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1) Motivation Hrom Linear n,%%m

A {ypiml basie /Dro/fem n He Sué'em‘ s given 4 Fnite
dmensionad. C - vector space., M, Som a plated C-vectw pae, v
£9. (a) linear gperaitors U=l o

(6) Gitinear forms U <Y — C (maybe w a sdz,mmﬂz}? o skew-
sﬂqmm.rjf? coﬁ/&"él'on)

( c) or a Mol jme/aj z[ensws,

ﬁoo;moc wbussin U allows us 4 wrte elemeits of V as
colletion s o/ Saz,/w_s Yot can 074/871 (5&21, m (a), /K)) be
arvan @o/ inte o matnx (or a gene/wzcvt/oh of sud n (c))
When we Mm;c o basis of U Hb metnx (o ifs j&fl’&&%e?t{on)
hanges s we wont 4o nd  ‘canonical 7‘5%; " ov more gene-
VK«Z% 4 7%40/ ﬂCCeSSGU’OLL and, /ay Sazé//‘or}m{ conditions for ome
Im]fi’lx ﬁ {e a{fameo( ff’om Mﬂ%‘y vie. a c/andga o/ a/KS/J.
T (\701/4/@/7 normald oym ‘L‘/eo/em (2ddve ssing @) s an exam/aé a/
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sud reakt. A chissification of /omojeneaus D/COQ d /0%/70/#/2/5
in 1 venehles lup 4o a linear &44}456 o rinhths) is andther
- fzis pl/ogffem was of j/ewé umportance in A 154 ceﬂfw?}
It 0/4% has mice Solutons Hor small n andfor of

N cowse, we con /DA}’D.Sf_ s /m/ lems in a more educedeod
Ww&. Th jmu/o §-'=KZ/£/) of inertible Cntar a/oe/u‘or; U —(f
acks on V in o mdunl Wey , €5 For V= End(tt) we heve
. cozyujaflon action , 2 /f=3/4g—’ [Oqe (W) AV ) e
want o ﬂ%zsﬂé He orbits [ie. fnd 2 {‘//lemfmh betwoen th
et of obits and o pnown set)

We can also consider more 93/76/0./ greqps (= SL{U)
( i Linear a/?e bra 1%5 C’O//espoﬂa/s Zo Zhe situetion h//en U
comes w, fixed votume form) (=O(U) (for an 0//2%050174[ space
Uie a Space 5741[//%0( w. a ﬁoﬂ/ejene/u‘a {yﬂmﬁm bilineor
74}%), [ = \S/’of M) [for ’ Sjmféwf/c S/ace) or //o&ﬁ«ﬁf 0/ ﬂw%
Groups (C.j- (= 51[54)"51[@) awz‘/;ge o V=F/om/%,5{) /;_
{7,,(71). /f=j, /](72—’).

Seo our wofn/a/fmog fuesflon /5

Qufsfmh: Aow Z[o 052551’79, 0/’5/'145 ;@/ 2 //ﬂ/ce// 40%/0#) 0/ 2
nice j/’a/,//o [ oNn R Vfoor Space /4 § 5}7@ 'Z,Z}’QMS%/’/MW[,Z/OMS.
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2) Inveriants
Lt Fan (V) dowte o set of fondions V —>C, i i

ﬂnifm’% 2 (commutative associotive untal ) C-aboebn.
Note thalt Ho action 0/ Con lV guves Nt £ a (-adtion o
Fun /V), [g’-%][l/)-f 7[(9:'1/), oéz k/ﬁwfm Mz‘ama/;g//jms.

Detenition: An element fe bun (V) s calld (- invarant
/}[ g/ﬂ? #é’é f o / /s constant on K-OM//'ZZS. 7Z< subset
07/ (- onveiants i denoted 4% Fun [l/)f Hos is a sub-
Mg%}’a.

A/'f "2 a/eﬂoﬁ ’Léé efqu/ena /&éll/on on V ju/en og,

&, ~¢ U, // U E [Uz" A basic abservation s :
5~ 0 = f4)Aly) AV Febn (V) ()

A Prmf/em hewe is Lat we dont /e% hawe tools
decd with bl fintions: we nwd 4o restnd 4o some Z[/Mé’f
/mumjea%. In ‘L%J Course we witl ﬂéa/ w/i‘/ #a%ﬁommj fémc-
Zions (=Pp{7wamm/5 in coordmates wrt o basis). L (C[ v 1
cFun(V)  dente Zhe Juga/;e/éra of /poéﬁam@/s, Tts (-
stable (( qcts @ Oneor Manjcs of Vam‘dﬂes) So wkt can
consigler ’LZZL Suédgeém o/ zh)/a/zkmfgl C[ V],Cﬂjg /s One o/ {,4
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Main axgje%ls of S'fUA/d;L in ths course.

An aA/Vaﬂfaje 0/ T/ I/JC over Fun ( l/)a is that one can
acfua/é S{woé} b hormer. A ﬂé'SQ/VaMfajc is that one can-
not Flly extract Yo infometion dbut e orbits Hom
Knowing clvi® < c/v] Defrne e7az}/afmce veletion ~, on

/ by~ 4 @ ) fl0) ¥ fe VT

thy 2

E)(am/o/e 0: LA (= (Cf e m plicative f//cé// £V &
. Duite dmensionad sprce w. Cnl/ {J_ olitodions - 2=y
eeC vel/ 54005/”} 2 fasis in V we r'o/wf/;{} Clv] w
(E[)-(,,..X,,]. ﬂc action 0/ c” on f&, X, 1 /s as /ﬂaws: Ze ([,x
mdf/pﬁ'es X; /5 Z;’ oand 50 2 oéé o monamel. ¢ ff’/ From here
we seo that di[l/]5= (Ij, e scelars. S, (1) (éao/él) Ails
if we restnd /ao%nomml inverignts: ~;, is trnvied.

EXamlaé 10 Lo (- [Z/M} zwfm;, on V=End(U) ?wmg’a-
Zions. _(Df//m JC,...XHG Clv] as e C@rﬁ%dﬁﬂfj of i -
thare Aenstic /Do%,ﬁammj-' dA(]-Td-£)= 1 L}::}(—O% 7.
ﬂen Jg) )(né- @[Vl@ Dne Can S/ow (we wild cover 2z more
J&?M{[ vesutt ) Yat Clv] ‘ i th Fee Mé{&éfa n jeﬂaq/foﬂ
S A (1) sEU il but nt as o/ao/é: Kf,’\:.nv 4 #f 41, A,
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have the Same cha /ﬁo%ﬂomzds (but 2{/\/@3 ey fave olifferent
Tovolan normed. forms).

3) Wore of Hlhert

_go) wﬁ& C’om/ouf/nj, ‘fA Invariants doesn't allow 75 /w%,
05355//(7/ 7,4\/1 (- orbits in 4 it shl gires & Lt o/ c}o/@rm,f/m
The most basic 74/5:7,‘/0/7 m the yz/aaé} F ClvI© s

Auestion 1: Is CLv1" fintely gonereibed 7

é)}/tsf/’uc?f/r/ //mz‘ﬁ sehs a/ (76/78/’6&/2[0)’_& (1 VRVIUS (ases WRs au

c'zM/)orfowf Pa}ff of e 1944 wffwd% Medhematics. Thn come

Hithert. He wrste o papers , in 1890 & 1853 thet complete-
/61/0/&!7—[/0/7/560/ z‘ﬁ Su {/ey‘f /50 ’f/v{ /'LZ Aéodo At pecover tntil 154

nd folf of e 204 (emzwdi) and also éyx@ Soundlions
o/ Mao/fm LommuTative d,{?%}’a,

_Z;’l /?700/27}1 é/’ljaaja ‘244 Mah f/eo/em (n I%acﬂ/'j 755
JPRper /s as /aglaw

Thm1: Lot [ be a /eaé,m[/ye alocbrasc gm0 aﬂfmj o I/
vie. 2 rational //ept/e:m‘fﬂf/oﬂ. 7107 Clv] . le jﬂ/’zz(% ﬁmw{f@(
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For exam/nﬁ, /4 j}’ou/ns Man/oneq/ in Sec 1 ave m&wf/ve &
bl Vepresentetions mertioned Hhere ae rationed.

Eem: A phtysopheid inpllcaion of Lhe thevem s ot 2
Check U~ Uoon neods o d m&d, %m'z/eg meny checks:
if 7{;{ ﬁeﬂéﬂzfe f[VJi Yen ve woed 4> choce £g)=
fls) ¥ i1 .«

Hee's a geometnic implication of Thm 1 T alé%ro\ i’
hes no m éwfmf: So we can foom A w//@mno/m; Va//’yfgﬂ
4o be 0/6}49%!@/ /y'" Ve The incbusion Clv] ‘s Clv] guves
yse 4o a dominant mophsm 9=V — VI T pair ( Wy )
(o, Musmﬂi 4 ‘femf}ﬁo/oj CWIC iself) 5 called e
fﬁfcéyon‘m/ ?ao?f/emz (7@# Ao action o/ C on V)

/Va»i’e f/ﬂf A A [ ) So fz/e}?} Hber is a
union of orbits. M‘moc feu/ﬁ/7ues simter 2o e /700/ of Thm 1
one can show — we will do this toter:

ID/(JPOSIiZ/oni 1) 9 is ju/jeu'g/z/e.
Z) E)/eyg Lber of o contams a ungue closed (in Zanistd

%Oﬁ"%j}) (-ordrt
&



So VYr /wmﬂwfc/’/t&s He  chysed Corbits in V.

The Zod paper of Hilbert on th sub (/'egf from 1893,
aa/o//essw/ [in our ‘felméﬂofadq}) Q a/zSC}';bZZ/OM 0/ ~

e 7) of ﬁ/o/os/z‘/on b Show Yt Y Zorisii
Hosure a/ eVe/J L-obit in V contams z c/ﬁ/fae chosed orbit.

Wllert in what i wnown now as 2 Hylbert- Mumtord
zl/eorem 2VE 4/ f%deﬂf wey, of o/pfe/méﬂ/%, Gt chsed
obit. We /osfforze szzz‘m; f/c jenfm/ result but guve &
chassical ﬁxm/o/e.

E)mm/afe: Let (- SL,, V= S(CY) wra He Sprce o
Aomo(jcneous /e} " /o%nammls in 7 veriables, X, g We want
b ohtermme Hu inv- efui vatence tless of 0 = o common
sett o/ zewes of all elements of f[l/JC bhat vemsh ot 0
Nt %/a;é every / el 6/%/7&(,&%, ﬂ//o 4o scalay ffwfws}
aﬁ:wm/oases irto e /}’o,&w’f of bnear fators [ <t
Veduc ths & e uswal /D?ﬂﬁ/ﬂ/ﬁ/s Ln 2= ér/x) Hilert
/DVOVeOZ f/a]f /“;W 0 [f”él/J = //RS R 5}7&/ 74%0/ %
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/’Wu«%l/ﬂgf(/f} > % A/ofc 751/9&/{ one ﬂéesn’lz o /aw 'é) h//’/’ge
jeﬂf/’azfors ﬂ/ f[ v ‘ 7ér n Su%deﬂfé ﬂzge-

Eem: The two Hillert papers ave best jnown oy Lhew au-
liary reswlts: Hhe 62515 Lheorem in e 1890 Paper £ M-
stellensatz in the 1893 paper

4’7 Ap/ﬂgiazifloﬁs ‘o /f%agm'c gfomd/dg

After VfVﬂ&fLZ/DﬂQVE, wore o/ Hthet, Tnveriat z‘/eo? lost
(fs /fominemf stetus, I¢ jamea/ /}fo/m’ﬂence aja,[n a/ er
Duvid Mumpordd ased jegm&f//c version of Y Zé/éoi’a_ To const-
ruct /Moﬂ/axﬁ ;ﬁacés w 4%65/62& jeom‘%zl?

In H Prvious sections we talied aboit Umear actions
Call Both Theowm ond /;D/O/ﬂﬂn'zz/an in Sec 3 continue 1o Folil
7{5}’ fL, &Vflons 0/ [7 on R/;[//lf vevieties (or 75}4/'5: ‘é/ag a%//nc
So/{cmas) X I /pmz‘/mfa/, we stel fave caz‘?omd
74104,‘/%% MG whose /pa/hfs /Oammdenae te chosed o

Whet i we wesd 4o /Wﬂ/%f’/ff//ic Some other vbits” For
examp te, {r\’ its t/eVJ, a/q[/m’z[/oﬂ, 4 /};a/'cdwa Spact PV) pare:
weternes e soneers € odits in V oy the dilation action

For more jene/d CnX we  could fr} to (mmitete how
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F(v) is &/@/Meb/ il

1) (over Some goer (- stalbl, sulset XX w ( stokls
open zffines )(°=c._0)((-

2) Foom yuof/em‘s-/ KNC and jé@ Bom //Zo/?} Yewr indor-
sedtions” [, ﬁ){(j Vi

However mery z%nés can fo Wons with Zhat e cedlure
Zs/yea'aﬂy, /'][ we want aur endt o be a vanitle VW/a;Z
(or Sx‘;OMafco/ S(/éema)- .Z¥ 'I{UVWS out f/d we 4Mewz‘
useol ol of e structure in ow basic 0(0/;7/0&_ /V‘Wf%«;
to o thoe of Sareter X of = an Mgmﬁfwc J04 Jomo.-
mophsm (. — C K, one can AsSlen an gpen subset of
“X- }wislzajfa/’/omzzs XX-SS CX M/ s cover é‘t aper f
stebl. affmes so Het 1) £2) owe a Sa/em, X//J[[, a
CIT ?uo?f/ewz‘ fa/amm‘e/[%fﬂ} o closed  (-ovbits in X A5
In our basi fxampfé, we teke N =il and ot X2 of
§ X)) Pl

Tl usediudness a/ {// s consttuction, as tealized o}
Mumbord s that one con we i 4 P/oz&/w L “coarse
modull; Spaces " of Various oé'wgs n %&tffwc jeolﬂ,ﬂ/f/;L —~ ..
verieties / Schemes /62/’%%052//7} Hese 0§c¢f5
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