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A

.

1

· Recall the locality axiom:

N

(z-w) (Y(A
,
2)

,
Y(B

,
w)] =0 for No.

What does it mean ?

Take A
,
B ,
VEV consider

Y /A
,
z) Y/B

,
w) V =

AmEMB,VIwih-E VIzIll
- V((z)) Kn

Similarly
,

B(B
,
WBIA

,
z) V EV(W)Kzl)

.

The spaces V(z()(WI), VIW))) EVICz=, W
*
3] are

different ! VI(WDnV(WD//z)=V<z,wS]<z,w"sS

-
intersection is taken in VCz*)

,
WH3]

Ex
.

Consider E
.

we have :
- ample.--
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-

z- W -T
=ZE E KKzl

- =-zEKKw(/



In fact :

1z-w/NY(A
,2)B(B, w) V = (z -w) Y(B,w)YIA, z)V

In V [Cz
,
WSSCE

T

W
+
]

π
~

Y(A
,z)B/B

,
w) V and Y(B

,
w)YIA

, z)V are

expansions of the same element of

Ucazuiscziwiz-wis in VizlWI and VowelKzl) ,
·expanding (z-W) in either Dz(WI) or UKW(KE) .)
-

· Motivation for associativity in V
.

A
.

s :

Exercise1 .

In a commutative U .
A

.,
we have :

-

BIA
,
z) Y(B

,
w) C = Y/Y(A

,
z-w)B

,
w)C

,

(follows from the associativity of the

underlying algebral .

This has an analog in any V .
A .

Theorem
.

In any V .

A,

Y)A
, z) B(B,WIC , Y (B,

w)Y(A
,
2) C

,

and

Y /Y(A
,
z-w) B

,
w)C



are expansions of the same element of
VS2z

,
w]] [z",WY 1z-wF']

in

VizUawl
,
Visual)

,
and V(WI) /1z-w)

.

-

Before proving it, we mention a few useful

facts .

Exercise KAGU : Y(A, 10) = eT A .2
-

Hint : Both sides lie in VICES]
, satisfy

the differential equation &f = If ,
and are

equal at z= 0 .)

Exercise 3
.
C
* Y(A

, z) eTV = Y(A
,
z+W) V

-
-

Ezekwll
where negative powers of(7th) are expanded

Win positive powers of z

I exponent of the derivation is a

translation operator zztwi
Lemma (Skew Symmetry)1
--

Y(A
, z) B

= ezT YcB
,

-z)A
D



(z-wIN YcA, z) YcB,w)(0) = (z-WIN Y/ B
,
W) Y /A

,z)l0)

(z-w(N Y (A
,z) eT B = (z-w)N (B

,w) eET A

(z-w(N Y (A
,z) eT B = (z-w)NeTScB

,
w-z)A

plug W= 0

zY(A
,
z)B = zN eTY(B

,

- z)A

Y(A
,
z) B = ezT B(B

,

-2) A
.

A

Now let's prove the theorem.

Bike show that Y(A
,
2) YcB

,

w) C and
Y ,3/A

,
z-w)B

,
WIC are expansions in

Viz) Kul) and Viwl)11z-wll of same elt

of VCcz,W33[z"W" 1z-Wi ]
. Using the above

Lemma and exercises we get :

/
#2

-
-Y /A,) Y(B

,
w) (B ,A

, z) erT 3) C
,

-w)B =

= eNTY /A
,
z-w) Y/C ,

-w)BEV((N) (1)

where the negative powers of (z-w)

are expanded in positive powersof
We also have in VIWI(1z-wI) :



3/Y(A
,
z-w(B

,
w) C =

= 31 Ain) B(z-wi
h

,
w)C =

LI
= 3 (A4, B ,

w) ((z -w)
- ht -

I

= exT Y(C
,
-w) AmB(z-w)

- h-

= ewTY(C
,

- w)Y)A
,
z -w)B (2)

By locality of YIA,. and 31C, .,

(1) and (2) are expansions of the same

element of VCcz, w33< zY,W 1- wis
.

The theorem follows .
B

This theorem is sometimes written as

3)A
,
z)/B

,
w Y(A(nB ,

w) (z-w COPE)

it is called the peratorProduct

Expansion
--

Dollariesof associativity.
We know that Y(A

,
z)Y(B

,
w) C is an

expansion in VIIzIW) of an element in



V[Cz
.
WS][z-

,
W- 1-W(F1]

.

Question : How to find this element ?

Exercise the Kernel of the operator of--
-

multiplication by 1z-w) on End UCcz=,w+
>]

is

·spannedover byHuld en

love inclusion was stated in the last

lecture right after &(7-wI was defined).
Hence

,
VA

,
BGV

,
we can write :

[Y1A
,
z)

,

/B
,wi)= N

, (a) dirdez-w
and one can check that Vi(w) are fields , as

BCA
,
z)

,
Y(B

,ws are fields .

Recall : If 4( = E 4
:
Zi

,
P(z= E Pizi-fields

· 4/z) 4 (w) = = 4
+
(z) P(w) + Y(w)4- (z)

,

where 4(z)+= [4iZi, Y(z)
=

= &4 . .



Lemma 2
.

For fields Y(, 4/z) TFAE :
--

(1) [ Y(z)
,
Y(w))= Wi(w)din Giz-w

(2) Y(z) P(w) = N Wish wi +i) 1zk (w)
+ : 4 (z) 4 (n)

and

Y(w) 9(z) = NWillwitiWk(z) + : 46) P(2):,

where (wit)/ Iw

means that we expand

this in KKZK((W))
.

Exercises Prove it.
-

3/ A
,
z)

,

Y(B
,
w) satisfy (1) -> Satisfy (2).

It follows that VA ,
B

,

C-V
,

the series

3( A
,
z) Y(B

,
w) [ -> VIz)kwI) is an experi

sion of :

-Nilit BA , z)Y(B, w).
- ↑

Vil [1z-wIs VIcz
,
w3] [z",w*]



Using the Taylor Formula,
the expan

sion of this element in VIW)(z-w) is :

N- 1
-

& Tiluit + &we dmY/A,
w) . ScB

,
ve

Now
, compare the officients of (z-wl

in this formula and in the formula (OPE).
-

⑳ for ko we get :

for nco :

Y(A
n
B

,
z) =! : "Y(A,2) . Y(B

,
z) : (*)

Recall that in the last lecture
,
just after

defining a V
.

A., wementioned that in any
V

.

A. TA = Arzilos
Thus

, setting n = -2
,
B = 10) in (*), We get :

3xTA
,
z) = Y(A

,
z)

.

Iterating (* we obtain :

Proposition : F A
...,
AEV

,
M
, . . ., Un < 0 :

-

3) A n
, ...

AYnm)(0), z) =



-

, ...F! Y(A4, z), . . . my /A, z) :

This tells that after we set 3159 ,
2)

=

Ja(z) in Vico), we did not have choice

for whatI / Ja! ... Jan should be !

· New compare the Coefficients of (z-w)

for kco .
We get :

Vi(u) = Y (A<B
,
w)

.

So we get :

3(A
, z)
Y (B

,
w)=E AcaBu +: Y(A

,
z)Y/B, :,e

and also :

[3cA
, z), Y <B,m] = B(A

,
B
,
w)&Giz-w)

,

which
, after expanding the terms foils

down to :

[Acm) , Bck)3=E ( ) (Aca) B(cm + Kn.

These formulas will be important later !


