
 Bonus ProofofThmfrom Sec 2.2 in Lec10
Ourgoalhere is to prove a stronger versionof Theorem in Sec

2.2 of Lec10 Namely we consider an actionof a connected
ssimplegroup G on a vectorspace V s t

a VAG is an affine space
6 Everyfiber of 9 V VIG containsfinitelymanyorbits
We've seen in Sec2.1 ofLec2.1 that it is flat
Wepick eest lol st Ge is open in A o In Sec2.2 of

Lec 10 we have produced a homomorphism Ct ofthe
form t 847 t set t.ee for the resulting action on

on V Then we take a stable complement So to g e in V
and set S et S This is a C stable affine subspace

intersectinghe at e transversally
Theorem Knop T S VIG

Rem one can relax 167 to Getbeing an irreducible component

of y stalland remove a altogether premiumexercise A more
interesting question is how to relax to semisimplicityofG

We are now going to implement the strategy of the
of described in Sec2.4 ofLecte



1 Step 1 lows of smoothpoints of it
Here we are proving the following

Claim V re V1Lost is not surjective has cedim 72 in V

We will use the followingeasyfact

Fact Let XY be irreducible varieties T X Y be
a dominant morphism Then

exes a eyes 2 4 is surjective
is Zariski open nonempty

Apply this to IT V V16 both varieties are smooth
Since IT is G invariant V is G stable
Assume the contrary of Claimandtake an irreducible

component D C V of codim 1 Take an irreduciblepolynomial
fe V3 defining D Step 1 of theproofofProposition 1 in
Lec 8 shows fe V1 Step2 of that proof shows that
IT D DIG is also a divisordefinedby f but in VAG
Note that this description implies D it CTD1 as subschemes

of V
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We are going to show that xe D sit dot issurjectiveleading to a contradiction First notice that since f is
irreducible D ExeDres Lf to is non empty andopen By
Fact applied to it D DIG we see that
D xeDes x E D G s 2 9 0 is surjective

is open non empty We claimthat 2 4 is surjective
e D ND This fellows from thenext commutativediagram
of SES's

TD TV oQ o

dxl.tl inclusions that bid

a T.tw D G TalkG 2,7 0

We arrive at a contradiction w choiceof D

2 Step 2 contracting action consequences

Note that theaction of on S is linear via S 5
therefore in a suitable basis it looks like t amour th thru
We say that theaction is contracting if all nite

Lemma The action on S is contracting
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Proof Assumethecontrary neSalle w t.us t u for lie

Step 1 Since t.rs t 8 t v we V28 t EG themorphism it
intertwines this action of a on Vwith theactionof on

VAG induced by t s this which is contracting
Now consider a etu Weclaim that star so
We have t.net ten It follows that ftp.t.v exists

in Vandequals e So
1 ftp.t o ftp.T t.u st f1 t.o stlet e

Since theaction of on VAG is contracting 1 implies

stco o where we abuse thenotation write 0for stle

Step2 We can replace a in Step with an ae 1203

It follows that Aletau o ae C Ontheotherhand
S intersects Ge transversally at e Since he is open in

we see that e is an isolatedpoint of Shot e

This contradicts exane Shot_lolandfinishes theproof

We are going to deduce two corollariesfrom thelemma
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Corollary 1 sils e e as a subset

Proof
Notethat since IT is equivariant Tls lol p lolAS is
C stable As was mentioned in Step2 of theproofofLemma
e is an isolatedpoint of STs o Sincethe C action on S
s contracting this implies sils e e

Corollary 2 T S TGs V seS

Proof First we observe that theset se 5 T S TGs
s C stable and contains e It remains to show that this
set is Zariski open First observe that since theactionof
normalizes G andcontracts S to e we have dimGs himhe
se S On theotherhand healreadyhas themaximalpossible

dimension for an orbit in V So dimGs himhe se 5 Denote
this number by α

Wehave a morphism S Gv dV s TGs Thelocus
UeGr dV71U SEV GrdV is open We have TsS S s

Fromhere we conclude that se 5 T S TGs V is
Zariski open in S finishing theproof
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3 Completion of theproof
Asadvertised in Sec 2.6 of Lec10 weneedtwoclaims

We write Asforsils 0for silo

Lemma 1 Jg S VIG is finite
Proof

Theactions of on S V1G v equip these

algebras w gradings say S f e 53 t f t if
Since the actions are contracting thesegradings arepositive

e.g S S s C Let me V44

be the maximal ideal of 0 in VIG Now recall Corollary 1

in Sec2 that Mg o e In particular S CCS m
s finite dimensional Agradedversion ofthe Nakayama lemma
implies that S is a finitelygeneratedmodule over V14

details are left as an exercise finishing theproof

Lemma2 IT is etale outside of cedim 2 i e
cadim se51d it is not ise 72

Proof
Considerthemorphism α Gx 5 V g s gs ThxtoCorollary2 in Sec 2 α is smooth exercise inparticular all fibers



have the same dimension Combining the smoothness ofα w Claim
in Seat we see that the locus

g s I dig.si 2 is not surjective Gts
has codimension 2 But to 23 g s 9g s This impliesthe
claim of Lemma

Now we are ready to finish theproof Themorphism STs
S V1G between isomorphicaffine spaces is finiteRetaleoutside

of codim 2 Since an affinespace is strongly simplyconnected

any such morphism is an isomorphism


