =1+ 3H + 3H?,
where H is the class of hyperplane. From the formula for Td(F) it is not hard to see that

Tdy(E) =1,
Tdi(F) = @,
Tay(17) = T 2]
so Tdy (Tp2) = 22 Tdy(Tpe) = H>.
Cho(E) = rk(E),
Chi(E) = c1(E),

ChQ(E) C%( )_202( )
Chi(E(-2)) = a1(E(-2)) = Z(ai -2) = iai —2r=c1(E)—2r=-2r

T
c2(E(—2)) = coefficient of H? in H((ai —2)H)=n-+ 4( > Chy(E(=2)) =n+2r
i=1

Applying the formula (%) and using Theorem 2, we get

3
—dimV:—n+2r—§~2r—|—r:—n.



We now take a € Hom(Op2(—1) ® V, Op2® V?/') >~ Opz2(1) ® Hom(V, I/?/) In coordinates [zg : 21 : 22] on P2,

a = zpag + z1a1 + 2202, where a; € Hom(V, W), similarly, b = z0bo + 2101 + 22b2,b; € Hom(l/?/, V/) . Recall that
ba = 0, which gives us six equations:

boao = O, boa1 + b1a0 = 0,
biay =0, biaz + b2a1 =0,
boas =0, boas + baag = 0.

Next, we restrict the monad to [o:
a ~ b ’
050 (-DaV 2= 0 _owid=o_1eV -0,

ali., = z1a1 + z2a9
b|loo = 21b1 + 22b9

Proposition. Consider the SES 0 — O;_(-1)® V iy fer bi.. — E|i. — 0. Then H(loo, ker b)) ~
H(loo, E|i), H (Ioo, ker ;) = 0.
Proof. From the long exact sequence
0= H(loo, 01 (1)) @ V = H (low, ker bl;) = H (I, E|1..)

= H' (oo, 01 (1)) @V = H(loo, ker b|;..) — H'(loo, E|;..) — 0,

using that
H(loo, O, (=1)) = H' (loo, 01, (-1)) = 0,

we see
Ho(loo,ker bli.) =~ Ho(loo,Ehoo)
HY(loo, ker b);) ~ HY(loo, E|1)-

Furthermore, E|; ~ O%" which implies H'(lo,ker b|;.) ~ H'(loo, E|;..) = 0 and H(lw, ker bl;) =~
H°(lo, E|;_) is a vector space of dimension . O

Corollary. There exists an exact sequence
0= Hlso, ker b, ) = W—V &V —0.
Proof. From the SES 0 — ker b, — O;_® W O, (1)® V' = 0, obtain long exact sequence of cohomology:
0 — H(lso, ker bl ) — H%(loo, O, )® W— H%(loo, O, (1) @ V')
— H' (loo, ker bl1.) = H' (loo, 01.)® W— H'(loo, O (1) @ V') — 0.

As HY (Ioo, ker b);..) = 0, H%(lo, 0. ) =2 C and H%(l, Oy (1)) =2 Cz; @ Czy, the assertion holds. O



Set W := H%(lo, ker b|;__). The corollary, in particular, shows that dim W = 2r +n — 2r = n.

Next, consider the dual to our monad, restricted to [, namely,

~ ¥ a‘tllec

/ pt
050 (-Dev" =0 oW = 0,_1)ev o
Performing manipulations similar to the above, we come up with the SES

~* (ai,a;)

0 — H(ker a'|, ) =W 25V V* =0,

so (a1,a0) : V@V —>I/?/ is injective. Also, 0 = im a1 N ker by, thus, boa; = —bjag : V =~ V' are isomorphisms
(they are injective, the dimensions of V and V' are equal).

T idy
The six equations derived from ba = 0 enable us to give the presentation ag = | y | a1 = 0] ay =
j 0
0
—idy | and by = (—y x i), by = (0 — idy 0), by = (idy 0 0).
0
The monad can now be put in the more convenient form
V ® Op2
S7]
V®Op2(—1) ————— V@ Op2 V @ Op2(1)
2% — 21 o b=(—(20y—22) zom—21 Z0i)

To establish the isomorphism of our moduli space of sheaves on P? with Nakajima quiver variety, it remains
to prove the following lemma.

Lemma. Suppose the quadruple (z,y,1,7) satisfies the equation [z,y] 4+ ij = 0. For a and b constructed as
above

(Lker a=0

(2)b is surjective if and only if the stability condition holds, namely, there is no S C C", such that z(S), y(S) C
S and im(i) C S.



Proof. Tt follows from the discussion above, that a is injective and b surjective on lo. To prove (1), notice that
if there is a v € V, such that v € ker a for a point (z1, z2) € C? = P2\, then

TV = z1v
YU = 220
22]./1} =0,

which can clearly happen only for a finite number of points (z1, z2) and, therefore, a is injective, when restricted
to any open neighborhood of any point in C2.

Suppose b is surjective, but there exists S C C™, contradicting the assertion. We look at the dual operators
xt yt it ¢ acting on C™ and C™, and introduce S+ := {¢ € C™*|¢(S) = 0}. The condition im(i) C S is
equivalent to S+ C ker i*. It is not hard see that the equation [z, y] +ij = 0 induces [2?,y?] + j*i* = 0. Thus
it follows that z* and y* commute on S+ (it is preserved by z* and y, because z(S), y(S) C S) and, therefore
have a common eigenvector ¢ with eigenvalues (A1, A2) € C, so b’ is not injective at the point (A1, A2), dually,
b is not surjective at some point, hence, not surjective.

To prove the converse, just reverse the above argument and take S = ker .

3 Torus Action on M, ,

3.1 Torus Action on Hilbert Scheme of Points

Let us remind that for the Hilbert scheme of n points on C2, which consists of ideals I C C[z, y] of codimension n,
the 2-dimensional torus action comes from the action on C2, defined by (t1,t2) € (C*)? : (21, 22) = (t121,t222).
Thus, the only invariant point is 0 € C? and invariant points of the Hilbert scheme are ideals supported on 0.
It is not hard to see that such ideals are generated by monomials. It is convenient to encode them with Young
diagrams.

3.2 Fixed Points Set for Torus Action on M, ,

To find the fixed points set for the torus 7'x (C*)? (T is maximal torus in GL(W)) action on M,. ,,, we decompose
W =W &Wy®---d W, as the sum of weight spaces with respect to T-action. The torus fixed points are then

T
(M) x oo (My, )€ 3y = n, and can be encoded via multipartitions.
i=1

4 Appendix A

Theorem 1. Let G, F be coherent sheaves on a compact variety X, moreover, F' is locally free. Then
Rpri,(FRG) = F@ H*(G).

Proof. Choose a Cech resolution C*® of G, it will be of finite length, because X is compact. Using that G is quasi
isomorphic to C* in D®(X), the functors ®F and prj are exact, we get that F X G = FX C*® in D*(X x X),



(€))
thus, Rpri.(F X G) = Rpri,(FXC®) 2 F® H°(C®*) 2 F ® H*(G), where (1) follows from the projection

formula.
Theorem 2. Let E be a torsion-free coherent sheaf on P? | locally free on ls, then
{Hq(IP’27E(—p)) =0, p=1,2,¢=0,2
HI P2 E(-1)®QY)=0, ¢=0,2 '
Proof. Introduce coordinates [zq : 21 : 22] on P? and consider the exact sequence
0— Opa(—1) 2% Op2 — O — 0,
tensor it with F(—k) to come up with
0— E(—k—1) = E(—k) — E(=k)|;. — 0.
This gives the long exact sequence
0— HO(P* E(—k — 1)) — H°(P?, E(—k)) = H°(lso, E(—K)|1..)
— HY(P?, E(—k — 1)) » H' (P*, E(—k)) = H'(loo, E(—K)|1..)
— H*(P?, E(—k — 1)) — H*(P?, E(—k)) — 0.

As B, 2 0% we get

H (oo, E(=K)|1,) =

Thus from the exact sequence we see that
HO(P?, B(—k — 1)) = HO(P?, E(—k)),
H2(P?, B(—k — 1)) = H2(P?, E(~k)),

{HO(ZWE(—k)hOO) =

I
NV
—_ =

By Serre vanishing theorem H?*(P?, E(n)) = 0 for n € N large enough, while duality asserts that H"(P2,

H?(P2,EY(n) ® Kp,) = H?(P?,EY(n — 3)) 0.

HO(P?, E(—1)) = H(P?, E(-2))
H2(P?, E(-2)) = H?(P?, E(-1))

I

=0
S =0.

1%
1

The proof of the second assertion of the theorem is similar (see [1]): consider the sequence
0= E(-k-—1)@Q" = E(-k)®Q" — (E(—k) ® Q")|1., =0
Qli. = Ol ® Ol (1),
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