




















































































7.3 8.1 Screening operators cont

IIythecrafthe affverffora

Review of the bigpicture thus far
We have workedhard to give a freefieldrealization

homomorphism of vertex algebras

Wrc VK.ly My Vo h

where

Mg do n actm no ma is theFock
representationof the Weyladgebra A
Voth commutative vertex algebra associatedto Lh

This is the vertex algebra version of the affine analogue
of themap

P Mcg D Nt

Recall in the findim casethis can beused to describe the

ceder by showing 5 Zog lands inthe first ador and
also in its W invariants SeeExercise2.1111 inDaishi'snotes

Now back to the affine case Frenkel setsup in 87.1
the following plan whichDaniil reviewed for us

pagan
SEP 1 Show we is injective

STEPS Show Zof cVK.ly mapsto Voth CMgoVor























































































relatedtotheoperator constructedinPaid's

STEPS We'll construct thescreeningferators I ftp gl

Ñ f
md fdfhdoftjrf.tt

do

steps
384 S_TEP4 We'llshow WreVre g is contained in

wrist T.EEiIJowewill
alsowork

5655140
Steps show aboveinclusion 1 isequalitycompleted

in
Vasya's STEPS use Miura opensto identify RHS of 1

with FunOpcoD

TFFEgredientsfromprevioustalk.si

Daniil constructed a screening operator ofthefirstkind
Sp Wo re W 2 K

alongwith other screeningoperatorsofthe secondkind 5m
Wewill extend this sla statement to arbitrary of with
Steps 3 4 above as ourgoal

Recallalso that Kenta'stale givesthe following
Forpcog parabolic with Levi m there is an exactfunctor

between smooth modules for in andof sending
Wh Klm them Wt ktrecgs.netdnd in

ffkif
ofKenta'snotes

This will allow us toproduce homomorphisms on the RHS
from those on the LHS























































































www.tuesrngorasforsttobuildanesforofr
ie 1 I let
slit Lei hi Fi cog
pri b e cog
me s.li oh Lewsubaly of pal

orthogonal
complementofhiinh

Recall semi infiniteparabolic induction
smooth

Warpi adf.io fff s sina.namef aE
The conditions onR r K Kc hi hi 266 2

Ko Mla
For R a smooth set module of level R

L a smooth hip module

Moypri ROL is a smoothofrare module

Letting R betheWakimoto module War over sea
L theFock ref T

thecorresponding of module is isom to WAxo K

weightofgbuilt
from to

so we have

Prof Anyintertwining operator A Wt R Was.k
over Sta gives on intertwningoperator

Happy W we one gun
for any weight to of hit























































































We will alsoneed the following formula
Recall fromSec1.3of Ivan's 1ˢᵗ CDO Note themorphism
L VM CDO Nt coresp.tothe rightaction

of Nt on itself

Forall i let ef betheimageof Ei underthismap

Df
let e.CZ Y e z a fieldforthevertexalg CDO Nt

Alternatively in Frenkel e z WR eicz where

WR Lnt A loc inducedbyrightaoron of Mt on Nt

Large

Show that for a general coordinate system on
Nt we have

e Z Aarz ZIPF a Z apr7

IE i e
wecanidentify h h via k Thenlethimbethe HeisenbergLiedg Thi tenth
itsFoekrefs Then foranyXEh wecandefineVf z TX by

Virzi txexpf.fi zYexpfE z n i i

If

for me let
Sir e Z Vii Z Wo r W aim























































































a f www.a.de
1 ag.z qq.gs

ggggg

Si k Si k Z dz Wo a W ar n operatorof
thefirstkind

By Proposition 2.4 inDaniil's tale Si is is inducedby the
screeningoperator Sr for the ith she subalgebra with Rsatisfying

k Kc hi hi 2 2 2 It also implies

Sisk is an intertwiningoperator between

and W.am for each i b.int

Wewon't use this next result but it's useful for intuition as
a step toward our main resultlater

Prepositions For generic k Valog is equal to the intersectionof

y ffflÉff
g
fhiggfqgharfof date

sense of e z 8 for JEF

First fixings we can choosecoordinates in Nt st.EE Z a a z

we cangetthisnaturally if wedefineWallimotomodules overofvia seniinfinite
parabolic inductionfrom theithshe Concretely wechoosecoards ya seatonNt
suchthatPR ei yor wherePR Mt D Nt corresp to N 9n

rightaction

Now recall the Friedan Martinec Shenker bosonization of
theWeylalgebra generatedby Aaron actin heh























































































Def let
w̅ Warp Work

which is a ages module containingWx is if 8 0 i

fqaqqgqyyyyy.nu

syzygy.fiyqyyyyyyyyygg.ggggn

Def let β K Kc hi hi anddefine

5am z e z βVar z Wo Wjjai.ae

FEE in sI IIi 4E r

let 5in 55 2 dz

As for Sir Sipe is induced by52 for the ithSta
where R K Ka hi hi 262 2

Prof The operator k is an intertwiningoperator of
fogamodules w̅ ÑiÉ pair





































































Ff
For genere K Very is the intersectionof the

kernels of 5in Wore w̅ page i limit

Again we won't use or provethis
Exercise showthat this intersection is a vertessubalgebraofWar

T.IM wwattodefmethlimit of
Sign as k Kc Wewill start in the caseof see

defining ftp.ask
We'll turn 2 2 ontoan indeterminate variableβ andmake
Wo R and w̅ Rta array a freemodules over β
then quotient by β
Def let To β resp Tap β be the free

IG modules spannedby monomials in bn no

elred to 10 resp 1287

To β is a vertexalgebra byZayn's talk
andTap β a moduleover To β as inDaniil'stalk

Wehave Cbabm 2pmIn m The quotient of
To β andTap β by β R Red are the

TR and Tak introduced inZayn's talk



let Worp M To β Ño o β To ño β
vertexalgebras free 1B modules w quotients

War and w̅o or after β R keel

Now let IT pan β n be the free β module

spanned by
pn qn no applied to 1 βtn Btn

with IT β zT Btn pin W p.pe p p5pp

Recall Thisdepends
polynomiallyonβ

Vap Z To β Tap β β 41TEur
fromtheexpansionof

ñrz β To β IT β 91255 as

whoseFormercoeffs are welldef'd linearoperators

β w̅
Bip

Write Vap Z If Vapen z
n and define w̅ Éj

I Truz exp Eob zm

From Formula 7.2 11 inFrenkel seeegin 6 inDaniil'stalk
weget

upon
Ten BC neo

βJCn β no



TEN 2T Um n
no

Similarly one can show

ñrz5 Be no

β Puffs pic n 0

Theseimply

fact βVap Z dz β V1 4E ntisrpntq.nl

β C
So we define the limit of Sep 2 at β 0

2 2

as

Def 5 FEB I IT Ent patan

a map from Wo 2 No ingenning the

Mse Vor Heroin Slaaction

More generally drawing from the sea case wedefine

Cef
for any i let

VI 1 IT nti piintq.in



In this definition Tien Voch Voth are givenby

Vin z n exp i
b ezm

T.CI If TEM Dbi m n FormulaA

where
Dbam.bg n aji8nim.ffahhhfftg

derivative in the directionof bism

Prof The image of VK.ly under Wke is contained

in the intersection of the kennels of the operators

Wo re w̅ r i li.nl

p p g comma g gamma
and they each annihilate the highest weightneoor
of Wo re So they annihilate allof VK.ly

Pry The center of of Vk og is contained in

the intersection of the kernels of VI I i li.gl
inVolh

qq.yygygyyygggg.gg.gggyygyygyggmm

so Stef 4 from our outline is now complete Eno oct 7



CHAPTERS Now our focus willbe on completing STEP5
from the intro ie showing the inclusion in the preceding
proposition is equality

8.11 computing the character ofgrog
RecallthatVK.ly inherits a PBWfiltration which then

gives a filtration on frogs Wecan then I e comingfromtheconsiderits associated gradedgrzag advalPBW felt onUroyalRecall

mkffgfdmgthgff.tt
there is an injective
of inHiatt's

gorgrog 5 7

where JG Joy is inducedby the adjointaction

In this part our main resultwillbethat is an isomorphism

Animportant ingredient inthe proofwill

be.isfffht fwdhewakimoto
moduleWoje

Mo Kc

Recall that Jog is identified in Thm1.3.1 of
Ivan K s notes with J kw ie it's freely
generatedby the polynomials Pin affineversionof HarishChandraisom

i b n b h O

Now observe that tot ads on Jot
This defines a gradingon 00 suchthatdegJan n



Then
degPin di n So we get

GRADED
GIFT Joy IIII 99

Now let Ñ 01 Gote t c of t an Iwahorisubalgebra

The natural surjection More VK.ly gives rise to

More I VK.ly
ThePBW filt on Uk of equips eachof Mio r andVK.ly
with naturalfiltrationssuchthattheepimorphismMo Kc Vkeof isfiltrationpreserving

ce g Man rgrvn.iq f f tiE
the

since VK.ly is a direct sum of fin dim refsof 902Cgot
any B invariant in VK.ly orgrVkcog is automaticallygot invari

So VK.ly5 Vkeoy90tD
gerVkclogbT grVr.cg1 9 Firm in m no

We want a description ofthesourceof Gce similarto the
description wehad for of Go

Wehave gr Mo re Symgrit 5 9 04 11
where

grit µ n 7 02 1 of t g t 5 7

So ke canbe identifiedwiththemap of It c a 9483735

induced by of t of It on



Suppose wechose thebasis Ja ofof as a union of
a basis for bt and one for me If we let

It be the polynomial on 9 3 definedby

JICARI Resto Art Jay dt

Then C of A 1 is generated as onalg byJan neo
and 58 for JEM_

Now consider

F JEZ II PimZ
m

for Ja 2 Jan 2 n 1 summing over MCO if Jaeb
over neo if JEN

which is a construction of It inv't functions on 9 63 1
similarto theoneused in834ofHamilton'stalk

Since Ja z has nonzero 2 coff if J E N forJaen_

thecoeffs Firm are nonzero iffmadi.ting.tk Ii EIThisgives a natural homomorphism

Pi mi i i nl med out c Ñ

This homomorphism is an isomorphism6T let out o Cn 1 01 Coyote 833



yffqfyffgyyqy.gg cnzz.iq yyyymyyyiqq.iqyyyggJoy

ng ofTegX oy
0t It ifdimzg.in rkg

So of t fr M 1 1901 g ot Ct
I open dense inCm 7 so

Air is open denseinMt
Recall Jp Joffrey Spee Pin in e no

lasinFromK'stalk
thejet homomorphism corresponding to p Gheg 96 SpecPJ ie

Thegroup G t ads transitively alongthefibersofJp
One canalsoshow that Bit the subgroupofGEED

FIFTH think

The group JG GET acts transitively on
thefibers of Jp For any

eof A
BI is the subgroup of all elements g EGG
such that g of6433195 so it acts
transitively as stated
This implies that theringof B inv'tpolynomials onofIt
is functions on theimageJp of 8739
This image is the subspace determinedby

Tim 0 mine m a.si iiii
So therug ofÑ inv't polynomialson of try is

I



Pim isy.nl mic t

Bydensityofgetting in 9 81 on wecan erase neg
and this statement is still true
To passbackfrom of t o to of 87 in weshift
Jan Jan 1 so get Fi mits Pi mitd.tl

Corollary Themap Gae is surjective
The map doe corresponds to taking the quotientPF
Pi.mil Eli nil mild by Pimi it ge osmied

Theorems the centerZroy is as large as possible

gr grog Joy so there exist central
elements Si Zoj cVK.ly whose symbolsarePT i nl
so that

z og I Si en in ie no 10

where the Si en are Fouvercoeffs of Y Si z

If wehave degPim di m so the lemma gives

ch grimoire Ior qm
d

Now recall bythm kenstlkth.at MorFWoie

o ÉT IHÉ TIÉ ÉTÉÑÉÉÉÉg
Exercise to thoughtof as a commutativealgebra actsfaithfully

byendomorphisms of Wotra whenacting ontheright



I
III thekid It
natural embedding gr MSI grMar7ᵗʰ
this gives the opposite bound andproves equality
of the characters so Woir Ñ To

so the natural embedding gr MSI grMar15
β an isomorphism

In the diagram

go MFI ger Nr g 9

gr 1M e
F

gr v rg
9033

the left arrow is an iso bywhatwejustsaid
the bottom arrow is surj.by the Corollary
the rightvertical arrow mustbesurj butwealreadyknowit's

it's an isomorphism injective

the characterof gr og is equal to that of

gr VK.cz9 so

chzroj chgrzrop II.LI 9
This is a nontrivial result which tells us a lotabout
thecenter but again we want to understand the geometric
meaning of the center and in particular theactionof Ant0
on Z of To do so weneed to complete steps526

oftheflonatthestw.mn



T.IT enter theclasstalWalgeta.Reeallweshowed of is contained in the intersection
of the kernelsof Till i l l on To Ournextgoalistocompute

the character of this intersection to uselaterfor a proofofequality
LetÑv be a copyof the Heisenberg Liealgebra with

generators bi n ist l nek for u aninv't innerproduct onof
Recall thevertexoperator Var Z IT definedby
V Txexpf EIz njexpf.IT z n

and let Vir I Svia z dz Wecallit a Walgebra
screeningoperator Since Viar z Yay l or Z

the intersection of the kernels of Vari I it in d
is a vertex subalgebra of it which we knowby the
commutation relation

SYvm Biz dz Y A w Yum fYum B z dz A w

We take this intersection as the definition of theaffine
W algebra Wurg although otherdefinitions arealsopossible

c f Frenkel BenZvi 2004 This is a deformationof the algebr
of functions on OpoD

We now wanttodefinethelimit ofWolog as u s

To do so we fix an inv't innerprod No on ofand let
E V Vo Then

di E Ice hi identifying hᵗ h via v

Let bin Entrybin Considerthe E lattice



in IT E spannedby all monomialsin bin and its
specialization at E O Thelatteris a commutativevertexalg
In thelimit E 0 wegettheexpansion

VIII E
tighterin e terms

andtheactionof Vic on To is givenby
forms VII If VimDam

where
Did.inbj.n aijdn.ms

Aig the Cartanofog and

Via z
n exp c zm

Def letWrog theclassicalWalgebra associatedto g
bethecommutativevertex subalgebra ofTS which isthe intersectionofthekernelsof
the operators Vid

s independentofchangingnosincethisonlyrescales V I

8.11 Theappearance of Log

Recall

T.CI TEM Dbi m n FormulaA

By comparing FORMULA A and FormulaB we see that if we
substitute bin bi n theoperators V51 almostbecomeVEB
except aji aij are flippedThis is because Vic was associated to a coroot andVisitto aroot



Swappingroots corroots ie transposingthe Cartonmatrix corresponds

to swapping ofwith log the
LanglandsdualLiealgebra

To for og ITS for lay by bint bin and

I for og to V I for log

So bythis isomorphism grog is actually embedded intothe
intersection of thekernels of VEB ial and on TY for Log
ie into the classical W alg W log

lemmaThecharacter of W log is equal to that of of
To be proved in Vasya's talk

Theorey There is an isomorphism

Zof W log of gradedcommutative
vertex algebras

This completes step 5 of the planabove once this
Lenna B proven


