Tnvariant thear, 10, 2/12/25
1) E)(amp& of S, SYC’) huished
2) Sedtions
Kefs: [PV Secs 81 8.8

1) Examp& of SL, Ay SC), fwished

Heres W/erg Qur J‘faé 07/ é’~j/ﬂup§ is. Lot J:Q\% be as
567[01’6. Z&f 07{% /f— A farléaﬂ Suéé}bace cwo/ %C 5[[07) be
HHe [./e;]f (5}@«/0_ In Jec ¥ we have /prpl/ep( -é[e ﬂ/el/a,ﬂ? rest-
vicdion Yeorem: Clog, 1% <> Clal"™ and in Lec § we proved
ot at Least when Lo Swiﬂm/oé b sides ave Ho Isomor-
/oéic 4 elsebra of polynomals in odm o1 variables,

TIn Lec 9 wewe leamed 4o constract some exam/oés of fo 4
g ,- If 'fums out % ot moﬂf l}/)iereff/ﬂéz, €)rem/0 és, ones L‘Za/f zy -
nit be hand ledf usmg usued Lineer alyebre! anise when q /s ex-
Cppf/am,f o when g = So, & G eAut [g) /my"eafs fo an order 3
eLement  in /faf@)//{.,,é[ﬂ)_"

After we leamntd o construct 4/}34, e natuwel tast is to
Campufe a £ [4/9. Tare = 80, wnd we consider £l onder 2 auito.
}ﬂo}P/ISM b of g constructed in Sec 1.3 of Lec S s Yt =8 [3/
Ko,= S(C). Reeadl ot in Sec 7 of Lec 9 we constructed a
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(ovtan Sut{%f/gm j ‘c g /Ve;en/eo/ § 8 here L £- &jgn;ﬂace,
o1, /s f*a//mmsfom/. M-ﬁ'va Seen T%Jé ar s a Kw’lécw SuéS/Dace o/

4, Wewve also seen £hat f/= 55[07).

79) fompaz‘w‘f/on of %.

[t T densts f/L meximad fons i KSC w Lie(T’) =£_/ Lon-
sider e group W = /Vq[j/)/rlo/ﬂ h/.kf.j/ We wiite 8 15
Ol Thn WO =W Le W= fuel]iv= b’

/Or‘o/oos tion ( [//née/g)

'/) W ’ /jVe.YCI’VCS a c j /Mo/ ats on (¢ /wﬁ/a%. 7Z¢ c'maja 0/ W’
in /(@) is A/g

2) W, is o com/bfex reflection group G, (o b descrited below)

T /ayoo/ of 1) (ina more Jawc/d I%ZL(M}) i w L V] Sec 8
Thn 2) s o resilt of o cmpafa;f/m

Mow we dofime e j}/aa/o G, Lk | 4 e Weinion o4
o ZZJ e b Kecall et it i construded as follows. Lef [ <
503 (ﬂe) 56 'lfn/.z 3}’0(4/9 0/ l’al‘a/?fmm o/ 2 /’égét[a/ feraée/)’on, c'f
s isomophe to th a,%emu‘moa ey 2L, (. 12 elements).
Then [ is 4o /a)’a{‘mage of [ undler S, — 50, [.02)) So Aas
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24 eloments.

In purtialss, Hhe inclusion of [ into S (= SL,(C) gures
nse 2o a Z-dmensioned,in fact - irreducibte representation, U, of I
Lt is self-duad 8 it fas an (nvarient sym/o/eﬂ‘/c Jorm.

/Mso, [ (end fence [) has two nontyivial 1-dmensionet
represeatations to fe denoted @ (. fleg, are dued 4o each
othe. Set U:= lYoC.

Fait/ |
4) [ Qof/né on ﬂg s & com/a/ex vefletion grodp (hnt: descnle
Yo ¥ [aﬂ(/’agch basses in [ Caﬂflaa‘fc He character of )
Z) ny 04 o/L be 'éZ(, a/ejrces a/ 74/& Aom;cneoa,r jeﬂcmz‘om 0/ (E[L/Elr
T hes o/1=4, d,=5
Hints: Show Hhat o 23 /0% V/cmmfﬂ\rg means. T 90/9@ e
M(V%-Sée/aﬁw/-ﬁ/o/ Lhm [Sec. 21 of Lec €) 4o show dld=24

Lemarc: Tt is Jassfc% known (. /g/'ncm/e.g ) 7,%/75 f[f],]%
= @[S)T] /or fo%namlojs of a/e;mzs 4 (for S) and 4 (for T).
/%Wever 'fZLiV L’Oﬂjf}’udf/on wzo( fé. /07’00/ 0/ 7,% qu&‘f} mﬁw&
orve nit immediate. See Sec. 0.17 in [PV] o detais.
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2) Safmﬂs

We've seen 'L‘/ajﬁ 4 ~groups hewe pa/@ﬂa/ma[ L{j%ﬂzs a/ cHvayi-
ants [at least when b, is _fwisz/w/o/c) and %m'feg many, orbits in
cach Bl of the gudtient mo/plzsm, Tn bomarc in Sec 1 of Lec 5 we
AM& MC}IZL/DﬂCO/ Zwa Move ﬁzl/ordfc f}’a /e5:

() AU Lbes of 7 hose 'f[a Some glmension

(i) & fas a section.

Bolws we witl exemine Hese /r/m{/cs JeAt b a comected
teductive groap wf/né on its mtioned tepresutation [ We assume:

(2) f[l/j is a fa%nomld mé%ra

(6] Fach fiber of =V — VIL comsists of /z’m'{egt mony orbys.

21) Foatness.
Foposition: If (2) & () hotd, Ho 3 s Hit

Sketch of Vao/ We have ¥ Xellc = ot compmwfs 0/
’/Jf) A&u/c a/m7 a//mV a//m V//
O the Aher hand. Ho dimension of orbits s upper Semi-continuous:
Jvell dm Lv 243 ic Zarisei apen, ﬁm/fm»é@ Yhese wit) (6] we see
ﬁlﬂf ol 76@’5 ﬂ/) N/ have the Same aémm;/on.
77!01 We use fA /OZZOMMJ_ commutitive a,(/jagﬁz /lel :
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Qa /ﬁo}y)éism ]5’0}14 2 fo%w MQCAJKQ? [6.5- Mloﬂ(/) l/a}’/%;zt %o 2
smoot) Var/%‘g/ is Had //}f all ﬁéers fave He Seme dimension,
See [E]) Sec. 184 O

2.2) Existena & constraction.
We have 7.‘/1 /nf%h/m} resudt due ta ,570/0.

neo)'em: Sa/o/)m’c [ Is Sem[f/m/o/e, and (=) (£) hole Tl
H: V—*V//[ aaé/h/’zzs 2 sechion L Vsl

We Ul a,\;v/ajn /'a/eas a/ a /J/ooy/ in Sec 244 quve a /7097[ A bohus
nite. e are joing to look for S:=im(t) 0/ 5}060@5 form.

Flee e c (o) w obit of meximed dimension so Lhat

ohim Ke:o(im '/*a/zm V//C

Well fnd  an 2ffime ﬂ/;o/;/yau Sclf w eeS st. S i trans-
Verse 4o [ e £ s stakle ander &Mﬁ_&_ayﬁm of Cﬂ)x//xmé e.

It turns out Yot z‘/esc /)rqaerfles c’m,uﬂ} ar /s: S =y

/%/e's /ow ch AVf/on o/ &’ ? Is Consz‘mm,‘eo( [onszb/fr 1‘/4
adtion of C on V/ by dibotions. Tt preserves I ) fence every
reducible comlaomnf of I "(ﬁi L'Mo@a/mé, fe. %Ma it /y}’escrva
56 as £, gper Lot i [e. Lot
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e = Stab,le) § £+ = Staky, (e
D R$Z & ZIZ s (=T =

Z&}WM& Lt P Aenote sz /r (/edf/oﬂ Z ) T 3 Somon.
i C ——>732(/€70 W. /04/{) tE Y 4eC”

Sketih of mo/

_g&f F Z/f (Z) So f/ta}f / 74207falfj f/mégn/ F //oﬂfa L%aﬂf F
is reductive. A@ élﬁf Thm (Sec €4 iy [OVJ) Z —> F admts a
setion FesZ 5o s eﬂoa[ 'Léo m/m‘rmf A fca F w
pe ol (£) =" Than one m{servcs tht F'—» C* As cwduL comectes!
Yedudtive gr0up, F’ a/ecm/payes (nto /p/oa&«ﬁf ZF)(EF) w
Anite intersection 8 Sihee (FF°) is s/smpte i Mas L‘hw% %o
C” So we need 12 construd (2 C'—s Z(F°) w /0/1'/15)}=f'.<
The existena of sudh ¢ s GH as an exerase. 0

(onsinler £ wation of C on V v ¢. H fxes € & normad-
zes o action of ( fas Zc CxC*). So it fres aje ¢ V. Let
S be o O stable complnest £ T (e =ge in I Set
S:=e+S, Its C-stable & Lansverse to (e él Ao construdion

We X SAOW later ot 57’/55 S /yyow'né er/em,
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2.3) Exm/afes & motwatons.
2.3.1) Ao[/'aimf action & Sgoo/om/g, stiees

Z@f [ k a C0/7/7€(/'fe4/ /’eﬂé«/f/Ve j}’oa/o & g]—-//e [( ) /f/e _re Con-
cerned wi% fn/e ag&binf dﬂfc'on 0/ 57 on g.

A basic AR jfuolg, /z/'ggofenz‘ avlrts in g s 'L‘A /wglowc'ng,
resulkt:

777144 [j&CD’ZSOI’)’/%Voz’OI/): # ﬂ/'évofew’f &/emwf Cég _9 A%Eg
st th a/o/[m'noe relotions of 2f owe setistred

[hel=2¢ [} 3= -2 [e f1=).

For 4wo pé‘/;[f/wf f)’OU/_S see [ (M], Sec. 33 £ Fxerases 16-19
to Sec @1 i [0V]. The riph @h1) i called an S(-Erpte.

In laayf/w/a/, we con construct a trusverse ste S to (e
cnown as the Sﬁaafawét sbe in this jmem@ff}: pnote Thit
Ker (2 £) @ im (ao/@)=ﬂ (£ of conrse. g.e =im (2ol €)). A C=action
5 constructed as /ﬂowz fla eLemonts 6)4,/ j/Ve nse 4o a Jomo-
/I/IOIfAISM SZ —9 whih L'n’fe(jwfes to S, —( [5/7005/}70( £his
C* — SZZ, £ B ﬂ(iag (£t") we jd‘ a /amomwiﬂéljm /) fx——>C
We howe J)e=fe. Tln we Zare 4 aazzl'onj/yem 4

!
tx=Yt) fe. ﬂ/fu% Ker [30/7"”) is stadle anoles f//; aall}on.
We set S:=ex+rer (ad §).

—
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43 Z) /(osfamf stia

A speual  case of Hhis construction was discovered /ﬂ)’el/t'aw%
47 Kostart in [Ko]. Ze/v;‘ 65,4,-,74, (=1.,1, be 7;‘»4 %em/@?jene-
saitors a/g. Set e: - gez, A:ZF”, Whete (o"z (%wi'./r To detme ¥
bt 1€ T be defind by - > k. St f- = nf.

: 1) Show et (e4]) is an &L- tripte.

Z) Show Zl/n;tl Ao (78=a//mﬂ—)’ L henee (2 is gpen T (0]
/L/;m?‘ all ///ea/aa'{ﬁz Summends a/ 1% re/g/e:wz‘a/f/on o/ g{ n Gl ca/m'nog
Hom £le g[—%rz/;(i leht) are od - dimensional hence

dm ker (= )= dim er (ad €).

So m féis case. S ~z>g//f/ /w’ayeo/ {} %Sfa.nf.

Z.3.3) 9:7}’04{/05.

/Vow Suppose. g s a /4}7/'{& amér ML‘oMorp/frm 0/ [ ﬁwx’a/er fé
achon of L on o, Lef ceq], b a nipatent . Ay [up)jm/ea/
Version o/ fZL jaw{;on- /L/ol’oéoy Ll/eo/em 5“j5 ﬂvf one can /Mo/
hea,, feﬂ_,. Both //oo/s mentioned above can be adagted fo the
jmo/cf/ setting . I s easy to see thet (ker fao{f)/}%) &9,
( ). ﬂpp(/y:’ﬂ;, His 4 e case whon loe is gpen 77 ()
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we see that c+((cr[a//)/)\%) —’%ﬂ’ NG (for sfsmpls £, ).

234) SL,n S(C?)

This 5 a ,Vgu'aj case of Sec 123 but also e o5t edass) -
tal of te cases where a section is gnown. /%zmaé,ﬂ 1Yt fe a
basis. 77-«0»7 [0%51’0/@/

S:- [,(3+ng tPxEt 723/ﬂ7é C?
known as B Whierstrass section

1) Show Hhet e=xe'e i niptent 6 obsonng Ehet
dliag (EtiL%)e=4% H#tel”
2) SAow Zl/a;f Sé.e ls ‘LZA Spen ﬂ/ﬂ% monameds but X%zzf%?
3) Show thit S is Cistable for 2 sutable Caction &
transverse 4o Sloe. So S = S(C)/SL,.

Efmarﬁ: Ko stant 56 s l/era, é')zf/wrzzanf for yasious cz,;aea{s 9/
(eometric /@/areswfu‘/bn {/eo;}. Une exam/n&: denved Setare of
Beeruravmpov - Fineel é”jf Cenevalyeations of His Lum reloive
jwme/fnc chj/Mm(s /116&6, Fc’yuirc a Mok je/oef’z/ I&ff/ﬂdi 07[
He hoorem.
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2.4) Steps 1o puote the theorem

Sfﬂp 1: //S/}'IJ, hat 4. Lbers of 5V = VI are eym'—cﬁmm-
Sional. /)Vova f/u‘ 600/1m|/ {ve l// a/vy/’ s Sugea‘wefzz_ %Jmkiucs
invobved ave smjlar o ﬂo;e o/ Steps 187 of e //oo/ of prp 1
in Lec 8

Sﬁe/) 7 Fyom o construction of He CZation 3 ke 2, &
V€= G st th Coacton fumg SEe s quan 4,
L= fkﬂ‘HU. So /'7[ we consiler the action of C on WL mda-
cool % (b) 2t we see that S — UG s dfx—eyuzmm'anﬁ
Ths z‘ojdla with the trons VUSQ,W} of o intersection S
con fe used 4o Show:

(2) The action of C on S contracts it toe.

(6) 27 '(0) =1e]

(€) #seS = T.SOT. (s =V

Step 3 From () and the. claim thet th € acton is contrac-
f/n;, one. dhdducss Hhet I Imite. Node thet S & YIC ae i5-

morp/u; A//}ne ;mces. gr A //mizc €n/o/%o;;o/um OT/ o m//me )}DQC&
f/{e ﬂws A/n/m: /'z,Z 5 /M;%e/ /S @ ﬁ/lV/Jﬂl.’ ﬂn -fL oﬁw Aﬂno/

(c) /m/oﬁes Ut the Hap [’XS%M/;,S)HC?S s smodth From
10



hese £ S‘Llc;a 7 one A/wdxcexj Zz/e;f 9775-' S— l///d /s é/h}’ami/ko/ M/e,?
Jgfom Coa//m/. /4(?”@ /LZ ’s (ﬂ[aje, /4 76;1/"{»: &’Z@ZL €/¢0/0/M0/’f//$m

of an affine Space fs an Mfomqa%m.



