
 Chiral differential operators 2

1 Homomorphism Valog CDO N Vrim m

11 Homomorphism Ulog D N Ulm

Let C be a connectedsimple algebraicgroup PtcGbe

aparabolic subgroup with Levi decomposition PIMKN
Let NCG be the opposite unipotentgroup P MAN so

that NB PN is an openaffine subset of G Ourgoal
here is to recover the homomorphism Ulog D N UCM

from Kenta's lecture in a somewhat differentway
Note that the action of G on G from the leftgives rise

to Ulg D G Then we have the restriction homomorphism

816 D G D Nt D P The image of the composition

Ulog D G lies in the subalgebra of P invariants

Nt D PIP DIN U p Note that p p th em
so we get the projection Up Ulm Therefore we
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get a homomorphism Ug D NT Um

Exercise Check that it coincides with the homomorphism
constructed by Kenta

12 Recap of CDO's
Now let G be a connectedalgebraicgroup C re 5497

We write RgeSlog for the killing form onog
In part 1 of this notes we have defined a vertexalgebra

CDG G as Indfine JG with respect theactionof
Joy 911th on CTG from the left by rightinvariant vector

fields We have vertexalgebra embeddings

JG CDG G Valog CDOr G
Recall that Valog Ind in a trio andthe 2ndembedding

above is induced by three Q JG the constantfunctions

Note that the right action of JG on itselfgives rise to an
action of JG on CDG G by gr linearautomorphisms The
subspaceof invariants is exactly Indofino CIG Velay
I



In Section 1.4 ofpart 1 we havealsoproduced a map
igt CDOr C that we claimedhas thefollowing two

properties

It gives rise to a vertexalgebrahomomorphism

Vr r log CDA G
Theimage commutes w that of Vrog

Note that this homomorphism makes CDOr G into a oj.r.rs
module Informally the following claim holds 6k both left

right invariant vector fields form bases in VectG

Ind 6154 Dora 10

Note that we can construct a natural vertexalgebra
structureon the left handside compere to See 1.1 inpart 9

1 becomes a vertexalgebra isomorphism

13 Decomposition of CDOr G
Now we want to emulatethe construction fromSec1.1

theaffine setting Thenotation is as in Sec 1.1



Recall Sec 1.2 inpart 1 that we have a localization

Dor 69 of CDOr G Note that JCT CDOr C
decomposes as IN JP

Ourgoal now is to establish an analog ofthedecompositionD G D Nt D PT First we needanalogs ofsubal
gebras D Nt D P in CDOr G Consider the vertex

subalgetres in CDOr G
The subalgebragenerated by CLINT xt for eh

As a subspace it coincides with Ind I IN and as a

vertex algebra it is CDO Nt

The subalgebragenerated by C JP yt foryep
As a subspace it coincides w Indff JP forthe

right Jp action of JP 7 So as a vertexalgebra it

is DOR P 1 where K e S p is suchthat
R Rp RRollp R Rlp Rogly Rp

Note that R is lifted from m via p m

R x
y RK.gl tratladkladlyi

pequivalently
R is lifted from R R.glmtRclm We conclude



that the subalgebra in question is CDO P

Exercise CDO Nt CDG P commute

So we get a vertexalgebra homomorphism
CDONt Dori PT CDOr G

Premiumexercise This homomorphism is an isomorphism Hints it

is surjective 6k thegenerators I JG gt lie in the
image note that left invariant vector fields can be expressed
via right invariant ones and vice versa Toshow it's injective
check that CDO N has no nontrivial vertex algebra ideals

more generally every vertexalgebra ideal in CDONt

is the product of CDONT a vertexalgebra ideal in

Remark We'llneedequivarianceproperties of
DOIN CDOR.PT CDer G 2

g first
note that JP acts fromthe right the isomorphism



is equivariant by the construction Also JP acts fromthe

left JM acts diagonally while IN acts on thefirstfactor

only 2 is JP equivariant as well

14 Parabolic free field realization map
Using 2 its equivarianceproperties we are ready to

construct a parabolicfree field realizationmap
Veloy DOIN Vr m

Namely consider the inclusion Valog CDO G fromthe

left and compose with the inclusion CDOr G CDer 49
The image is contained in the JP invariants Notethat
the action of JP on CDO Nt is trivial Andthe invariants

in CDer P is Vr p see Sec 1.2 So weget an
inclusion Velog CDO Nt Vrilp 1 Nownotethat
we have a vertex algebra epimorphism Vr p Vr m
induced by f m So weget a vertex algebra homomorphism

Vlog CDO Nt Vript CDO Nt Vrim
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Exercise Vr g CDONt Veilm is JPequivariant

15 Homomorphism 31K1g Z Vrm m
Note that 3 Valor Vlog Considerthe inclusion

Vrg Vplg 3

Thxto Exercise in Sec1.4 theparabolicfreefieldrealization

map restricts to

Vrg CDONt Vr m r

We claim that the target of a is z Vr m First consider

the invariants of JN It's 4 Vr m The targetof
10 is the JM invariants in the latter vertex algebra Note

that ZMY Mc IM acts trivially on the2ndfactorwhile
the invariants in the V at is forweight reasons So the

target of 4 is Vr m 3 Vra m Composing 13 47

weget a requiredmap 31K1g 3 Vr m

16 Formulas

Now we discuss how to write formulas for



play CDO Nt Vr m

In short we can write some kind of formulas for the

images of it yt where eat andgem
Bythe construction ftp xt 1l xt 09 where inthe rhs

weabuse the notation and write xt for the image ofthis
element in CDONt underthenaturalmap at CDONt

We then can express the elements the CDO Nt via the

constant vector fields similarly to See 1.3 ofpart 1 In the

case when Pt B weget formulas as in Sect of Zegu's talk
Now let's sketch how to compute the images ofyt wyea

In the finitesetting we have yea gator toy
whereynxevectlN.it

is the imageofy
underthemap corresponding to theadjointaction

of M on N Similarly the image ofyt is lyt.IN 1 1oyt where

lyt µ is obtained fromyou by replacing all coordinatefunctions

at w.at and all constant vectorfields G W G Ccf Zeya's
Section 4

Premiumexercise Prove the claim intheprevious sentence

nt this is a computation in Vapt Ind Jpt



1 7 Transitivity
Let Btbe a Borel in Pt s t BaiBAM is aBevel inM

ChooseH Bm Let Ñ RuBt Ñ Ru B where B is the

oppositeBorelcontainingH NiiÑAM sothat Ñᵗ NtxNj
Ñ NitN hethemultiplicationmaps
Wehave the following vertex algebra homomorphisms

ftp.t Valog CDOÑ Vr rib
ffrpt Vlog CDO Nt Vrilm

ffrp.im Vr m CDONtm Vard
Alsonote that we can identify CDOÑ w CDONt CDONi

thxto Ñt NtxNm cf See1.3
Thefollowing claim is what we meanby the transitivity of

the endof Sec 1.1 in Kenta's talk

Proposition The following diagram is commutative

9 f.fr CDO Nt Vrm

ftp.t fidoffrp.im

CDONt Vrdb CDONt CDONh Van

I



Sketch ofproof
Consider the inclusions

Ñ B Nᵗ NIHNai N N'MN NTP's G

They give rise to localization homomorphisms of vertex

algebras CDO G CDOr NTP CDO N'B
that in turn give rise to inclusions

Velay CDer Ntp CDOINHK.ly
CDOR NB7TBICDO N 0Vr.rd67 s

HIAHHKrd
The homomorphism from to is thetensorproductofthe identity

on CDO Nt the homomorphism

CDOR.IP Vr.lp.lc CDOCNjl Vr.ro b

CDOR.CN NhxB jJB
6

Usingthe epimorphisms Valpt Vri ml Var 6

Vr r 6m from16 weget
CDOR.IM

M
Vr m CDONmt Vrrelba
CDO N B

Bai
7

I



I
Composing 7 w idcooing Ver bi Van b we

recover ffrp.at So we get the following commutative diagram

Valog CDO Nt Valf
ffrp

CDO N VR.IM CDON70CDONT Vr.r.IE
15

idoffrp.in
CDO N 10CDONf0Vr r b

CD NtoVrrdbl
Tofinish theproof it remains to note that the composition

is nothingelse but ftp.t

A


