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The purpose of this talk is to introduce affine and double affine Hecke algebras and certain
structural results regarding these algebras. When possible, I will make all definitions and
statements for general Cartan types. However, I will emphasize the type A case and use
this case as an example throughout, as in the later parts of the seminar we will be primarily
concerned with type A.

The main references are Macdonald’s book [M] and Kirillov Jr.’s lecture notes [K]. Essen-
tially everything in these notes can be found in those references in a more complete form.

2. REVIEW OF COXETER GROUPS AND THEIR HECKE ALGEBRAS

In this section we will quickly review Coxeter groups and their associated Hecke algebras.
All statements and their proofs can be found in (one of) the references [GP] or [H]. We will
largely omit proofs in this section, as these results and definitions are standard.
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2 SETH SHELLEY-ABRAHAMSON

2.1. Coxeter Groups. Let I be a finite set, and let m : I x I — Z=' U {oo} be a function
satisfying m(i, j) = m(j,i) > 2 for all i # j € I and m(i,7) =1 for all ¢ € I. One may view
this data equivalently as a finite (ZU{oo})-labeled undirected graph I' with vertex set I and
edge labels at least 3 (by convention, a missing edge between ¢ and j indicates m(i, j) = 2);
we refer to I' as the Coxeter graph. Given this data, let W be the group generated by the
set
{Si 11 E [}

with the relations

(sisj)m(i,j) -1
(whenever m(i, j) < oo). The groups W appearing in this manner are called Cozeter groups,
and such a pair (W, I) is called a Cozeter system. Note that the generators s; satisfy s? = 1.
This allows the defining relations to be replaced with the braid relations

5i5j3i"' = Sjsisj"'

for all i # j € I whenever m(i, j) < oo (with m(i, j) factors on each side) and the quadratic
relations

s? =1
for all © € I. This presentation will be particularly convenient for us when we consider
associated braid groups and Hecke algebras shortly.

Any Coxeter such group W admits a faithful real representation in which the generators s;
act by reflections; using this representation, one can show that for any i # j € I the order of
the product s;s; in W is precisely m(i, j). In particular, the function m(4, j), and hence the
Coxeter graph I', describing the relations among the generators, is uniquely recovered from
the Coxeter system (W, I). Note, however, that this data is not uniquely recovered from the
Coxeter group W as an abstract group, and an abstract group may be a Coxeter group in
many different ways. For example, when n > 4 is an odd integer, the Coxeter group B, is
isomorphic as an abstract group to the product A; x D,, (take the nontrivial element in A,
to be —1 € B,,).

Recall that a finite real reflection group is a finite subgroup W C GL(V) of the general lin-
ear group GL(V) of a finite-dimensional real vector space V' that is generated by reflections,
i.e. by elements s € W satisfying rank(s — 1) = 1 and s?> = 1. The following characterizes
the finite Coxeter groups as the finite (real) reflection groups (with additional structure):

Theorem 2.1.1. A finite group W is a real reflection group if and only if there is a generating
subset I C W such that (W, 1) is a finite Cozxeter system.

Proof Sketch. This theorem is proved, for example, in Humphrey’s book [H]. The idea
of proof is as follows. Any Coxeter group admits a faithful representation generated by
reflections in a finite-dimensional real vector space, and in particular finite Coxeter groups
are finite real reflection groups. Conversely, given a finite real reflection group W with
reflection representation V', choose a component C of the disconnected space

V= V\ UsERef(W) ker<s - 1)a

where Ref(W) C W denotes the set of reflections in W with respect to its action on V.
We refer to C as an (open) fundamental chamber for W. Then C is a simplicial cone with
boundary defined by hyperplanes ker(s) for a certain subset I C Ref(W) of the reflections
(the simple reflections). Then I generates W, and (W, I) is a Coxeter system. The numbers
m(s, s') are obtained as the order of the products ss’ for s, s’ € I with s # s’. These orders
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m(s,s’) themselves are easily read off by the angle 27 /m(s,s’) between the hyperplanes
ker(s) and ker(s'). O

In particular, it follows from the classification of finite reflection groups that the irreducible
finite Coxeter groups coincide with the finite Weyl groups (which come in types A through
() along with the dihedral groups I5(m) for m > 3 and the exceptional non-crystallographic
Coxeter groups Hs and Hy.

Again let (W, I) be a Coxeter system, finite or infinite. Any w € W equals some product
s1-- -8, of simple reflections. Let the length [(w) of w be the minimal length of such an
expression, and refer to any such minimal expression w = s;, - - - s;, (wy 88 & reduced expression.
A typical element w of W admits many distinct reduced expressions, and it will be important
to us to understand the relationship between these expressions. This question is answered
by Matsumoto’s Theorem. In particular, let RE denote the set of reduced expressions
s = (Siys--» i) Let ~— denote the equivalence relation on RE given by s ~_ s’ if and only
if s; -8, = Sif - Sit- Let ~y,. denote the equivalence relation on RE generated by the
braid relations, i.e. by replacing a sequence (s;,, Si,, ...) of length m(i1, i) with the sequence
(Siy, Siy, ---) Of length m(iy,i5). We then have:

Theorem 2.1.2 (Matsumoto). ~— = ~y, .

In other words, any two reduced expressions for the same element w € W are connected
by a sequence of braid relations. The proof can be found in [L].

2.2. Braid Groups. Let (W, I) be a Coxeter system. The braid group By associated to
(W, I) is the group generated by the set {7} : ¢ € I} subject to the braid relations

(m(i, j) factors on each side) for i # j € I with m(i,j) # oo. In other words, the braid
group By has a description by generators and relations identical to that of W except that
the quadratic relations s? = 1 are omitted.

For any w € W and reduced expression w = s;, - - - 5y, it follows from the definition of
the braid group and Matsumoto’s theorem that the product T;, ---T;, . is independent of
the choice of reduced expression for w. We denote any such product by the symbol T,,. As
T;, =T, , it follows that the set {7, : w € W} generates By, and it is immediate that the
relation

TwTyw = Tww whenever [(ww') =1(w)+ I(w")
holds in By,. It is easy to see that this gives another presentation for By,. Similarly, we
may give a presentation for By, by specifying generators {7, : w € W} with relations

T, Ty = Ts,y whenever [(s;w) > l(w)

(or the analogous “right handed” relations, or both types of relations simultaneously).
Clearly, there is a surjection By, — W sending T; to s;, with kernel generated by the
elements T?. The kernel Py is the pure braid group.

Remark 2.2.1. When W is finite, so W is a finite real reflection group with reflection
representation V', the braid group has a standard topological interpretation. In particular,
let Vi denote the complezification of V', and let VL% denote the set of points in Vi with
trivial stabilizer in W (i.e., the complement of the reflection hyperplanes). Then there are
identifications m (VL /W) = Bw and m(VLY) = Py compatible with the obvious short
exact sequences.
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Example : Type A The symmetric group S, on n letters is a real reflection group with
respect to its standard representation by coordinate permutations in R"™ - the transposition
(i,7) is given by reflection through the hyperplane z; = z;. This representation is faithful
but not irreducible - the space {z : Y. x; = 0} is the irreducible reflection representation
for S,. A set of simple reflections can be given by the adjacent transpositions (i,7 + 1)
for 1 < i < n, and the corresponding Coxeter graph is a line of n — 1 connected dots (by
convention an unlabeled connection indicates m = 3), and this type of reflection group is
said to be of type A,,_;. When W = S,,, the braid group Bg, is the familiar standard braid
group B, on n strands, and the pure braid group Pg, is the standard pure braid group on n
strands.

2.3. Hecke Algebras. In this section we will recall certain deformations of group algebras
of Coxeter groups, the Hecke algebras. Let (W, I) be a Coxeter system. Let 7 : I — C*
be a function such that 7(i) = 7(j) whenever s, and s; are conjugate in W, and write
7 = 75, = 7(i). The Hecke algebra H.(W,I) attached to the Coxeter system (W, I) and
parameter T is the C-algebra with generators {7; : i € I} and relations consisting of the
braid relations seen above and the Hecke relations (or quadratic relations)

(T; = m)(Ti+71) =0

for all i € I. We will write H,(WW) rather than H,(W,I) when the meaning is clear.
It is immediate from the Hecke relations that the generators T; are invertible and that the
Hecke relations can be equivalently written

-1 _ -1
=1 =7,—1, .

In particular, there is a natural surjection
CBw — H,(W), T,—T,.

It follows that the Hecke algebra H, (W) has an alternative description as the quotient of
the complex group algebra CBy, by the Hecke relations. We use the notation 7, for w € W
to denote both elements of the braid group and their images in H, (/) when the meaning
is clear.

When 7 is the constant function 1, the Hecke relations read

Tz‘2:17

and in particular the Hecke algebra Hy (W) is identified with the group algebra CW of W.
In this way, the family of algebras H, (W) form a deformation of CW. As it happens, this
deformation is flat:

Theorem 2.3.1. The set {T,, : w € W} forms a C-basis of H,(W).

The proof is standard. In particular, it is clear that the elements T, span H, (W) because
the span of the T, contains 1, is stable under multiplication by the 7;, and the T} generate
H.(W). So, what one needs to do is to prove linear independence. This is achieved by the
standard trick of writing down a representation of H,.(W¥) in a space in which the linear
operators by which the T}, act are manifestly linearly independent. In this case, one uses the
regular representation as a model. In particular, one considers the C-vector space H' with
basis {e,, : w € W} and tries to define a representation of H,(W) in this space by letting
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the generator T; act by

re) - {0 ) > 10

esw + (s — 7 Dew  if I(siw) < 1(w).

It is obvious that the T; satisfy the Hecke relations, so to see that this defines a representation
of H, (W) one need only check the braid relations. For this, one considers the operators on H’
that should correspond to right multiplication by 7}, and checks that the “left multiplication”
operators commute with the “right multiplication” operators, reducing the check of the braid
relations to the check that the braid relations hold when applied to the element e;, which is
obviously true. Details can be found, for example, in Humphrey’s book [H].

Remark 2.3.2. The same proof shows that when the parameter T is viewed as a formal
invertible variable(s), the Hecke algebra H.(W) is a free C[r"']-module with basis {T,, : w €
W}, The case of numeric T is then obtained by specialization to C.

Remark 2.3.3. In some other contexts, the presentation/definition of Hecke algebras at-
tached to (W, I) looks slightly different in that the Hecke relation seen above. Specifically,
the Hecke relation may be of the form (T + 1)(T — q) = 0 (as one sees, for ezample, in
the context of Hecke algebras attached to BN pairs) or (T — 1)(T + q) (as one sees, for
example, in the context of the KZ functor appearing for rational Cherednik algebras). These
two forms involving q are easily reconciled by a rescaling of the generators T; (notice that
the braid relations are homogenous). The version seen above with T (often the letter v is
used instead) amounts to choosing a square root of q and rescaling the generators, which is
important from some representation theoretic perspective that we won’t discuss here.

3. AFFINE HECKE ALGEBRAS

3.1. Affine Root Systems. We will assume the reader is familiar with finite root systems.
For the rest of this talk, any finite Coxeter group appearing will be a Weyl group, i.e. a
crystallographic real reflection group (i.e., types H and I are excluded). Similarly, all finite
root systems appearing will also be crystallographic. All definitions and results in this section
can be found in [M, Chapter 1]. Also, the notion of “affine root system” I will use here is
in the sense appearing in [M]; the roots appearing in these affine root systems are the real
roots of the affine root systems discussed in the context of Kac-Moody Lie algebras.

Affine root systems are related and similar in spirit to finite root systems. The essential
differences are that in the affine case there are infinitely many affine roots and an affine
root determines an affine reflection, i.e. a reflection through an affine hyperplane, while
in the finite case there are finitely many roots and a root determines an honest reflection
through a linear hyperplane. The standard theory of finite root systems has an analogue for
affine root systems. Specifically, one has an axiomatic definition and concise classification
involving diagrams closely related to Dynkin diagrams, notions of affine Weyl groups with
length functions, convenient fundamental domains (now called alcoves rather than Weyl
chambers), etc. For the sake of concreteness, simplifying the notation, and with the goals
of this seminar in mind, we will not consider arbitrary affine root systems, but rather only
certain affine root systems R® that are easily associated to finite irreducible reduced root
systems R. This is not a significant restriction, and in fact the classification of arbitrary
affine root systems is easily stated in terms of these affine root systems R® and some mild
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additional constructions (see [M, Chapter 1, Section 3]). For the full-fledged general case of
all the material to follow in this talk, see Macdonald’s book [M].

3.1.1. Affine functions, affine reflections, and translations. Fix a Euclidean vector space V
with inner product (-,-). Identify V' with its dual V* via the inner product. Let F' be the
set of affine-linear functions on V', i.e. the functions f : V' — R that are sums of linear
functionals and constant functions. Then F = V @& RJ, where § € F is the constant function
with value 1. For any f € F let Df € V denote the projection of f to V' under the splitting
F =V ®R0 (then Df is the gradient of f in the usual sense of calculus, and f = D f+ f(0)).
Extend the inner product (+,-) to F' by defining

(v+cod,w+db) = (v,w)

for all v,w € V and ¢,d € R. On F, the form (-,-) is a degenerate symmetric bilinear form
with kernel RJ.
Let f € F be non-constant. Then (f, f) > 0, and we define

v._ 2f
=0

The subset f~!(0) C V is an affine hyperplane, and we denote by sy the orthogonal reflection
in V' through this affine hyperplane. The affine reflection s is given by a familiar formula:

si(a) =a— f'(@)Df =z — f(z)Df".

Then sy also acts on functions g on V' by the usual formula sf.g = g o 5;1 = g o sy, and
clearly this action preserves the space F. This action of s is given by the familiar formula

Naturally, a translation ¢ : V' — V is an affine linear transformation of V' of the form
t(z) = x + v, for some v € V; we denote this translation by t(v). For a subset X C V, we
define ¢(X) := {t(v) : v € X}. When L C V is a lattice, ¢(L) is a lattice isomorphic to L.
Any translation t(v) also acts on the space F' of affine-linear functions on V:

tw)(f) = f = (v, f)o

3.1.2. The affine root systems R*. Fix a finite irreducible reduced root system R C V span-
ning V' (so R has rank dim V). As usual, let Q := > _pZa denote the root lattice, let
QY = > .crZa’ denote the coroot lattice, let P C V be the weight lattice (i.e. those
A € V with integral pairing with all coroots), and let PY be the coroot lattice (i.e. those
A € V with integral pairing with all roots.

Define the associated affine root system R® to be the subset of F' given by:

R*:={a+ndé:a€ Rnecl}

We call elements a € R* affine roots. Note that R is a subset of R*. Let W denote the Weyl
group attached to R, i.e. the subgroup of GL(V') generated by the reflections {s, : « € R}.
Similarly, let W, the affine Weyl group, be the group of invertible affine transformations of
V' generated by the s, for a € R*. Clearly, W C W?.

Proposition 3.1.1. The lattice t(Q") is a normal subgroup of W and W =W x t(Q").

Proof. Let a = o + nd be an affine root. Then we have

5a54(2) = sa(z — ((z,0) + n)a’) =z — (z,a)a’ + ((z,a) + n)a’ =z + na"
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SO S454 = t(naY). It follows that ¢(QY) is a subgroup of W®. We also see that s, = t(na")s,,
so W is generated by W and #(Q"). It’s also clear that for any w € W and A € QV, we
have wt(A)w™ = t(w), so t(QV) is normal in W* and W = W.t(QV). As W fixes 0 € V,
it follows that W N¢(Q") = 1 and the claim follows. O

It’s now easy to see the following:

Proposition 3.1.2.

(1) R* spans F.

(2) sa(b) € R* for all a,b € R*.

(3) (a¥,b) € Z for all a,b € R".

(4) the action of W on 'V is proper, i.e. for any compact subset K C V the set of w € W*
such that wK N K # 0 is finite.

Remark 3.1.3. The preceding proposition says that R* is indeed an affine root system in
the axiomatic sense.

3.1.3. Alcoves and positive and simple roots. Let aq,...,a, be a choice of simple positive
roots for the finite root system R, determining a Weyl chamber

C:={z eV :qx)>0forl<i<n}.

Recall that the Weyl group W of R is then a Coxeter group with respect to the corresponding
simple reflections through the walls of C. Recall also that the set of positive roots Ry C R
is given by

R, :={a € R:alx)>0forall z €C},
the negative roots are R_ := —R,, and that every positive root is a linear combination of
positive simple roots with nonnegative integer coefficients. There is a very similar story for
the affine Weyl group W that we now explain.

The set of affine hyperplanes {a™'(0) : @ € R®} is a locally finite arrangement of real
hyperplanes in V', and it follows that the complement is open and has a natural W ®-action.
A connected component of this complement is called an alcove, and we denote the set of
alcoves by A. Let A denote the closure of the unique alcove A° contained in C and such that
0 € A°. We call A an affine Weyl chamber for R®. Clearly, A is a n-dimensional simplex

A={x eV :azx)>0for 0<i<n}

with n + 1 walls given by affine hyperplanes {a;*(0) : 0 < i < n} for some uniquely
determined affine roots ag, ay, ..., a,. We call the a; the simple affine roots, or just simple roots
when the meaning is clear. Up to reordering, we have a; = «; for 1 < i < n (corresponding
to the walls that A shares with C) and a root ay with nonzero constant term that defines the
remaining wall of A. Let I be the set {0,...,n} and let I be the set I\{0}. For 0 <i <n,
define the i'" simple reflection by s; := s,,. Sometimes by abuse of notation I'll confuse i € I
with s;.
Let’s fix some terminology and notation. Define the positive (affine) roots R} C R® by

R} :=={a€ S:a(r)>0foralzecA}
and define the negative (affine) roots R* by R* := —R%.
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Let & € RT denote the highest root of the finite root system R. For i € Iy, let m; € Z>°
denote the unique positive integers such that

0= Z m;o.

i€lp
Proposition 3.1.4. ay = —6 + 0.

Proof. Certainly ag = o + nd for some « € Rand n € Z. As 0 € A\agy'(0), we have
ag(0) > 0, so n > 0. Certainly for any n > 0 the simplex A’ defined by any « + nd along
with o, ..., o, contains A, so we have n = 1. Any root a can be written a = ) . k;a;, and
we have k; > —m; for all i. As the 1-dimensional faces of C are given by R=%)\;, where the
A; are the fundamental weights, it is clear that simplex determined by —6 + ¢ and the «; is
contained in the simplex determined by any « + ¢ and the «a;, and the claim follows. 0

Corollary 3.1.5. A has the alternative, slightly more concrete description:
A={z eV :(aj,x) >0 foriely and (z,0) < 1}.

We can now give a convenient description of the positive affine roots and see that the
simple positive affine roots give a basis for R* in the same familiar way that the simple
positive roots give a basis for R:

Corollary 3.1.6.
(1) R% has the following description:

Ry ={a+ri:acRr>x(a)}

where x 1s the indicator function on R of the subset R~ C R of negative roots.
(2) R* = R} [ R* and every positive affine root a € RS is of the form

a = E n;a;

i€l
for some non-negative integers n;.

Proof. (1) follows easily from the previous corollary (in particular, note that any root o € R
is positive if and only if a(z) € [0,1] for all x € A). (2) follows from (1) and the fact that
for any root a € R the difference 6 — « is a sum of positive simple roots «; with nonnegative
coefficients. O

3.1.4. W% as a Cozxeter group, and its length function. Proofs of the following two proposi-
tions can be found in [H, Chapter 4].

Proposition 3.1.7.

(1) The simple affine reflections sy, ..., S, generate W, and in fact the pairs (W I) and
(W, Iy) are Coxeter systems. As usual, the entries m(i,j) of the Cozeter matriz are read
off from the relative angles of the affine hyperplanes a;*(0) (equivalently, from the pairings
(¥’ aj).

(2) W% acts simply transitively on the set A of alcoves, and A is a fundamental domain
for the action of W® on V.

Let [ : W2 — Z=° be the length function on W as a Coxeter group with generating simple
reflections sg, ..., Sp.
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Proposition 3.1.8. For any w € W?, the length l(w) can be equivalently described as:
(a) The length of a reduced expression for w.
(b) l(w) = |[RY Nw™ R |
(¢) The number of affine hyperplanes a=*(0) with a € R separating A and wA.
3.2. Extended Affine Weyl Groups. In light of the decomposition W* = W x t(Q"),

we can enlarge the group W by replacing the coroot lattice Q¥ with a larger lattice L’ on
which W acts.

Definition 3.2.1. The extended affine Weyl group W attached to R* is the semidirect
product
W =W x t(PY).

Clearly, W% admits a natural action on V extending that of WW¢.
Proposition 3.2.2. The extended affine Weyl group W acts on the affine roots R".

Proof. For a coweight A € P, the translation t(\) acts on F' by
t(N)(a) =a— (X a)d.
Any X\ € PY has integral pairing with any a € R, and the claim follows. U

So it follows as well that W acts on the set of affine hyperplanes and the set of alcoves
A etc., but the action on the alcoves is no longer faithful.
Now we want to relate the extended affine Weyl group W to the affine Weyl group W:

Definition 3.2.3. FExtend the definition of the length function | from the affine Weyl group
W to the extended affine Weyl group W by either of the two equivalent definitions (b) or
(c¢) appearing in Proposition 3.1.8

Definition 3.2.4. Let Q2 be the finite group
={weW*:l(w) =0} ={we W*:wA = A}

Definition 3.2.5. Recall that a weight X\ € P is called miniscule if 0 < (A, ") < 1 for
every positive root o € RT. Similarly, recall that a coweight N € PV is called miniscule if

0 < (N,a) <1 for every positive root « € R™.

Recall that the miniscule weights form a system of representatives for P/Q), just as the
miniscule coweights do for P¥/QY.

Proposition 3.2.6.
(1) Wae =Q x We.
(2) Q= PY/QV. In particular, every w, € € is of the form
T = t(b,)w,
for some miniscule coweight b, € PV and w, € W*.

Proof. (1) follows immediately from the facts that W acts simply transitively on the set of
alcoves and that € is the set-wise stabilizer of the alcove A. (2) follows from the semidirect
product decomposition/definition of W* and W and the fact that the minscule coweights
form a system of representatives for P¥/QV. O

Remark 3.2.7. In fact, in (2) above one has w, € W (see [M, Chapter 2, Section 5]).
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Remark 3.2.8. The faithful action of Q2 on the alcove A gives rise to a faithful action of
Q2 on the set of walls of A, and therefore on the set of simple roots. If m.(a;) = a;, then
T8, = s;. This describes the semidirect product appearing in (1) concretely, and we see
that the action of Q2 on W is by diagram automorphisms.

Let P, denote the dominant weights (i.e. those A € P with (A, o) > 0 for all ¢ € Iy) and
let P} denote the dominant coweights (i.e. those X' € PY with (X, a;) > 0 for all ¢ € I).
As usual, let p € P, denote the half sum of the positive roots.

We have the following facts about the length function [ on the extended affine Weyl group
Wweae:

Proposition 3.2.9.
(1) The restriction of the length function on W to W coincides with the usual length
function, and l[(mw) = l(wr) = l(w) for all m € Q, w € We.
[ 1 4 i) € RY
(2) lws) = { ()L wle) € R
l(w)—1 ifw(a;) € R*
(8) If w € W an A € PV, then
(wt(N) = > (A @) + x(wa)|
a€ERt
where x is the indicator function of the negative roots R_ C R.
Proof. (1) is immediate from the definition and (2) follows from (1), the definition of I, and
the fact that s; permutes the set RS \{a;}. A proof of (3) can be found in [M, Chapter 2] -
it is not difficult and it makes use of the description
Rl ={a+ri:aecRr>x(a)}
O

The translation elements ¢(\) € W will be of particular relevance in what follows, so we
record some facts about these elements and the length function in the following corollary:

Corollary 3.2.10.

(1) If X € PV, then I(t(\)) = 2(AT,p), where \T is the dominant coweight lying in the
W-orbit of .

(2) If X € PY, then l(wt(\)) = l(w) + I(t(N)).

(3) If (A, ;) =0 for any i € Iy, then I(t(\)s;) = I(s;it(N)) = 1(t(N)) + 1

(4) If (N, ;) = =1, then I(s;t(N)) = 1(t(N)) — 1.

Proof. Follows immediately from Proposition 3.2.9(3). O

3.3. Affine and Extended Affine Braid Groups.

Definition 3.3.1. The affine braid group B® attached to the affine Weyl group W is the
braid group attached to the Coxeter system (W I). The extended affine braid group B*
attached to the extended affine Weyl group W has exactly the same description as B* except
with W and its length function in place of W*. In particular, B* has generators T,, for
w € W and relations T, T, = Ty whenever [(ww') = l(w) + I(w').

Remark 3.3.2. Like for finite-type braid groups, the affine braid group B* has a topological
interpretation as the fundamental group m (VL™ /W) where

Ve = (C®gr V)\ Usera (1®a)~"(0)
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(this quotient is sensible because the action of W on V' is proper). In light of the decom-
position W =W x t(QV), it is easy to see that VL /W® can also be described as T"9 /W,
where T' = VLY /t(QV) is the complement of the corresponding hypersurfaces in the complex
torus Ve /t(QY).

Theorem 3.3.3. The elements T, with © € Q0 form a subgroup of B* isomorphic to ), and
we have

B* =Qx B*
where the action of (2 on B® is by the same diagram automorphisms discussed earlier, i.e. if
m.(a;) = a; then Tt = T;, where T; denotes T, and m, denotes T, .

Proof. This is easy to see from our previous discussion of braid groups and the fact that
w8 = ;7 and that I(m,s;) = 1 = [(s;) ete. O

Along with the description of B* by generators and relations from our discussion of Coxeter
groups, this gives a more tractable description of B* by generators and relations.
Recall that the affine and extended affine Weyl groups had the semidirect product decom-
positions
W*=W x t(QY) W*=W xt(P).
We now will upgrade this decomposition to the affine and extended affine braid groups,
which will allow us to do the same for the affine Hecke algebras to come.

Definition 3.3.4. For \ € PV, define elements Y € B by
(1) YA = Tt()\) if A € PJ\F/
(2) YA =YHY")" if A\ =p— v with p,v € PY.

Theorem 3.3.5. Y is well-defined for all X € PV, and we have Y Y* = Y for all
M\t € PV. The mapping X\ — Y determines a lattice isomorphism between P and the
subgroup {Y* : X € PV} of B,

Proof. Clearly the Y are well-defined for A € P} and satisfy Y*Y* = Y™ It follows imme-
diately that the Y are well-defined for all A\ € PV and satisfy Y Y* = Y**#_ The restriction
of the natural surjection B* — W gives the inverse lattice isomorphism, completing the
proof.

O

We will now describe the commutation relations between elements Y* and 7;. Note that
as the lattice {Y* : A € PV} is generated by the elements Y, where the w; € Py are the
fundamental dominant coweights, it suffices to explain the commutation relations between
Y* and Tj in the case that (a;, \) € {0, 1}.

Theorem 3.3.6.
(1) The elements Y, X € PV, and the elements T1, ..., T, together generate B as a group.
(2) If (\,a;) =0 for some i € Iy, then T;Y* = YT},
(3) If (\, o) = 1 for some i € Iy, then Y = T;Y 5T,
Proof. For statement (1), in view of the decomposition B* = ) x B, it follows that the
elements Y* together with the T, ..., T}, generate B, so we need only understand why

generator Ty is redundant in this collection. But this follows from the equality sosy = ¢(0")
in W*. Indeed, note that

sg(ag) = so(—0 +6) =0 +6 € R
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so the expression s - sp is reduced (i.e. l(spsg) = I(s0) + I(sg)). It follows that we have an
equality

ToTy, = Tyovy =Y’
in the affine braid group.

In the case A € PY, (2) follows from Corollary 3.2.10 which says that [(t()\)s;) = I(sit(\)) =

[(t(\)) + 1. This then gives

T,Y* = TiTyo) = Tsueny = Tinys, = YT
as needed. The general case then follows from the fact that any A € PV with (A, o) = 0 can
be written as A = p — v with g, v € PY and (p, o) = (v, 05) = 0.

For case (3), we can again reduce to the case A € P/ by noticing that any A € PV
satisfying (A, ;) = 1 can be written as A = p — v for some p,v € PY satisfying (1, ;) = 1
and (v, ;) = 0. So take any A € P/ satisfying (A, ;) = 1. Define another element

T:=A+s)A=2\—qa).

Note that = € PY. From Corollary 3.2.10, we know that if I[(t(\)) = 2(\,p) = p t
[(t(r)) = 2p — 2. From the same corollary (statement (3)) we also know that [(s;t(m)) =
[(t(m)) + 1 =2p — 1, and from statement (4) we know that [(t(\)s;) = I(t(N\)) — 1 =p— 1.
It follows that each side of the equality

si-t(m) = (t(N)s;) - t(A)
is a reduced expression, and therefore that
TY™ = Ty Y
But Y™ = Y**Y* and Tins = Tt(,\)Ti_l = YATi_l. Rearranging the above equality, we get
T,YS T, — Y
as needed. O

hen
)

We can now state a presentation for B* analogous to the decomposition W = W x t(P")
of the extended affine Weyl group W seen earlier.

Theorem 3.3.7. The extended affine braid group B is generated by the finite-type braid
group B (generated by Ty, ..., T, ) and the lattice Y subject only to the relations appearing
in (2) and (3) of the previous Theorem 3.3.0.

The proof can be found in [M, Section 3.3]. The idea is to define elements Tj and U; in the
group described by generators and relations in the theorem, and then to show by calculation
that the relations of the extended affine braid group hold.

3.4. Affine Hecke Algebras. We now define affine Hecke algebras as quotients of group
algebras of extended affine braid groups, in complete analogy with the Coxeter case seen
earlier:

Definition 3.4.1. Let {7,}acra be a collection of complex numbers indexed by the affine roots
such that T, = 7, whenever s, and s, are conjugate in W. Write 7, = 1,, for the simple
affine roots ag, ..., a,. The affine Hecke algebra H.(W®) and parameter T is the quotient of
the group algebra C[B®¢| by the relations

(T— )T+ 7)) =0, i=0,..n
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Remark 3.4.2. One could just as well consider the 1, to be formal invertible commuting
variables, in which case the algebra defined above arises as a specialization.

When the meaning is clear, we will use the notation T}, for w € W2 and Y* for A € P to
denote both elements of the extended affine braid group B and their images in H, (/).

There is a nice description of the interaction of generators T; with elements Y in H,(Wa)
that follows from Theorem 3.3.6:

Lemma 3.4.3. For anyi=1,...,n and A € PV, the following relation holds:

i — 1 ysid — YA
S y Y= (1 — 77—
Y-« —1 Y- —1

Proof of Lemma 3.4.3. The key observation is that if the relation holds for Y*, Y, then it
also holds for Y~ and Y**#, which follows from a straightforward calculation. So, it suffices
to establish the relation when (A, a;) = 1 and when (A «;) = 0. In the case (A, a;) = 0,
the relation reads Y T; = T;Y?, which is Theorem 3.3.6(2). When (\,q;) = 1 we have
Y5 = YA~ g0 the relation reads
Y =YWV, = (; — 77 HY?

which follows immediately from Theorem 3.3.6(3) and the identity

,Ti = ,T;l + 7 —T;l

in H,(We). 0

TY* =Y, = (r, — 771)

)

3.5. Two Presentations. Recall that we have seen two presentations of the extended affine
braid group B, one describing B*¢ in terms of the affine braid group B* and some group 2
of diagram automorphisms, and the other in terms of the finite-type braid group B and the
lattice P¥. Each of these immediately gives a presentation for the Hecke algebra H, (W) in
which one just adds the quadratic Hecke relations to the mix. We'll refer to the presentation
for H, (W) arising from the presentation of the extended affine braid group appearing in
Theorem 3.3.3 as the Cozxeter presentation, and we’ll refer to the the presentation of H, (W)
arising from the presentation in Theorem 3.3.7 as the Bernstein presentation. In this section
we elaborate on these presentations slightly, describing certain subalgebras of and bases for

H (W),
Theorem 3.5.1. The subalgebra of H.(W) generated by the T; for i € I is isomorphic to

the usual Hecke algebra H.(W*®) attached to the Coxeter system (W I), and similarly for
the finite-type Hecke algebra H,(W). Furthermore, H.(W) has the following description:

H.(W*)=Qx H(W?),
where the action of m. € Q) on T; is the same as seen earlier for the extended affine braid
group. In particular, the set {T,, : w € W} forms a C-basis for H.(W).
Proof. Clear, given our earlier discussion of Coxeter and braid groups. 0

In view of Theorem 3.5.1, we will regard H,(W*®) and H, (W) as subalgebras of H, (V).

In addition to the “Coxeter presentation” above, we would also like to have a description
of H,(W*) involving the finite Weyl group W and the lattice PV, as we did for B and
Wwee,
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Theorem 3.5.2. The natural map

H(W)®CY? — H.(W*)
giwen by multiplication is an isomorphism of vector spaces. In particular, the elements
{T,Y*:we W,\€ PV} form a C-basis for H.(W).

Proof. We've seen that the elements 7; and Y generate the extended affine braid group
B, and so they also generate H,(W®). From our discussion of Hecke algebras attached to
Coxeter groups, we know that any product of the T; generators lies in the span of the T,,. It
then follows from the relations in Lemma 3.4.3 that the set {T,,Y* : w € W, X\ € PV} spans
H.(W®) so we need only to prove linear independence. Consider a linear relation of the

form
D cwaTuY* =0
w,\

wth almost all ¢, » = 0. There is a dominant coweight p € P such that pu+ A is also
dominant for any of the finitely many A € PV satisfying ¢, » # 0. Multiplying on the right
by Y#, we may assume that all (w, ) with ¢, # 0 satisfy A € PY. But for such A we have

T,Y" =T, Ty = Turn

(the first equality by the definition of Y*, and the second by Corollary 3.2.10(2)). The
linear independence then follows from that of the basis {7}, : w € W} and the description
wee =W x t(PY) of W, O
Remark 3.5.3. Obviously, we have right- and left-handed versions of the previous theorem.

3.6. Cherednik’s Basic Representation. To simplify the notation slightly, let’s write
C[Y] to denote CY"". Recall that by Theorem 3.5.2 we have an isomorphism

ClY]® H (W) = H (W)
of C-vector spaces. In particular, for any representation F of the finite Hecke algebra H,. (W),
we can form the induced representation

IndE := H, (W) @u,w) E
that as a C[Y]-module has the convenient description

IndE =¢py) ClY] ®c E.

In particular, taking £ = C to the the deformed trivial representation of H.(W) in which
each generator T; acts by the scalar 7;, we obtain a representation of H,(W %) in the space

IndC = C[Y] ®c C = C[Y].

Lemma 3.6.1. In the representation C[Y], the elements T; fori € 1y (note we exclude i =0
here) act by the formulas

s; —1
et
Proof. This is an immediate consequence of the definition of the representation C[Y] and of
Lemma 3.4.3. In particular, for any f(Y') € C[Y] and ¢ € I, by Lemma 3.4.3 we have

Tf(Y) = (sif V)T + (10— 77 ) e f(Y).

As T} acts on C by the scalar 7;, the claim follows. O

T; — 78 + (1 —T-_l)

(2
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We call this representation of H, (W) in C[Y] the polynomial representation. In order
to define double affine Hecke algebras (DAHA), we will need to introduce a related repre-
sentation of H, (W), Cherednik’s basic representation. First, we need to discuss the affine
weight lattice.

Let P = P @ Z§ denote the affine weight lattice of the root system R. Let C[X] denote
the group algebra of the weight lattice P, where the element of C[X]| corresponding to A € P
will be denoted X*. Let e € Z>° be the positive integer satisfying

(P.PY) = -2
e

(for example, when R is of type A,_1, we have e = n, as you can compute). Fix a nonzero
complex number ¢ that is NOT a root of unity, and fix a primitive e'” root gy = ¢/¢ of q. We
can extend the definition of the X* € C[X] to include affine functions of the form f = A+7r¢
with r € %Z by defining

X =g Xx*
(we've implicitly used our chosen e root g of ¢ in the above definition of X/). Such X/
act on C[X] by multiplication.

Recall that any element w € W of the extended affine Weyl group is (uniquely) of the
form w = t(N)v for some X € P¥ and v € W, and that such w acts on any affine linear
function f on V by

w- f=vf— (N vf)d.
In particular, we can define an action of the affine Weyl group W on C[X] by setting, for
such w = t(\N)v,
w(XH) = X = g~ Ao xom
Obviously, this action is faithful, because ¢ is not a root of unity.

We can now define Cherednik’s basic representation, which is a deformation of the repre-

sentation of W in C[X] discussed above:

Theorem 3.6.2. There is a representation [ (Cherednik’s basic representation) of H, (W)
in the space C[X] in which the generators T; for i € I (note we are now including i = 0!)
and m, € Q act as follows:

Si—l

DTG s i — 7!
15} T8+ (1, — T )Xa¢_1

)

Ty > Ty

Proof. Replacing the root system R with its dual R does not change the finite Weyl group
W or its Hecke algebra H,(W). It therefore follows from Lemma 3.6.1 that the operators
B(T;) operators for i € Iy define a representation of the finite Hecke algebra H.(W), i.e. that
these operators satisfy the Hecke and braid relations. Indeed, replacing R by its dual root
system RY in Lemma 3.6.1 (and the basis «; of R with the basis —a; of RY, P¥ with P,
etc.), the operators by which the T; act in the resulting induced representation C[X] coincide
with the (7).

Furthermore, it is clear that for any 7, € Q and and ¢ € I (including i« = 0), the operators
7, and T; satisfy

o Tm = T; when 7, (a;) = aj.

Therefore, the only relations among the operators 5(7;) and 3(m,) remaining to be checked
are the Hecke and braid relations involving §(7p). For this, note that the fact that the
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operators 3(1;) and S(T;) for 4,5 € Iy, i # j, satisfy the Hecke and braid relations is a
statement about the rank 2 root subsystem generated by a; and a;. When R is not of type
A1, the subsystem generated by ap and any a; for ¢ # 0 is a finite-type root system of
rank 2, and the Hecke and braid relations follow in that case again by comparison with the
polynomial representation. When R is of type Aj, there are no braid relations between T
and 717 to check, and the Hecke relations follow again by comparison with the polynomial
representation. It follows that the Hecke and braid relations involving 5(7;) and 5(7}) for
any 1,7 € I (allowing i = 0 or j = 0) hold. O

Theorem 3.6.3. The operators X*(3(T,,) with A € P and w € W on C[X] are linearly
independent, as are the operators 3(T,)X?.

Lemma 3.6.4. Let F' be a field, and let 1, ..., o, be distinct automorphisms of F. Then
P1, -oey P are linearly independent as elements of the F'-vector space of functions ¢ : F — F.

Proof. This lemma is standard. A proof can be found in most introductory algebra textbooks.
O

Proof of Theorem 3.6.3. We will prove that the operators X*3(T,,) are linearly independent
- the proof for the operators B(7, )X A is entirely analogous.

Let w € W and let w = m,s;, - -+ 55, be a reduced expression with 7, € Q and all i; € I,.
Then we have

B(Tw) = mB(Ts,) - - - B(T5,).
By the definition of the operators 5(7;) it follows that 5(7T;,) is of the form
Tw = vaw X U
v<w

where f,,, € C(X), the field of fractions of the Laurent polynomial algebra C[X]. Note that
we have

fww (X) 7é 0
for all w € Wee,
For contradiction, now suppose there is a linear dependence among the X*3(T,). It
follows that there is a relation of the form

Y u(X)B(TL)
weWae
with the g,,(X) € C[X] not all 0 (but only finitely many nonzero). From the above expression
for 5(T,), this gives a relation
Z gw f vw ) =0.

v<weWae

The group elements v act on C(X) by field automorphisms, and these automorphisms are
distinct as the action of W on C[X] is faithful. We therefore have

Z gw fvw =0
w>v

for all v € W, As g, = 0 for all but finitely many w, choose w € W? maximal in the
Bruhat ordering among those w with g,, # 0. The above equation then reads

Gu(X) furn(X) = 0.
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As fuw(X) # 0, this implies g, = 0, a contradiction. O
Corollary 3.6.5. The basic and polynomial representations of H.(W) are faithful.

Proof. The set {T,, : w € W} is a basis for H.(W?), so the claim for the basic representation
follows immediately from Theorem 3.6.3. For the polynomial representation, it suffices to
prove the claim with the root system R with its basis a; replaced by the dual root system
RY with its basis —a;’. Denote the corresponding affine Hecke algebra by H,.(W"). It has a
basis X*T,, with A\ € P and w € W (finite Weyl group); its polynomial representation is in
the space C[X], and the action of any such element X*T,, in the polynomial representation
C[X] is precisely by the operator X*3(T,,), and the claim follows. O

Corollary 3.6.6. The center Z(H.(W)) coincides with the invariant Laurent polynomials
ClY]".

Proof. First note that it follows immediately from the relations in Lemma 3.4.3 and the fact
that H,.(WWe) is generated by C[Y] and the T; for i € Iy that any f € C[Y]V is central in
H.(W¢9). By the same Lemma, for any f € C[Y] and i € I, we have the relation

Tif(Y) = (si)(Y)T; = g(Y)
for some g(Y) € C[Y]. If f is central, this gives

(fY) = (/)Y = g(Y)
which implies that f(Y) — (s;f)(Y) =0, so that f = s;f. In particular, f is W-invariant.
It therefore suffices to check that any central element z € H, (W) is a Laurent polynomial.
But such z commutes with all Laurent polynomials on the faithful polynomial representation,
so z itself must indeed be a Laurent polynomial. 0

3.7. DAHA Definition and PBW Theorem. Cherednik’s basic representation gives an
easy definition of DAHA:

Definition 3.7.1. The double affine Hecke algebra (DAHA) H,, = H,.(R) attached to
the finite root system R and parameters q,T as in the previous section is the subalgebra of
Endc(C[X]) generated by the operators X*T,, for A € P and w € W2,

The algebra H, . can be alternatively described by generators and relations as follows:

Theorem 3.7.2. The algebra H,. is generated by the T; with i € I (including i = 0),
7. € Q, and X* with X\ € P subject to the relations:

(1) the relations of the affine Hecke algebra among the T; and 7,

(2) X° =1 and X X+ = X ¢

(8) for any i € I (including i =0) and u € P,

T, X" = X", if (u,a)) =0
TX! = XMWOTif (pa)) = 1

(4) T Xtr = Xm0,

Remark 3.7.3. The parameter(s) T appears in the Hecke relations in (1). The parameter

q, slightly more hidden, appears in the second relation in (3). In particular, for i = 0, we
have ag = —0 + 8, and if (u,af) =1 so that so(p) = p— ag = p+ 0 — 0, the relation reads

ToX# = X5WT = X#moTt = g X
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Proof of Theorem 3.7.2. That the elements generate H, , follows from the definition. Rela-
tions (1), (2), (4) and the (i, a;) = 0 case of (3) are clear from the definition of the basic
representation and the fact that it is a representation of H,.(W®). As T, ' =T, — (1, — 7, 1),
it’s easy to verify the (pu,a’) = 1 case of (3) as well by a direct computation from the
definition of the operators §(7T;). In particular, all of the relations (1)-(4) hold in H,, ..

Let #H;, , be the algebra given by generators and relations as in the theorem. Then we have
a surjection H; = — H, . arising from the basic representation. As the affine Hecke algebra
relations hold among the 7} and 7, we can define elements T;, € ’Hfm for w € W% as for the
affine Hecke algebra. It is then clear from the other relations that the elements of the form
XM, (or just as well T,,X*) with 4 € P and w € W span H, . But these elements are
linearly independent in the basic representation, and it follows that the map H, . — H,, is

an isomorphism and that the relations (1)-(4) are a complete set of relations. O
Define elements Y* € H, . as we did for the affine Hecke algebra H, (1/4°).

Corollary 3.7.4. (PBW Theorem for DAHA) The set {X*T,,Y* : p € P,w € W, \ € PV}
(or {Y*T, X" : X\ € PV, w e W, X"}) forms a basis for the DAHA H,, ..

Proof. Immediate from Theorem 3.7.2, the basis T,,Y* for H.(W%), and the linear indepen-
dence of the operators X#5(T,,). O

3.8. Affine Hecke Algebras for GL,. So far we've discussed affine Hecke algebras in the
generality of affine root systems of the form R*, where R is a reduced irreducible finite root
system. In most of this seminar, we will be concerned with type A structures. We’ll now
discuss how the results of this talk look in the GL,, case.

In type A,,_1, it is actually quite natural to consider a slight enlargement of the affine Hecke
algebra, and this is what is often done. This is entirely analogous to considering the reducible
reflection representation R" of S,, rather than the irreducible reflection representation {z €
R™: > . x; = 0}. In particular, in this approach one defines the affine Hecke algebra H;ffo for
GL,, via the Bernstein presentation, but replacing the coweight lattice PV (which coincides
with the weight lattice P in type A,_;) with the permutation lattice L := @, Ze; = Z"
and its obvious S,-action. (see, e.g., [A, Chapter 13]).

Specifically, what we get by following this recipe is the following. Let €, ...,¢, be the
standard basis for R”, and choose simple roots a; :=€;51 —¢; € R", i = 1,..,n — 1, for the
root system R, of type A,,_1. For 1 < i < n, let s; be the simple reflection s; = (i,i + 1)
attached to simple root «;, and let T} be the associated braid group/Hecke algebra generator.
Identify C[Y*] with the Laurent polynomial ring C[Y;*!, ..., Y] by identifying Y; = Y. The
commutation identities T;Y* = Y*T; when (A, ;) = 0 and Y* = T,V ; when (\, o) = 1
for all A € L and 1 <17 < n are then equivalent to the commutation identities Y; 1 = T;Y;T;
for 1 <i < nand T;Y; = Y,T; when j # ¢,¢ + 1. So we have the following definition:

Definition 3.8.1. Let 7 € C*. The affine Hecke algebra Hg,fo for GL, is the C-algebra
gwen by generators Ty, ..., T,,_1 and Ylﬂ, -~ Y EY and relations:

(1)YY, =Y =1, YV, =YY, (1<ij<n)

(2) TTii Ty = Tiy Ty (1< < n)

(39) TT, = T,T; (ji—j| > 1)

(4) L=+ 71)=0 1<i<n)

(5) Yo = TYiT, (1<i<n), TY,=Y;T, (j#ii+1).
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The affine Hecke algebra of type A,,_; and the affine Hecke algebra for G L,, are very related.
Using the same methods as for the algebra H,(5%¢), one can show that Hﬁ{;f has a basis of the

form {Y' - YFw :w € S,, k; € Z} (and similarly of the form {wY;" --- Y :w € S, k; €
7)), that the center coincides with the invariant Laurent polynomials C[Y;X!, ..., Y #1]% etc.
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