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1. INTRODUCTION

In this seminar the elliptic Hall algebra (EHA) was introduced as the limit of
the spherical double affine Hecke algebras of gl, and we have written an explicit
presentation in terms of generators and relations [2]. In this talk, we will define it
as an algebra that specializes to a certain subalgebra of the Hall algebra of every
elliptic curve over a finite field, definition that will explain its name.

The plan for this talk is the following. We begin by defining the Hall algebra, and
explaining when one can construct a coproduct, when this algebra is a bialgebra
with respect to these operations, or a Hopf algebra. A Hall algebra H 4 can be
defined for any abelian category A with certain finitary properties, but we will see
that this algebra has richer properties for global dimension one categories. A natural
supply of such categories are the abelian categories of representations of a quiver
over a finite field and of coherent sheaves over a projective curve C over a finite
field. We are interested in the curves C of genus one, and inside the Hall algebras
of these curves we will find specializations of EHA as defined in the previous talks.

In the second part of the talk, we focus on the elliptic curve case, for which we
1
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show that the derived equivalences of D°Coh (X) act by algebra automorphisms on
the Drinfeld double of H 4. This action will be used in proving a PBW theorem
for certain subalgebras of the Hall algebra, and in identifying this algebra with the
EHA defined by generators and relations in [2].

2. HALL ALGEBRAS

2.1. Definition of the product and of the coproduct. We start with a small
abelian category A of finite global dimension. We say that A is finitary if for all
objects M and N in A, we have that

[Hom(M, N)|, [Ext’(M, N)| < co.

In most examples, these finitary categories will be linear over a finite field k. Ex-
amples of such categories are the categories of k—representations of a quiver, or of
a finite dimensional algebra over k, and the categories of coherent sheaves on any
projective smooth scheme over k.

For two objects M and N of A, define

(M N) = ([ [t (a2, )12,
i=0
This defines the multiplicative Euler form (,) : K(A) x K(A) — C*. When A is

k—linear, we have that (M, N) = wXMLN) - where v2 = ¢ is a square root of ¢, the

number of elements of the field k.
We are now ready to define the Hall algebra H 4. As a vector space,

Hy = b cmr

M iso class in A

Given M, N, and R three objects in A, we define PﬁN to be the number of short

exact sequences 0 - N — R — M — 0, and a,, := |Aut (P)].
We observe that

Pii n
——— =|{LCR|ILZ N,R/L=M}|.
apan
Proposition 2.1. (Ringel) The multiplication
R

_ PM,N
M) [N) = (00, 5 R

defines an associative algebra structure on H 4, with unit [0], zero object of A.

Proof. Because Ext!(M, N) is finite, the definition of [M] - [N] is an element of
Hy. It is immediate to check that [0] is the unit. For the associativity, direct
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computations give that, for three objects M, N, and L of A, we have:

([M] - [N]) - [L] = (M, N)(R, L){M, L) Y ey v [R],
R

where cf‘mN,L counts the number of elements of the set {0 C B C A C R|B &
L,A/B = N,R/A= M}. Computing [M]- ([N] - [L]) gives the same result. O

Observe that the multiplication of a Hall algebra encodes all the ways in which
one can extend one object by another object. One can define a Hall algebra for any
exact category with the above finitary conditions.

Further, observe that H 4 is naturally graded by the classes in the Grothendieck
group K(A).

Example. Let A be a semisimple category with S; the simple objects. Then for
i # j we have [S}][S;] = [Si ® Sj] = [S}][Si], and [Si][Si] = [End (;)|2 (|End (S;)| +
1)[S; @ Si].

It is natural to ask whether we can define a comultiplication on the vector space
H 4. It should involve all possible ways to break an object into two smaller objects
in A. Usually we can break an object in infinitely many ways into two objects, so
we need to introduce certain completions of the Hall algebra in order to define the
coproduct. We will gloss over some of the details, see [4] for full explanations.

For a,b € K(A), we define

H 4 [a] QH 4 [b] = 11 C[M] ® C[N].
Mof classa,N of classb

Elements of this vector space are simply formal (infinite) linear combinations

Z CMyN[M](X)[N].
M of class a,N of class b

Further, we define

HAQH.A := | [ Hala]©H.A[b].
a,b

Thus, the elements of this completed tensor product are all formal (infinite) linear

combinations >, n emr,n[M] ® [N].

Proposition 2.2. (Green) The coproduct

Phin
AR = 3~ (M, N) X (1] & [N]
M,N

puts on Hy the structure of a (topological) coassociative coalgebra with counit € :

H4 — C defined by e[M] = dnrp.
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Observe that the coproduct takes values in the finite part Hy4 ® H 4 if and only
if for any object R, there exist only finitely many subobjects N C R. It holds for
categories of representations of quivers, but not for categories of coherent sheaves
on a projective variety. Indeed, any subrepresentation of the k—representation (V;)
of a quiver @ is specified by subspaces of the V;, of which there are finitely many

possibilities, and maps between the corresponding spaces, of which there are finitely
many.

It is not clear how to check coassociativity of A given this formula, because it is
not clear that (A ® 1)A makes sense. Fortunately, it makes sense because the only
terms in H4®H 4 that contribute to [M;] ® [Mz] ® [M3] are of the form [N]® [Ms],
where N is an extension of M by Ms, of which there are finitely many.

As one last comment about the coproduct, sometimes the Grothendieck group
K (A) is not finitely generated, which happens for the category of coherent sheaves
on an elliptic curve. It is preferable to work with a smaller K —group, like the
numerical K —group for an arbitrary curve, in these situations. In these cases the
definition of the completion H&H needs to be slightly changed, see [1].

Next, we investigate when these two operations define a bialgebra. One cannot
take the product of two elements in the completed product of the Hall algebra, but
one can take the product if they are in the image of the comultiplication A, see [4]

for more details.
In order to state the next theorem, which gives an answer to when these two

operations put a bialgebra structure on H 4, we need to twist the multiplication,
or, alternatively, we need to add a degree zero piece to Hy4. Let K = C[K(A)] be
the group algebra of the Grothendieck group of A, and denote by k, the class of
the element a € K (A). Define the vector space H'y = H4 ® K. We want to put an
algebra structure on this space extending the algebra structure on the two factors
of the tensor product. We only need to explain how k, and [M] commute, for which

we introduce the relation
ka[Mk; " = (a, M)(M, a)[M].

We can also extend the comultiplication as follows: A(k,) = kg ® k, and

Pyi n
A([Rlkq) = Y (M, N)—"=[M]kn+a ® [Nka.
aR
M,N
For the next theorem, we need to assume that the global dimension gldim (A) < 1.
Recall that the global dimension n of an abelian category is the smallest integer n
with the property that Ext"™!(A, B) = 0 for all objects M, N € A. Recall that for
A a category with enough injectives and projectives, this number is the same as
the supremum after all projective dimensions of elements in A and the same as the

supremum after all injective resolutions of elements in A.
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Theorem 2.3. The comultiplication map
AHy - H,yoH,
is an algebra morphism.

We can also extend the counit map to e([M]kq) = 0ar,0. Then the theorem says
that (H'y,4,m,e,A) is a (topological) bialgebra.

Remember that if A satisfies the finite subobject condition, there is no need to in-
troduce the completion. Further, if the symmetrized Euler product (M, N)(N, M) =
1, then there is no need to introduce the factor C[K(.A)]. For a k—linear category
A, this happens when y (M, M) = 0, for all M € A, for example for A = Coh (X),
where X is an elliptic curve. A final observation is that even if one can define Hall
algebras for exact categories, Green’s theorem holds for abelian categories only.

It is natural to ask when this bialgebra is actually a Hopf algebra. For this,
we would need to construct an antipode map which satisfies the axioms of a Hopf
algebra. Xiao managed to construct one such antipode map S : Hy, — H/, for
categories of representations of a quiver.

The Hall algebras for categories of gldim (\A) < 1 come with (at least) one other

piece of extra structure: a nondegenerate Hopf pairing:

Proposition 2.4. The scalar product (,) : Hy @ Hy — C defined by

((Mha [NTh) = ‘Ef’jm,bxb, )

is a non-degenerate Hopf pairing, that is, it satisfies (xy, z) = (x @y, A(z)) for any
z,y,x € H)y.

2.2. Examples. We have already computed the product of some elements in a
semisimple category A. The next easiest example is provided by categories of nilpo-
tent k—representations of quiver Rep (Q)). Recall that k is a finite field. For us,
a quiver will be allowed to have multiple edges or cycles, but no loops. Therefore
gldimRep(Q) < 1. Such a quiver has simple objects S; with a one dimensional
vector space k in the ith vertex, and zero everywhere else.

Let’s compute relations for the Ao quiver. There are only two simple objects S1

and So, and they have a unique nontrivial extension I1 corresponding to Ext!(Sy, Sp) =

k. Observe that Ext!(Ss,S1) = 0. Further, the only indecomposable objects are
S1,52, and I;2. We can prove the following relations in the Hall algebra of this

quiver:
(1) [S1][S2] = v~ 1([S1 @ Sa] + [I12]) because there is only one subobject isomor-

phic to S7 in both S; & S5 and I;9,
(2) [S2][S1] = [S1 @ S2] because there are no extensions of S; by Sa,
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(3) [92)[S1)? = v(v? + 1)[S2][S?] = v(v? + 1)[S? @ Sy is similar to item (2),
(4) [S1)2[S2] = v(v? +1)[S?][Sa] = v~ 1 (v? + 1)([SF & S2] + [S1 ® I12]) is similar
to item (1),
(5) [S1][S2][S1] = [S1][S1® S2] = (v? +1)[S? ® Sa] + [S1 @ I12] because there are
P!(End (S, S1)) subobjects S1 C S; @ Si.
Putting the last three relations together, we get that
(6) [S1]?[S2] = (v + v H[S1][Sa][S1] + [Sa][S1]* = 0.
Similarly we can also prove that
(7) [S2?[S1] = (v + v H)[Sa][S1][S2] + [Sa][S2]? = 0.
In fact, any relation satisfied by [Si] and [S2] is a consequence of one of the two

above relations. Indeed, relations (5) and (6) provide us with an algebra morphism
P : Uv(b) — HQ,

where in this case @) is the Ay quiver and b C sls is the positive Borel subalgebra—
we recall the structure of the quantum group in the next paragraph. The map ®
is automatically a surjection because the Hall algebra is generated by the classes of
the simple objects [S1] and [S2]. To show injectivity, observe that U,(b) = U,(n) ®
CIK{, K] and H' = H® C[k:gtl, ké] The dimensions of the (n,m)—graded piece
of the quantum group U, (n) can be computed by the PBW theorem as the number
of ways to write (n,m) as the sum a;(1,0) + a2(0,1) 4+ as(1, 1), where (1,0), (0, 1),
and (1,1) are the dimension vectors of the positive roots. The dimension of the
(n,m)—graded piece of Hg is the same number, because (1,0), (0,1), and (1,1) are
the dimension vectors for the indecomposable representations of Q.

The above connection between a quantum group and the A — 2 quiver is far from
being isolated. Recall that for g a Kac-Moody algebra associated to the matrix
A, we can define a quantum group U,(g’) with positive Borel part U, (b, ). Here

/!

¢’ = [g,g]. The quantum group U, (b,) is generated by E;, K;, K; ', for i € I, with
the relations

o KK, ' =K 'K; =1,

e K;K; = K;K;,

o K;E;K; ' =v%Ej, foralli,j €I,
the quantum Serre relation involving the E;s, see [4].
the coproduct is defined via A(K;) = K; ® K; and A(F;) = E1 1+ K; ® E;,
the antipode is defined by S(K;) = Ki_l, S(E;) = —Ki_lEi.

Theorem 2.5. (Ringel, Green) The assignment E; — [Si], ki — kg, for i € I
defines an embedding of Hopf algebras

O : U, (v,) — Hp,.



HALL ALGEBRAS 7

The map ® is an isomorphism if and only if Q is of finite type, or, equivalently, if

g is a simple Lie algebra.

One can prove that the coefficients PJ\};L N are polynomials in v with rational
coefficients. Using these polynomials as structure constants for multiplication and
comultiplication, we can define a universal (or generic) version Hg of the Hall
algebra over (C[tl/ 2 Y 2], which recovers the Hall algebra of a quiver over k when
t = q the number of elements of the field k.

Before we start discussing examples coming from geometry, we need to discuss
one other quiver example, the Jordan quiver. The reason is the following: the

torsion category of sheaves on a smooth projective curve X splits as follows

Tor (X) = H Tor,.
reX

Each category Tor, is the category of torsion sheaves supported at x, which is the
same as the category of finite dimensional modules over the discrete valuation ring
O, x. This category if the same as nilpotent representations of the Jordan quiver
over the finite field k;, = Oy x /M x.

For k a finite field, denote by N the category of nilpotent representations of the

Jordan quiver over k. There exists exactly one indecomposable object I, of any
length r € N. Further, all objects are of the form I = I\,) @ --- & Iy,) for a
partition A = (A1, -+, Ag).

Denote by A; the (Macdonald) ring of symmetric functions over Q[¢,¢#~!], and

by ey and py the elementary symmetric functions and the power sum symmetric

functions, respectively. Recall the Macdonald ring is defined via the projective

limit A = HimC[t, ¢t~ 21, - ,xn]z(") where the maps between consecutive rings
send the biggest index variable to zero, and the multiplication is induced from the
multiplication on each of the individual polynomial rings. The coproduct is defined

via the inclusion
C[t7 t_lxla T 7x2n]2(2n) — C[ta t_lv Z1,- - 7xn]2(n) ® C[t, t_l, Tp+1y° ,.fgn]z(n).

Then the following theorem gives us a very explicit description of the Hall algebra

associated to Ny.

Theorem 2.6. (Macdonald)

The assignment [I(1yr] — uw" " Ve, extends to a bialgebra isomorphism
Oy - Hyp, — Agfj—ye-
Set Fy := ®, *(p,). Then:
(1) Fr = Xy () = DI, where ma(1) = [Ty (1 - u™?),
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(i) A(F)=F, @1+ 1® F,
(’LZZ) (Fr, Fs) = 57’3 u—Trujur .

2.3. Hall algebras for projective curves. Let x be a closed point of the (smooth)
projective curve X over a finite field k. denote by deg(x) the degree of the finite
extension k,/k, where k; = Oy x /mg x. Recall that Ny, is equivalent to Tor,. Let

(I)kk : HTorz — Ay|t:v2 deg(z)

be the isomorphism provided by Macdonald’s theorem, where v? = k1.

For r a natural number, define

(o0)
Iz deg(x) . _ .
= J(IDk;(pdegr(z)) if deg(x)|r

[7] r

and by zero otherwise. We put 7(>°) = > T ,goxo) which is a finite sum, as there are
only finitely many points on X of a given degree.

For P!, Kapranov proved a Ringel-Green style theorem, comparing the Hall al-
gebra with the positive part U,(Lby) C U,(Lslz) of the quantum loop algebra of
sly. For more details, see [4][page 64].

Theorem 2.7. (Kapranov) There exists an embedding of algebras
®:U,(Lby) — Hpi.

2.4. The Drinfeld double construction. We have seen in the above examples
that the Hall algebra (as defined in the beginning of these notes) recovers the positive
nilpotent part of a quantum group. Adding the group algebra of the Grothendieck
group C[K (A)] corresponds to adding the Cartan part to the quantum group. It is
natural to try to construct the full quantum group this way. A possible idea is to
change the category we are looking at. We know that we should get two copies of the
Hall algebra, so we would like to replace the abelian category A with a variant that
contains two copies of A. However, there exists a completely algebraic procedure
from which one can double a quantum group, which we will explain in this section.

In our case, we can start with the (topological) bialgebra Hyx and construct
another (topological) bialgebra DHy which is generated by the Hall algebra Hx
and its dual HY% with opposite coproduct. In our case, we can identify the dual
of the Hall algebra with the Hall algebra via the Hopf pairing. Thus DHx will be
generated by two copies H} and Hy of the Hall algebra. The set of relations we
impose is the following: for any pair (h, g) of elements in Hy, there is one relation

R(h,g) given by

S0, o) = 3P0, o),
i,J (2]
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where A(z) = ixl(l) ® x?).
In our case, even if the coproduct takes values in the completed tensor product,
the relations R(h, g) actually contain finitely many terms. It is worth noticing that

one can prove a PBW theorem for the Drinfeld double, saying that the multiplication
map

T +
m: Hy ® Hy, — DHy
is a vector space isomorphism.

Drinfeld used this technique to construct the full quantum group U,(g) as a
quotient of Drinfeld double of the quantum group U, (b.).

3. THE HALL ALGEBRA OF AN ELLIPTIC CURVE

3.1. Coherent sheaves on an elliptic curve. In this subsection, we recap some
of the material from the previous talk [3]. Let X be an elliptic curve over an
arbitrary field k. The slope of a sheaf F' € Coh (X) is defined as

deg(F)

( ):RaT(F)GQU{OO}'

A sheaf F is called stable/ semistable if for all proper subsheaves G C F', we have
w(G@) < (L)u(F). Also, any sheaf F' has a unique Harder-Narasimhan filtration,
that is, a filtration by subsheaves such that the quotients are semistable of strictly
increasing slope. Define the category C), as the full subcategory of Coh (X) of
semistable sheaves of slope p [1]; one can show C, is an abelian subcategory of
Coh (X). For two slopes b < a, we define C[b,a] to be the full subcategory of
Coh (X)) whose objects are the elements of C), for b < p < a.

Theorem 3.1. (Atiyah) The following hold:

(i) the Harder-Narasimhan filtration of any coherent sheaf splits (non canoni-
cally). In particular, any indecomposable coherent sheaf is stable.

(i) the stable sheaves of slope i are the simple objects in the category C,,.

(iii) there exist equivalences (canonical using the chosen rational point on the

elliptic curve X ) of abelian categories
Eab : Ca — Cb
for any a,b € QU {oo}.

To define the extended Hall algebra, we added as a degree zero part the algebra
of Ko(X). In our case, the symmetrized Euler form vanishes, so it is not necessary
to add this part to the Hall algebra. Also, it is preferable in some situations to work

with the numerical K —group, which is finitely generated:

Ko(X) = Ky(X) =22,
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which sends a sheaf F to (rank (F), deg(F)).

Recall from last time the discussion about derived equivalences of D*Coh (X):
examples include the shift functor [1], automorphism induced by automorphisms of
the curve X itself, tensoring with line bundles, and the Seidel-Thomas autoequiva-
lences. The Seidel-Thomas equivalences are defined as follows: given a spherical ob-
ject object E € Coh (X), namely a sheaf E with Hom (E, F) = Hom (E, E[1]) = k,
define Ty : D(X) — D(X) by

Tgp(F) = cone(RHom(E,F)®@ E — F).
The autoequivalences Tp and To, satisfy the braid group relation

To,ToTo, = ToTo, To.

—_—~—

The group generated by To,Tp,, and [1] is the universal covering SL(2,Z) of
SL(2,7Z) [1]. The only derived equivalences we will be interested in will be ele-
ments of this group. It is important to keep in mind that given a spherical object
E, the autoequivalence T descends to an automorphism of K{(X) = Z?, and that
this automorphism can be written explicitly, see [1][page 1177] for more details.
The image of the abelian category Coh (X ) under a Seidel-Thomas derived equiv-
alence Tg, for E a spherical object, is given by a tilted heart Coh,(X); we will first
state the definition of Coh,(X) and then we will explain how to compute v from
E. Recall that Cohg,(X) is the full subcategory of Coh (X) consisting of sheaves
F' whose all direct summands have slope < v; Cohs,(X) is defined in a similar
manner. Now, the tilted heart Coh,(X) is the full subcategory of D’Coh (X) with

objects the complexes F' @ GJ[1], where F' € Cohs,(X) and G € Coh¢,(X). For a
spherical sheaf E of class (r,d) € K/(X) and of slope u = g, the autoequivalence
Trg establishes an autoequivalence between Coh (X) and Coh,(X) where v = —o0
for y =00 and v =y — %2 otherwise.

We have mentioned earlier that the most naive approach from a geometrical point
of view for doubling the Hall algebra in order to pass from the positive part of a
quantum group to the full quantum group is to look for a double version (in some
way) of the abelian category A. For this purpose, define the root category Rx
as the orbit category Ry = D”(X)/[2]; Ry has a triangulated structure [4]. One
can think of Rx as the category of 2—periodic complexes of coherent sheaves on
X. For any object A € Coh(X), we denote by A" the image of A in Rx and by

A~ the image of A[—1] in Rx. We define the semistable objects of Rx to be the

objects A, where A is semistable in Coh (X). The action of the group SL(2,7Z)
breaks to an action of SL(2,7) x Z/27 in Rx because [1]?> = id in Ry. From now

on, whenever we refer to the action of SL(2,Z) on Rx, we refer to this particular



HALL ALGEBRAS 11

action. Using tilted hearts, one can prove that the set of semistable objects of the

root category Ry is invariant under the action of SL(2,7Z).

3.2. A PBW theorem for the full Hall algebra. The algebra we are interested
in, the elliptic Hall algebra, will be defined as a subalgebra of the Hall algebra of X.
One of the main theorems we will prove about the EHA is a PBW theorem. Before
doing it, we need a PBW theorem for Hx which is significantly easier to prove.
First, we need to fix some notation. Let H% C Hx be the subspace spanned
by classes of sheaves F' € C,. The category C, is stable under extensions, thus
H¢% is a subalgebra of the Hall algebra. Further, Atiyah’s theorem provides algebra

isomorphisms
Eap: Hy — HY.

Proposition 3.2. (PBW theorem for the Hall algebra) The multiplication map
m: ®,H% — Hyx

is an isomorphism.

Proof. We have that Hom (G, F') = Ext (F,G) = 0 for F € C, and G € Cj, where

a < b. Thus, up to a power of v, we have that
[Fl}[Fr] = [Fl@"‘@FrL

where F; € Cy, and a; < --- < a,. Any sheaf can be decomposed in such a direct
sum of semistable sheaves by Theorem 3.1.1, so the multiplication map is surjective.
To show injectivity, pick a finite sum S with the minimal number of terms possible

which sums up to zero 3 g )<..c () CLF1] - - [Fa] = 0, where all the sheaves F;

appearing in the sum are semistable; then > ¢/[F1 Y-+ Y F,] =0 € Hy. Assume
that the not all coefficients are zero. Let F' be a sheaf with maximal slope appearing
in the sum, and which is not contained in any other sheaf G appearing in the sum.
All the terms [F} - - - F,] that are equal, up to a constant, to a term that contains
the sheaf I must have the last term F, = F. Then ) pn _pc[F1]---[Fo-1] = 0,
which by the minimality of the chosen sum implies that all the coefficients in the
sum ) p _pc[F] .- [Fa—1] = 0 are zero, and thus that [F'] appears with coefficient
zero in the sum S, which contradicts our assumption on [F]|. Thus m is injective

and thus an isomorphism. O

3.3. Drinfeld double of the Hall algebra. The Drinfeld double of the Hall
algebra carries more symmetries than the Hall algebra alone— for example, the
derived equivalences of D(X) give algebra automorphisms of the Drinfeld double
DHy. As we have already seen in the previous talks, this symmetry can be used

reduce general statements to simpler ones, see the proof of Theorem 3.10.
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Before we start proving that derived equivalences give algebra automorphisms of
DHy, we want to find generators and relations for DHxy. We can actually phrase

all the relations in terms of semistable sheaves only.

Proposition 3.3. The Hall algebra Hx is tsomorphic to the K—algebra generated
by {xp|F semistable} subject to the relations P([F],[G]):

—x(F,.G H
rpre = v X )E CRGLIH>

H

where F' and G are semistable, and xp = UZKJ'(H"’HJ'):EHl ---xH,, where H = G H;

is the Harder Narasimhan decomposition of H.

We can also rephrase the Drinfeld double relations R([F], [G]) in fairly explicit
terms. We will not write all these relations, see [1], but here is an example: suppose
F is a—semistable and G is b—semistable and a < b. The relation R([F],[G])

becomes

[FI7[GTF = o0y w OB GRS O [B]

SaRe
B,C
where C?H%C is the number of distinguished triangles

G — B[l]& C — FI1].

In our case, the relation for a = b says that the two halves commute, and this will
be used in the proof of Theorem 3.10

—_——

Theorem 3.4. Let ® be an autoequivalence of D(X) in the group SL(2,7Z). The
assignment [F] — [®F] for F semistable object of Rx extends to an algebra auto-
morphism of DH x .

Proof. The algebra DH is isomorphic to the K —algebra generated by [F|T and
[F]~, where F is a semistable sheaf, subject to:

(i) the Hall algebra relations P([F]|T, [G]"),

(ii) the Drinfeld double relations R([F], [G]).

Le F' be a—semistable and G be b—semistable, and ® a derived equivalence in
SL(2,7). Denote by F[i] and G[j] their images under ®, and we can assume that
i and j are both 0 or —1. The sheaves F and G are semistable, of slopes @ and b,
respectively. We need to check that the relations P([F],[G]) and R([F],[G]) hold
in DHy. It is clear that after applying the autoequivalence [1] the sheaves will

continue to satisfy the two relations.
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(1) Assume that ¢ = j. Assume that a > b; then a > b. We thus get an
isomorphism of Hall algebras for exact categories

& : Cb,a] — C[b, d)

preserving all the Hall algebra constants, and thus the relations P([F],[G]) are
mapped to P([F],[G]).
(2) Assume that ¢ and j are different, and say for simplicity that 7 is odd and

j is even. Also assume that a > b. This case can only happen for £ = O,. Once
again, an easy computation shows that a < b. By the description of the derived
equivalences via tilted hearts, there exists an integer b < k < a such that

d(C,) € Coh (X)][i]

for k < ¢ < a and
®(Cy) € Coh (X)[i — 1]
for b < ¢ < k.
Split any extension H of G by F as H = Hy ® H;, where Hy has all semistable

factors with slopes < k, and H; has all direct summands with slopes > k. Relation
P([F],[G]) becomes

[F][G] = v~ (F&) cpo My Ho ) [ Hy [ Hy ).
Ho,H:
Now, ®(F) = F[i], ®(H,) = H,[i — 1], ®(G) = G[i], and ®(Hy) = Ho[i]. We also
have <F, G> == —<F, é> and <H0,H1> == —<ﬁ0,ﬁ1>.
The relation P(®(F), ®(G)) we need to prove is actually

NS e —(Ho.Hy) Ho®Hi[1]1 5 A
[F)7[G) = oD 37 v ot oo W A ()
Ho,H,
The equality to be proven is simply the Drinfeld double relation for F and G.
The relations R([F],[G]) can be checked in a similar manner. O

Corollary 3.5. The universal cover S’E(ZZ) acts by algebra automorphisms on
DH .

3.4. The Elliptic Hall Algebra. Recall the elements T, ,ﬂ(oo) = ZTT(E;O) defined in

section 2.3, Tr(oo) € Hg?o). For arbitrary pu € Q, define
T — Eu,oo(Tygoo))-

T

Observe that €a7b(T7«(b)) = Tr(a), for any slopes a and b.
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Definition 3.6. Let U;} C H} be the subalgebra generated by all elements T,S“ ),
for r > 1 and p € QU {oo}. Define Uy C Hy similarly and let Ux C DHx be the
subalgebra generated by U} and U.

We will introduce different notation for the generators of Ux: for u = % with [ and

n relatively prime, n > 1, write T4, 1r1) = (TT(”))i e U, T = (quoo))+,T(070) =
1. Also define (Z2)* = {(q,p) € Z*|+q > 0 or +q = 0,p > 0} and similarly for the
minus half. Then U is the subalgebra of DHy generated by Tiq,p) for (g,p) € (Z%)*.

The S'E(Q, Z) action on DHx preserves Ux. This action factors through SL(2,7Z),
as mentioned earlier, and for v € SL(2,Z) we have Y1{;, o) = Ty(p.q)-
Finally, in some situations it will be more convenient to use another set of gen-

erators for the algebra Ux. For a € (Z%)* define

= ) [H] €H[dl

Hsstable slope a

For a = (q,p) with ¢ and p relatively prime, a computation using torsion sheaves

and Macdonald’s theorem shows that

1+les " =exp Zz[:]as’").

r>1 r>1

This makes transparent that the elements 15 with a € (Z2)* generate Uf(. In
the next part, we list some results about the generators of Ux that will be used

later in the talk. We do not provide (complete) proofs, which can be found in [1]:

(1) If a = (p,q) with p and ¢ coprime, then T, = 1%°. This is immediate from
the above identity.

(2) Macdonald’s theorem implies that A(T{g ) = Ton) @ 1+ 1@ Tig -

(3) If we define 1, = Y of class o &) € Hx, we have that 1y = 13, and

= ZF:(U) [F] = 1)+ Y od0 ”dlff,l—d)l(o,d) as any coherent sheaf on
X of rank one splits uniquely as the sum of a line bundle and of a torsion
sheaf.
(4) App(lagp) = v/®P1,®1,. This is a general result for Hall algebras of abelian
categories of gldim < 1. Here, A,y : Ux[a+b] = Ux|[a] x Ux/[b] is the (a,b)
component of the coproduct A.

The next two results will be used in the proof of Theorem 3.10 which gives

|X(F, )Iv [i]

generators and relations for the EHA. We denote by ¢;(X) =
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(5) Let = = (q,p) € (Z*)*, and define r = ged(p, q). Then

(TxaTx) =

One can use the SL(2,7Z) action and reduce the computation to the
case * = (0,7). By Macdonald’s theorem, one can compute explicitly

(TT(E;O),TT(EO)) = T(Zi[if]i}). Also, recall that Macdonalds theorem also says

that T,EC;O) are orthogonal to each other.
This computation is used in proving the next result:
(6) For any n > 0 and any a = (r,d) € (Z*)" we have

™ —rn

v — v

——Laton)-

[T(O,n)7 la] = CH(X) v — v

We will only say a few words about the argument, a full proof can be found
[F] €

, using identities

11}60 —

in [1][Lemma 4.11]. One introduces the elements = Fyb. class a

vec

U%. Because 1, can be written explicitly in function of 19

similar to the ones in item (3), one reduces the above statement to the one
where 1, is replaced by 12°°. The first part of the proof is showing that
[T(0.n)> 1a] € HEC.

Next, one computes directly the coefficient of a vector bundle [V] in the
commutator [[T],12¢¢], where T is a torsion sheaf. The answer ends up

'UCC] —
y ~a -

depending on T' and the rank of V' only. This implies that [T,
ur19¢¢, where u, is a constant depending on r only.

The general case can be reduced to the rank one case. In the rank one case,
by the SL(2,7) action we can assume that a = (1,0). Then u; is computed
by expressing the scalar product (T(O,n)T(l,O)7 1(17,1)) in two different ways,

one using the Hopf pairing and item (4), and one using item (3).

3.5. A PBW theorem for the EHA. Recall the PBW decomposition we have

obtained for the Hall algebra in Section 3.2: the multiplication map induces iso-
morphisms ®GH§(’i — ]HI; and ®aH§é+ ® ®QH§(’_ — Hx. In this section, we prove

the analogous theorem for the EHA.

Theorem 3.7. (Burban-Schiffmann) The multiplication map induces isomorphisms

of K—wvector spaces ®aU§éi — U}; and ®GU§£—+ ® ®Uy — Ux.

Proof. Let H%¢ = m(®a<ooH§(’+) be the subspace generated by classes of vector

bundles.
Claim: [U} C H¢ o Us.
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Let’s assume the claim for the moment. For any slope a, there exists ¢ € SL(2,7Z)
such that c¢(a) = co. Recall that SL(2,Z) acts on DHy, preserves the subalgebra

Ux, and permutes the factors Hg(’f Using the claim, we obtain:
c(U}) C UL ® Uy C (QucooHY @ U ™) ® (RucocHy @ UF ),
from which we deduce, after applying ¢!, that
Ut C @l @ UST ® @,5aU% T
This is true for all slopes a, and thus
U} C ®,U%T,
as desired.

We still need to establish the above claim in order to finish the proof. Consider

+ . . _ oo
an element u € Uy[a], and expand it as u =}, w, where w; = 3, uj uj;, where

ugl € H% and “E/z € Hg(oo)[((), 1)] for all ¢ and I. Denote by 7 : Hy — H}°. We can
compute that
(7 @ 1)Ag—(0),(0.0) () = v~ OOy,

On the other hand, the fact above tells us that
Ag—),00(u) € Uxfa = (0,0)] ® UL[(0,1)].

From these two relations we deduce that u; € H{¢® U%[(0,1)], and thus that u has

the claimed property.
O

3.6. EHA via generators and relations. Once we have proven the PBW theo-
rem, we can start identifying the algebra Ux defined in these notes with the EHA
defined by generators and relations as defined in [2]. To differentiate between the
two algebras, we will call the latter £. Let’s review the definition of £.

Let o be the origin in Z?, and let Conv’ be the set of all convex paths p =
(x1,- -+ ,x,) satisfying Zx1Ly > -+ > Zx, L, > 0; here, the notation Zx1 Ly means
the angle between the vector ox; and the vector Ly which joins the origin o and
the point (0,—1). Two convex paths p and ¢ are equivalent if they are obtained
from each other by a permutation of their edges. Let Conv be the set of equivalence
classes of convex paths Conv’, Conv™ its subset of convex paths with all angles > T,

and Conv™ its subset with all paths < 7. Concatenation gives an identification

Conv = Conv™ x Conv™.

The PBW theorem proved in the previous section says that the elements {T}|p €

Conv*} are a K—basis of U;, where to a path p = (z1,---,2,) we associate the
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element T, := Ty, -+ Ty, € Ux. For € Z? — o, define deg(z) := ged(p,q) € N.
Also, for z,y € Z* — o noncollinear, denote by &(x,y) = sign (det(z,y)) € {—1,1}.

Definition 3.8. Fix 0,6 € C — {0,—1,1}, and let v := (65)~"/? and ¢;(0,5) =
(O.i/2 _ O.—i/Q)(a_z‘/Q _ 5—1‘/2)%_
Let € 5 be the C—algebra generated by {t,|z € Z* — 0} modulo the following
relations:
(1) if z and y belong to the same line in Z?, then [t,,t,] = 0,
(2) if z is of degree one and y is another nonzero lattice point such that A(x,y)

has no interior lattice points, then

Ousy
vl —o’

[tya tz] = E(m, y)cdeg(y) (U) 5)
where the elements 6., for z € Z2 — o, are defined as follows:

Z Hixosi = exp((v_l —v) Z trags’),

t=1

for any degree one element zy € Z2 — o.

We also denote by E;Ej the subalgebras generated by t, with z € (Z2)*.

Let X be an elliptic curve over F,r. Then by Hasse’s theorem there exist complex

numbers ¢ and & such that oo = ¢, and
I X(Fgr)|=¢"+1—(c"+3").

VX ()]

Observe that ¢;(0,7) = = ¢i(X).

Theorem 3.9. (Burban-Schiffmann)

The assignment ) : t, — T, for all x € Z2 — o extends to an isomorphism

N:&s:; = Ux ek C.

Proof. The proof consists of three parts. First, we need to check that € is well
defined, that is, we need to check that the generators T, of the Hall algebra Ux
satisfy relations (1) and (2) from definition 3.9. The second part is a counting
dimensions argument which will show that € restricts to isomorphisms to both

halves. One can use their inverses to construct a map of vector spaces
QO Uy ok C— &

which restricts to algebra isomorphisms on both halves. The third part is checking

that Q! is well-defined, that is, that the Drinfeld double relations hold in Eo-
The first step is checking that relations (1) and (2) in definition 3.9 hold for Ux.

For (1), by the SL(2,Z) invariance of both algebras, we can assume that = = (0, r)
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)

and y = (0,s), Then the relation follows because Hg(oo is commutative [1]. For
relation (2), since deg(z) = 1, we cannot have both deg(y) and deg(x + y) equal to
2 by arithmetic reasons, or one of them > 3 and the other > 2 by an application of
Pick’s theorem. Thus we have either deg(x +vy) = 1 or deg(y) = 1. We only discuss
the first possibility. Using the SL(2,Z) action, we can assume z = (1,0), and if
det(z,y) = r, we can further assume y = (s,r) with 0 < s < r. Because there are
no lattice points in A(z,y), we deduce that y = (0,7). We thus need to check (2)

for T(y 0y and T{g . The relation we need to prove is

7T)

vl —o

[Ti0,), T(1,0)] = er(0,5)
Observe that 6, ,) = (vl — v)t(lm), and thus the relation we need to prove becomes

[T, T1,0)] = & Tarys

which is exactly relation (6) in section 3.4. This implies that € is extends to a
surjective SL(2,7) equivariant algebra morphism.
By the PBW theorem for the algebras é’; 5, we deduce that {2 restricts to iso-

morphisms on both halves of these two algebras. Denote their inverses by
07! U% @k C— 5.

Recall that the algebra Ux is generated by the two halves [U)i( modulo the Drinfeld
double relations R(h,g), for h,g € U} both classes of semistable sheaves. We need

to check that these relations hold in &, 5 in order to conclude that Q~!is an algebra
morphism.

There are two cases to consider. The first one is when the slopes of g and h are
equal to p. With some work, one can see that the relation R(h,g) says that the
algebras [U;’” and Uy commute, which is true in &, 5 by relation (1). The second
case is when the slopes are different. There exists an element ¢ € SL(2,7Z), such
that c(g) € UL and ¢(h) € Uy. Once again, we want to show that the relation
QY (R(h,g)) holds in £. The relation R(h,g) holds in Ux; applying ¢ we obtain
that the relation cR(h,g) in U}. Because (2 is an algebra isomorphism on the two
halves, we obtain the relation Q~(cR(h,g)) in £F. By the SL(2,Z)—equivariance
property of £, we obtain the relation ¢cQ~'(R(h,g)) in £T, and, consequently, the

relation Q~Y(R(h,g)) in &, which is what we wanted to prove.
U
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