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a Motivation

Let G be a simple algebraicgroup 6 g hoboh be a

triangular decomposition NiH NCG be the correspondingsub
groups In Daishi's talk we have seen a homomorphism

Ulog D N UCB a

In Zayn's talk an affine analog of this homomorphism was

introduced a vertex algebra homomorphism

Valog Mg Vrrely 2

Noproof was given in fact theproofprovidedin the book

was technical and upleasant In thisnote we begin to sketch

an alternative approach which constructs 2 usingtheaffine

analogof a based on the vertexalgebra analogs of D G
healgebras of chiral differential operators



1 Chiral differentialoperators

1 1 Construction

Let G be a connectedalgebraic group and R be a C
invariant symmetric bilinear form onog possibly zero We can

form the central extension of just as for semisimplealgebras
Note that 91433 Jg acts on JG infact in

two different ways via right left invariant vectorfields

we are now interested in the formeraction So we can

form the inducedmodule

CDOr G Indfive JG
where I acts by 1

We need to equip CDOr G with a vertexalgebra

structure Note that I JG CDOral via ft tof

gt Doral via 1 We set 107 101

Exercise linear operator T on CDOrlgls.to

2
T acts on IC JG by the natural derivation of this



algebra that is a part of its vertex algebra structure

for Egr F E CDUog we have

TGF 2x F TF

We will explain how to define the fields Y f 2
Y xt z for fee JG xeog To define Y xt e is

easy
these fields make sense for any

smoothof module

including for CDG G To define Yf.tl is more tricky
First observe that I JC is a commutative vertexalgebra
Wewant it to be a vertex subalgebra which defines

Y f t on JG Toextend Y f t to CDO G we

note that CDG G is generatedby CTG as a ojo
module So it's enough to specify the commutator

Y xyz Y fw By formula 2.3 7 in Frenkel'sbook

in a vertexalgebra this commutator has to equal
Y then f w 2 86 w 3

Note that txt xt and so E ant is already



defined 16k Q JG is a Joymodule So 3 uniquely

specifies Yf.tl

Exercise Use the strong reconstruction theorem to show

that CDor G is indeed a vertex algebra

A reference forthis section is S Archipov D Gaitsgery
Differential operators andthe loopgroup via chiralalgebras

12 Localization filtration
First we comment on the localization Let GCG be an

open affine sayprincipal subset
Then Joy still acts on

JG so we can form the inducedmodule

Indif a Cth
Just as in theprevious section this inducedmodule carries a

natural vertex algebra structure The resulting vertexalgebra
will bedenoted by CDO 69 Note that there is a vertex

getra embedding DMG CDOrla The target



should be thought of as the localization of CDOr G
Moregenerally for a smooth variety subject to

some cohomology vanishing conditions there are sheaves of
vertex algebras on X called chiral differential operators
For more details the readers are referred to

FMalikov An introduction to Algebras ofChiral
Differential operators

Second CDOr C is filteredby the degree ofdifferential

operator this filtrations is the filtration on the inducedmodule

coming from the PBWfiltration on Uloja 1 1 Let
CDer Gsm be the deg m piece

Exercise Let ae CDOr G em beCDorlake Then

ambe Death smte if no

CDOr G smte if no
Hint of 3

5



1 3 Graded unipotent groups
Considerthe case when N is a unipotentgroup R O

Supposethat 6macts on N by automorphisms st the induced

grading on h ispositive t ti forgentle in For

example if PCG is a standardparabolic we can take N

Radu P and take GmsN fromtheprincipalgrading on g
We identify N w h via the exponentialmapand

choose a basisyo Yeeh homogeneous for Gman Then

JN Ilyin i.ae no where
y ye is thedualbasis

yi is the image of y under theembedding KING ELIN
This is a negatively gradedalgebra Note that CDO N
inherits thegrading CDO N CDOM I thegrading

is compatible w the algebra structure if a hasdeg i 6
has deg j then ant has deg itj Wealso note that ELIN
is negatively gradedwhile V n is positively graded

Let 2 2 denote theconstant vectorfields on a
corresponding togo ge We write go.ge for the rightinvariantvector fields on N h corresponding to yo ye LetF



FijeKEN satisfy 2 fijryj this determines fig's

uniquely Set

2 i ffijlnfyj.si E t.nl 4

Proposition Thefollowingequalities held
i Ylyi.tl Yly w 3 0

in Y 2 2 Yly w 86 w
iii Y 2,77 Y 2j W 0

Sketchofproof
i follows bc JN is a commutative VA

ii We have

712in.tl Yly w E Y 2i.my w 2 8f w

Let's commute 2i.inyd This is thecoefficient of 2 in

2in it y Thx to 4 we have

dirt y Y fine t Y yh az y
5

Note that fih.my oferkzo6 cCCJN is commutative

a yh.my o for 1270 This is because



y
ICCN CICLIN

The operator yn.no is the action ofynt Jh The

subalgebra t Jh acts by 0 on CIN bc the action of JN
on CIN factors through N
So the rhis of 5 simplifies to

fin.inyhicay 2ioyt Sij
The claim of ii follows

iii Thispart is going to be a sketch
Thanks to the filtration on CDO N seeSec1.2

JimJj is in filtration degree 1 From ii it follows that
Y12 tl Y 2j w commutes w Yyh a i j h

Recallthat for usual differential operators if a differentialoperator

of order st commutes w themultiplication byeveryfunction it isof
order 0 Similarly tothis we can show that 2inJj EKLIN But
dignity is in positive degreewhile ELIN is in a nonnegativedegree

It follows that timid so It ija.nl no implying iii

A



Remarks 1 The conclusion of Proposition worksfor all uni
potentgroups

2 Similarly to Preposition one can consider leftinvariant
vector fields ye I 1 I on N by conventialyity is 0 at
TEN Similarly to 4 one can define Yi pe CDO N
The assignment yit y

defines another embedding

V N CDO whose image commutes w that of the
initial embedding

14 Embedding Ve rg g Dor G
Ourgoal here is to produce forsuitable r an embedding

Vrlog CDU G
whose image commutes w that of Vrlog

Y xt z Y clyt.tl w o

In the case when G is unipotent andgraded r o

and Remark 2 in Sec 1.3 gives such an embedding from

g In general theembedding should also have to dowith



right invariant vector fields but the naive construction

in Remark 2 doesn't work as the next example shows

Example Suppose G Gm so that G x The

vector field y is a y But note that

Veloy is not commutative if Rto instead

Ylyt.it Y ytiw3 Rlyy72wS6 w
So we needto find a function fee Jam with aproperty
that Ylytia Y F wt Rlyy 28ft w then we can set

Llyt
1 Ry F In otherwords we want F w

yt F o if no era2 yt F Rlyy 6

Recall that C Jam xilise x where the

embeddingC Gm Jam is by xox The derivations

ythw.no2 act by 0 on IC x.YX.peCCJGm compare to

theproofof ii of Proposition in Sec 1.3 The derivation y
sends i Xi for 1 0,1 while yt 1 0 yt So

F Rlyg X x
satisfies 6

We set Clyt y Rlyy x
x

I



Exercise Thisdefines an embedding V Lie Gallo CDO G

Now consider thegeneral case Let Rogdenote the killing
form onog Roy xy tr adenadly We aregoingto sketch

a vertexalgebraembedding 1 Vargly CDOr G whose

image commutes w Vrog generalizing what we have for
G Gm Where

Rojo
As in the case of G Gm we construct as 4 6 Pick

a basisyo yeof g To construct we express the left
invariant vector field y as fijry andset

yit Effi t.ly E t.nl 7

A In
To define co on gt coj.r.ro we need a natural map

g JG Let T be the canonical derivation of C JG
Consider the composition of Twith thenatural embedding C G
JG This is a derivation ECG Jh andhence it factors

through a CIG linearmap R G JG Forexample for

f
Gmthismap sends to ix



We cantrivialize Veit14 Gog 28 G Got using
left invariant vectorfields Next we can view R R Roy as a map

g of We can extendthismap to og 1 G to the

constantdifferential forms For example for G Gm thismap sends y
to kly.gl For c we take the composition

gt g 0161 0199

In particular for G Gm we recover theconstructionfromthe

example

The following result whoseproof we emit was obtainedby
Archiper Geitsgory in

their workquoted in theendofSection
1 1

Theorem Themap L.tl gt CDOr G gives a

vertexalgebra embedding Vring g Doral whoseimage
commutes w that of Vog

I


