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$0 Introduction
-

U is a Hopf algebra
type't

Let V.Well -mod

consider V④W and W④V

For NEU
,
write Out - Enixoui

N. V④W={ uivxouiw u . w④V=EUiW ④NIV

Det: IP : - Pod ( we write P :A④B→B④A for all A

a④bl→b④a
,B)

P
W④V- vxow
Go poop
U U

P (u. .w④v)=EUiv④Uiw=UjpV④w

Since 0¥09'
,
P will not be a U - module intertwine .

formal characters

However
,
V④WEW④V Cane determined by g

)
and for g O -Oop



Lets suppose there are isomorphisms

Rr
,w

: V④W→W④V

which are functor in V and W toraNYWm
Ruin motivation only

V④W→W④V

+ gxofHood
w
,5w'④v '

consider 12µm : U④U→U④U

11-712

Then for M EU - Mod and men we geta U - module map

Sm : NU→At

u 1-U-M

For V
,
W ne compote

Raw ( now) - Rr ,w°K④sdCH
=f④foRnu

.ua#--fxofCR)--R.wxOV--RPCvxow
)



• Since Ren, is a natural isomorphism , REUXOU is a unit .

• Since Rc
-*→ is amorphism of U-modules, ROM =D (a)R

.

Rookie) - Rundown)
= thank .A

= u - Rum#

= DWR

Drinfeld defined element RtU④U
"completion
can think

R=qEh"°K(It . . . ) Ttndfu'D
W

text

w

ha
,
ha
- dual

sum of

basis of hcg
etfs in

wht c, -3 U Ut

qh/q_- fail.io/rqi.efhd-- Ka
Jantzen's book uses this alljust as motivation.
-



81 R matrix for MyCslz) K is field of characteristic

-

zero and of Elk is transcendental

U -Uqcslz) = K ( EF ,KI re Ins)
OCE) = E④I tk④E

OCH =F④K
-'
t I④F o CK)=K④K

V
,
W E U- mod

typeI

a.w It ? Htt
"

'⇐jn FEEL,
I

Drinfelds R matrix w/out the gEh④h
'

part

is well defined since E
,
f act nilpotently in all

finite dimensional reps .

Or ,w is also Unipotent , i.e . It nilpotent , and

therefore is invertible .



examples

V -
- Lao) EU - mod

type 't

F

T.ir?K--9k-gfFv.-
E

Qu,
= It C-D - ca -F't F④EIr,

✓④V V④Fv Fv④V Fr④Fv

Hitt



Jantzen's approach to qEh④i is a's follows .

Note for slz Xx) -2 so use fha④h%

Let r -- weight lattice i.e. 1=20

Assume of has a square root in 112

Define f : 1×1-3/12

by fca
,
b) = g-

aka

For V
,
WEN -mod type

't define

F : how→ Vxow

by t/rµwa- that - idv wee .

Claim : f- ( x
,
mtv) - f- (x,u)tCX,8)

f- Cata
,
u ) -Hx.vHCn.is?ng:!go:i!gfCx,n)--
g-
'""

tiger)t.ws?n--gi'"'' this }÷÷!!



Define Ryw : = Own Fop
-

our version of Drin feld's R

T.hn#ddRv,w:VxOW-7WxOV is an isomorphism

of N -modules and is fonctorial in V and W
.

Proof Postponed

example V =LCco)

Rn. - C
' x' "sci ,

=c÷÷÷÷i÷i
exercise The maps cap :V④V

-31 cop :1→V④V
- v④V 1-30

-qtr④FV
✓④Furs 1 I↳

+Fvxov

Fvxov 1-3 - of
Fvxofv 1-70

commute with U . Verify the following :

Ryu = F'
"
id to
"
cupocap

Yy = g-
"Z / / + g

't Un skein
relation

Jones polynomial.



Write can :(A-④B)④C -TA④(B④C)
c.an
is a

( a④b)④c 1-3 a④Cb④C)
U module iso .

by co
associativity

and can : A④(B④c)~→CA④B)④C

TIMLIN The following diagrams are commutative

;dy④V④Cx④W
) d④H④Wl④ idw

jX④V)④W
i) V④CW④X) can

can Rcvxow),XI @④wl④X→X④Cv④w✓
can

per,w④id×Cw④V)④X→W④ idn④Ry×"④"

→w*×⑦nii) Chow)④X/
Rv,Cw④x,

can 7

V④Cw④X)→ cwxox)④V
/

Prout : Postponed
Hexagon

is

Yost.fi?IieIttoprow
=

,

""You

does imply
it



Whyttexagonr
Definition A braid in un strands is

. . .

-

Ight: →
'

h as

isotopy
-

The product pp's ( stacking diagrams)
makes the set of all braids (on nstradg

a group
denoted Brm

up
to isotopy
)

the:¥tBrELa. t.nl
"

Ii-ji>I

ma.
IIT



Reed (MacLane Coherence)
Fix du : I ④VIV

Sv :V④1FV

Hrw : U④Cv④wj→@×og④w

# " intoning! ,w)

Pentagonal & Iranian ⇒ Associativity
"Ingram; !!nine Tian;÷::.ie/E::ssion7:In:7atImV

,
④ - - - ④Vu

think generators and by adding 1 's and C J's

relations then all isomorphisms
Y :X ,
→Xz built

( Joyal ,Street )
out of tea 's

are equalCoherence Theorem =
.

Fix Rum : vxow-twxovctu.gg;I )
Given X. , Xz any

texagoh , two expressions obtained

Pentagon ⇒ from V.④ - - -④Vu by permuting factors
- t adding 1 's and adding CI 's

& Triangle then all y :X , -9×2 built from
-

4,15, R
"

depends only on the image of TinBru
= I

ey
id⑦ Rv④w④id : V

,
④ -
-④Vir,④V④W④Vi+z④ --④Vu → V

,④ - -
- ④Va,④W ④Vitzxo ---④Vu

um
,



Prof (Yay Baxter ( Reidemister#(Bnaidrelns )
(corollary?) m

"
m
'
m n

''m'M

=

Mm
'
M
" Mm'm

"

(Rnr.mil/ofidxoRn.n1(Rm.nixoidl=CidxORym7oCRymuxo o(id④Rµ?

Proof hits
" '"

Crm .nu idk Rn
,
nixon"

punctuality Rm,W④n"

= R o(id④Rµw) M④d'④n 'D -7cm '④nD④M

Bn%m
' id④Rn¥ frm;nn④

'd

Ru ,n"④n
'

Hexagon ppg neocon "④m7→Cn"④nD④M

D



§ L R matrix for Uq(g) K - field of characteristic zero
- felt transcendental cover Q)

• of m>OI
,

C
,
y finite: Ymimmamoitzo

with Carl -2 for shorts

• choose simple roots IT = { 2 ,
,
.
. .ge} for OI

• a- notion -KC ¥11 :!:L:&,>
• U is Hopf algebra

(Jantzen 48 )DCEa) =Ea⑦1tKa④Ea

0 (Fa) = 7-④Fa t Fa④ Ka
- I for Sue

o ( ka) - Ka④Ka

• Ut - Ikf Eaker EHR Ea ft serve relations)
W - Kh Fa) Elksfalg Some relations)

DEM

U"°=lk{ Ed
,
k£7,er all subalgebra, are ZE

graded .
write

W°= Ik ( Fa
,

K yep
Ay tu n EZE component

• There is a bilinear paining C
,
) :U"×U"°→k

uniquely determined by recall

• Cy, xx
' ) - Ely) , xxox't • Cyygx) =Cy④ygoc×,

Ta④4c④d) : - case) (bid )

Jantzen
• (ku

,
Kut of

'""
• Cfa,Ep)= - Sae I

' ( prop 6.121
• (Ku

,
Ea) - O • ( Fa

,
Ku) - O



Prop 6.18 (Jantzen) For ME ZE
,
UTO

,

-

The restriction of C
,
) to Nig xNyt

is nondegenerate .
-

• Choose a basis Vil
,
.
. .,VrYa, for Mia

and a dual ( afrit C
,
)) basis

t
nil

,
. . .,u7u, for My ie. ( via.mil/=Sij

ran
• set

①
a
= I rinxouin e- U④U

a-I

• Uto = 14.1 - Uj and 411=1
,

so 0-0=1

• Uni -- K - Ean Uni -KEI
-

so Ona = ( Fan
,
Ean)
' '

Fan④Ean
and we computed ( fan ,Eilert:'e÷;÷, ⇐¥i9)

• Ucsb)
+

Elk [ Ea]
,

so the last two calculations

recover all fu for Hz "otheramtforachor
,
w
above

.



Def let vine U-mother? we

write Or
,w E Oulvxow

UEZOI
170

• Qq : Vy ,④Wy
,

→ Vape Wktu

since wth)
,
wtcw) are finite sets, only

finitely many MEEE are differences

of weights in V on in W
.

So Que ( Vxow) -0 for all but

finitely many 9 .

Also
,

we can again
choose bases of 4W

so Oyu is 1 + Uppertriangular
nilpotent matrix



example god, I - Eros} co ' :(I )
v ft, "

U CV Hwa) raft'
EVIE's 9- I

"¥.ir ""

weight considerations imply Oyu = It On top to, µ,
Uta =Hi{ Eats

,
Esta} maybe need PBW

Nite = REEFS
,
Fpf,}

here ?

We computed C
,
) :UI+gxUat,→ Ik last time

write c=-Cf - of-11
"

• (Fats ,EaEp)= ( Faxofp , bleated)

%c=E④HK④f I#④Fe , EE¥tEakp④EptKaEatKaKpx¥Eo
)

)

UCF) = l④FtF④K4
Fx
,
Ea Kp) ( Fg, Ep)

= (Ufa) ,Ea④Kg)CFp ,Eg)
=Cl④¥tFa④KI' ,Ea④Kg)EFg,Ep)
= ( Fa

,
Ea) ( KI

'

,
Kp) CFB, Eg)

= a g-
↳Bc carp )

exercise Check

① Eats EBEL

" .ae#yq::i:iiei's:÷÷÷÷÷÷:L
Festa

c
' c'I

'



Jantzen's approach to of
'""

reminder

let re -- weight lattice

Jantzen
choose d > 0 so diya) EU tyner

!÷÷a Assume g- has a
4th root in Az

Define f : 1×1→K

by fan) =fq"d)
"""'

For V
,
WEN -mod type

't define

F : how→ Vxow

by ftp.owee-tcxiel-idn.owie .

Claim : tora"

off Cx,u)HH) } needed• and Ved

f ( *u
,
u ) = HIV) fth

,
V) nehxragm

• and u EZE
f- ( X
,
Mtv) = of

- iv.a)
fgy
,
my

identity

f- ( ttu
,
a) = g-Haifa

,
a) } neededfor

① GOP =D
f



example to - Az i.e. g- slz

Ei III ) ←machine:*:
irtypeA

co
,
= I (22+9) ← invent Cartan

coz = Iz ( http) matrix

(cos
,
are) =3 = Cargos) 4 Car

. ,wz) - I - Corio,)

f- (Ca , b) ,Cgd)) := of
"3( Zaetbctadtzbd)

for sla
,
need of

"" Elk
.

exercise . V -- Lao
.
) Duffels)

-

^

v2
O

O

O
v
-I O

O
O v

- Iiii.i :o÷ii÷nt÷¥i÷÷!O
v
-I

O O

-43
V - of e -

-I

f-of
'



Thin 1197 let YWEU-modtdpe? then
-

Ryw Ow
,
of op :V④W→W④V

isall -module isomorphism which is

functional in V and W
.

Proof Three steps :

⑦ Use T : U UOP ENE

F- to F

something
to get new consult

.

Kak
"

general
for th = @④E) oooT

all anti

aautffpftdgebra !
CEI - Ea④1tkI'④Ea

TO Cfa) = Faxoka + I④Fa

Note : DP TD (ka) - Ka④ Ka
orb

then argue

Ocu) of = -0 o tolu) FUEU

② Show
tofu)oF=Fog°P(a)

exe i use rebus on f from above



③ Note : for u,eU X EV④W

P (vi. x) = P ( oculx) =P ( Enix, ④uixz) = f nixzxouix , = Doma
) Phd

-

Deduce:

R (u . X ) = f oIoP Could
V ,W ③

wir

= fw.ro To gopfu) op (x)
②
f otcuofopcx)=
will

Glu) of, of .PK)

=U . Ruin Cx)

• Raw is clearly an iso. as the composition of

three isomorphisms

• functionality comes from fact that

Raw is induced by action of

element in N ④U & fxog :V④W→V④w
'

is a map
of N④U modules.



Proof of① f o tofu) = Dcu) of

• Suffices to check on generators .
• -0 is in (U④U)o and OCKa) =Ka④Ka - Tolka)

so
'

O (ka) = OCKa) of

• ME Ea and a-E ane "similar " so we focus

on a-Ex

• Since Q = E Qu ② follows from

970
TO (Ea)

←
OLEN

y
✓ →

(Ea④1) Out@ ④Eaton- a = Outta④1) toy-alki'⑦Ea)

• we start with
g. givin

real

⇐④1) Qu - Qu (Ea④17=8 (Ear in -via Ea)
④ni
"

i - I

• Jantzen temma6.hu) says

For YE UIY ,
a E M

,
dnt ZOI

Eay -yea = Ca ( Karoly) -rally) KI
' )

recall : • ca = - Cota-FI'T
'

deth of
• gettin → ocyleo AU -I ④Uja-→KI

'

raid
in Jantzen 6.15

"ratify
, opening, s .t . B.

'Y' =L④ KE't ''' ④ takin
' Hest

0cg) = I④y tf Fa④ra'g7Kj
'
+ Crest)



• So

(Ea④1) fu -0aCEa④1)=
-

ca

ckaracviT-riaiykdxoniyc-U.cn
-a,
⇒ y Cy,ujn

-a) v;
"

=
-

c ( ka cnn.m.uitvi-ai.is?cricvim.ui-Tvju-akIJxOUiu

Jantzen 6.
Bls)

( ratp,x)=
Cy , tax)

cries ."

*again,engaging.cn.gg
.-aeanitakilxoui

Switch order of summation and use

'

y =L Cy ,uj)vj
backwards beget

More

details = Qq-a CRI'④Ea ) - CKa④Ea) fee -a
Jantzen
lemma't't

D



Thin 2cg)
-

Ray, satisfies the hexagon equations .

Proofs The two identities are similar
,
so we

focus on the first one .

Let M
,
M

'

,

M
" EU -modtype

1

We want to show the diagram
can

④Rn'm"M④CM" ④m' ) → (M④M"l④M' Rnymxoid
→ w

M④ ( n'④M ") X"④M)④W

↳
can Rnxon '

,
n
"

oaf
µ④µY④M

"
→M

"

⑦@④MY

commutes
.



Topofthediagram
(E④ 1) off④ 1) OCP④Do ( l④Q)oCl④FJoCl④P)

⑦ Q, = ④ ④Doll④f) ocpxol)

*

f- = f ai④ bi f ,z= E ai④1-④ bi

② Is = (P④Doll④F) o ④ l)

*

In .hn?..xomgY.mj? - flight
m④m'④m"

③ O
'

# ④ 1) = # ④Do Q, check

a)Boll④Ku④l) #④/)
* it

①
'
= § Cadiz of l④kn④l) Hnxol to a)

is

using
•on:V×,④Wxz→Vx,-adf.tn
• Flt ,-aid .- g

""'#add

① ②③
n

⇒ = # ④1) of 'o #④D f , (P④Dod④P)



Bottom of diagram-i

RM④Mfm"
- Qu,n④n9Fo Pnxon;n"

= (1×00) (f) of o ( Pxol To CHOP)

⑦ Fling!④m¥yY!
- f-Cds

,

titled m"④m④m
'

= flag
,
1) flank) m "④m④ml

=#④ 1) off
,

Cnn" ④mxom
')

② ⑦ ④d) COS = @④1) of
'

exercise revibcxooxad-o.fm#u-rxoHoClx0kvxOHl0u)i3(JanmtIIa.d
using HI 047 -§

,
§,
din
"

vi. x)UF Knauf
,

to. xEUI
-

To find # use o Cx) to,uUuj Ku ④Unt to deduce

o Cx) =&
;
Cif non

-

Uku ④y?

then cop = ( von
-

v④vj , Ocd) = (von
-

Tg , x) D



83 Hecke Algebras and g
- Schur-Weyl Duality
-

•

schurweyl-Dualrtyslnflcn%dD.se song:p;
of 1

,
- - yd

Egham Piidx!?
.

④ id T si
in ④ category

:¥Iions b/c f-gop

theorem : ECS , ]→ End
een

Tod)
( plus some description of the Kennel . . .)

-

Define Ald
,

21ft Br Hoh ft '-Hoit1)
Brw braid is the Heike algebra .

group
-

• Ald
,
te EZE

• THAT is free ZHI 'T module of rank d !

• Hd
,top
= Endangers, C Ind Boii ,"

⇒
(trim)

"Fl Ets -of"Ts



f-schurweyl-U-tlg.cm
✓ =L lead

Ri : V④d- vxod

Ri - id④Rv, ④
id

- . .④Vi④vih④ -
- r
II . . .

④ Ryu (Vi④hit,)④ -
n
-

•U-modt'M is a braided category so weget

Brd→ Enducvxod)
example U=Uybsk)

A- (
"

in :÷÷÷)
"

Tinmate't -0
look at 2×2

block

in middle

so (f-
"
R - g

-'

Iff
-

'
'

Rtf ) -
- o

l



Let t - q
. 21ft#Im> k④ZCt± 'T

KBR

slishtdnmdiathomfta.is#RilkxotH.*/-YEnduCvxo-og
I ,- E''Ri

Thm_ ( Jimbo)

kxotttd.t-DEndug.edu,(V④d)

(plus description of kernel)

exercise when g-slz , v=gI3
Check fR3= f -f)LR ) + I



So 3 The quantized coordinate algebra lkf[ G]
-

connected &

of my G simply connected algebraic group 11k

• RIG] = ring of regular functions on
G

• Der CG) = { X c- End
# (Klos) / Xffg) --Xlflgtfxgl)

• LIG) = EXE Der CG) I Xolg -- lgox FXEG}

.

. Deff) - subalgebra of Enda ( IKEA)
left invariant differential operator generated by Lgfg
• g E LCG) so there is algebra horn

Ucg)→ Deeg)
ThmCCan char#1=0 ⇒ U (g) → De Cg) is iso.

• Get a pairing Ucg) xlkft]→ Ik

TX
,
f> = XAVI )

The C
,
> is you degenerate (exercise)

so we have an embedding Jantzen
HCG]- yegg

't suggests Krull
intersection thru . . .

f- 1- L-f) G connected .



Matrix coefficients .
-

O

V - finite dimensional Mlg) mod

✓ C-V f e ✓
A

Cfp C- Uop
't

defined by

Cfp ( x ) = f- ( X.v)

convolutional
*

:

hi
,
Xz C- Ucg)

't

khz ( u) =Eh , ( nil the ;-)
associative

acute E ni ④UE

tema① Cf
,
v

-

Cg ,w = Cfxog , now
②
can
? - X -X and ③ e -- case

trivial module

Prod (exercise)



• Main Point
-

im CRIED↳Ngl
't)

is unital algebra lakh convolution)

spanned by matrix coefts

Proof • REED spanned by matrix
coefts of G -modules

(PeterWeyl)

• g mods lift to
f b/c

G is simply connected



To define Hoffer] there is no G
,
but

we have

Deth
*yay

subalgebra of MyG)
*

spanned by

Myfog) - mod
t'Pet matrix wefts

unital b/c triv is f. dime & type I

whatisthisalye.br?- Can get relations from R
in Kfar]

• Let V EU - modBMI basis v
, . . -
Vu

dual basis v #
.
. .

.vn
't

set cij : - Cui
,y

.

C- Kfc Ed
• N EU

U -Vj = Icij cul Vi

• were -med 'm
"

I :* I:* ! :Yw*

set dij : = dwixswj

Rw
,

:W④V#④W

wi④Vj 1-3 & Rijl Va ④we



iemma The following relation holds in Kfar]

⇐ Rise deicnj -& R !! crude

Proof since @ antigen lemma 7.12)

(
we 't④va*

,
wi
.wj-cwegwicvnhtg.EC/eiChj

we have

U . Wi④Vj = & dei Cnj fu) we ④ Va

Now
, expand both sides of

Rfulwixovjl) = UCR lwixovjl
)

and compare coefficients D



example 1kg Lz] V --W -
- Loos)

v
,
= V Vz= FV

exercise use Ryu to deduce relations

cu Cn = of 9241 Cu Gi -79141

Ch Czz =f 9292 Cu 92=792021

Gz Ca = Cz, 92

4 , Cy - Czech
= (f - of

') 9291

Facts
• cij 's generate lkqfslz) as

an algebra ( all un) 8V④n)

• adding

Glczz - of 9291=1
-

g-
det

gives a complete list of relations


