
Vertex algebras.- /zu
⑨Motivation :
-

Take keG
.

0 - D11 + 54 9((t) to
"I is central).

(xf(t), yg(t)) = [x,y)f(t)g(t) - (K(X , y)Resfdg)#
Let Up15) = Uc9X &K (1 -1) invariant form

We call a Up(T) -module M Smooth if--

YveM (9 * +g(st3]) . V = 0 for NO .

All modules from categoryO are smooth,

and we will be interested in smooth modules

only . So, it's natural to consider
Un 1) = him Un(XIN

where In = U4(5) . (GN(((+ 33)
In is a left ideal, but the limit is an
algebra ! )
Question Describe the center (11).·
-

,
Answer
--

Trivial for all k + K, EK (for o = sla ,
and(x

,y) = tr(xy), kc =
- h)

large (and interesting) for k= K
↑



It turns out
,
it is easier to find the

center not of the associative algebra
Yk
,
15) , but of the related vertex

algebra. Vi, ) 1 and Z ,
k
,
7) can be

recovered from /Vi/ ))) .

--

④ic ofV
Consider &Sz#, wFs3 = 4 distins o
Define G(z-w) - KCCzFW* 3)

,

G(z-w) : = [ zuw-h-
neTL

chote that elements of $CCz*
,WFS] call not

be multiplied in general, but they can be

multiplied by elements of [z,W+]
Exercise:
(1) A/z) G(z-w) = A(w) &z-w) VAEkCes]

(2)(z -W) G(z -W) = 0

(3) /z-wh + di G(z-w) 1 = )
.



Let V- vect· or
space

:

Alz=EAnzh-elFend VICEF'sDef. A field
-

s
.

t
.
YveV AnV =0 Kn0(>

A(z)ve VKzl) YveV
.

Do Algebra is (V, 103 .T, 31 : z) :
-

11) A vector space V . (space of States)

(2) 10) EV (vacuum Vector)

(3) T : VeV I translation operator /

(4) Y( : z) :V-> End1[z
*

3) ,

state-field correspondence) s
.
t.

VAzU B(A
, z) =ExAcnz

-"Y

is a field
with following axioms :

(i) Y(1) , z) = idv

(ii) Y (A
,
z) /0) = A + z1 . . . . ) ->Vsaz3].

(iii) <T, Y(A,] = 0=Y(A ,
z)

(iv) T10) = 0 .

(v) (locality) VA ,
BEV - NEEto S .

t.

1z-WIN<Y(A
,2) , Y/B , w)] =0





Lemma
.

V is commutative () Y(A
,
z)EndVI<Sz]]

VAEV
.

D => : we have VA
,
Bi

Y /A
,
z) 3/B

,w) /0) =Y ( B
,
w) Y /A

,z) 10).

Take coefficients of Wo . Using (ii), get :

Y(A
,
z) B + V((zi)

.

VA
,
B
,
as claimed.

E : KA
,
B
,

JN :

1z-w)Y1Y /A
, z)
,

31 B
,w)] = 0 x /End U)(1z

,w]]
.

A
But (z-W) is not a zero divizor in this

ring ! So may take N = 0 A
.

One can further see that any comm
.
U
.

A.

arises from an algebra in this way,
(

and we have an equivalence of categories :

comm . assoc unital

commutative V. A.E algebras . With derivation











(ii) Y(B
,
z) 10) = B + z)

. ...
)

Induction on m (Where B = J.
... To 10)

· true for B = /07.
· Assume it's true for 3(B, z) . Then if
Aeg :

Y(A-nB, z)10)= : "Alz) . Y(B, z) : 10) =

/A(z)+ (B
,z) 10) + GcB,z)eA((10))

= A -nB + z) .... )
.

!

(iii) Need to show :

[T,: A(z) B(z) : ] = &z : A(z) B(z) :.

ercise: Check it
, using :

[T
,
A(z)] =&zA(z) and ST

, B(z)S =&Biz) .

(v) We checked that the fields $15 , 2)

are mutually local for different a .

Also :

Exercise: If Alz) , B(z) are local, then
·A(z) and &EB(z) are local for k,k0.
Mence

,
the result follows

from the Dorg's Lemma below. ⑰








