Invariant %Aeorz_) Lec 11 1/13/15
f) /’/I%CVZ(—/’//WM/OM/ Z%eol’em
Fefs: [PV] Secs 5354

1) Hilbert - Mumtord Fheorem
1.0) Statement

We neeo Hh /Jlomg construdion. Let X be an afbne Vamyf}
over C €fué}0p€0/ with an adtion of C fee xeX Then we hose
A /Morloéism o: CEX~—> X} t 2 t-x This /%ol/’O/Um admts at Most
one extension d: C—X T T ousts we Say thed O £.x
exists and equals A(0). of course, (0] is eouil 12;?44 Lt in
{4 sense of e usual fO/m/éjg_

Our joal for this lecdare s fo prove f[a /ﬂowz’ng, result

Thm [/{/um/oro/ ): Let [ be a teductive j}’w/p m‘/f/h} on an
ﬂ///}’lk_ V&}’ie/{g )( Let xeX am/dc,e)( fe such 'éla,f @ (s o 6//1/76(.2
tlosed (-orbit in (x. Thn 3 an @/é@é/ajc group 40Ma/¢10}p4/rm
) G:x—> C /sa% Aomomo;f//ws arve ENewn A4S 04e fﬂam&fer Sub-
aoups) st. lm Y&)x exsts and les on ['g

€ "o

Ih ‘Lllc ﬁe)(f ff’v‘éarc [A/c’(% COHS/'a/fr Some 60/06662/1[/0/75 %
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%acm'noe e closedness of orbits & computing Hbers of X — XJC

Werll neeol f[{ /aﬂfowinog 74175 W Fallos fzeszé Hrom
e laim tht cmeduable verieties are cometed o e
usuel 'Llopof)j?.

Fact: 1) Led X b an imeduatbl. {/zzy/af}/(lf{)(oé an gptn
Suéwzrie‘f}. Thea X)X is dense in e wsued L‘zyo/(ojg/

2) As 2 Com[(ug, A X is any vantty & 7K 2 (Zansii)
/o(a_ﬂét losed sub v;zr/a‘g,,. Tl e chosures of Y in Zansii &
tsued 'éolao/oc?:ies Cotncile.

Hene 4o condition (< Z means 3 0:€ L (20 suih et Hhe
7 J
/jmff kﬁrz j,cx (c'nf[z usuad fcyo&ﬂ) exisTs A’na/ g/es en 4} 7ZL

‘fn/eorem 567275 f/ajf one cay L%oa!ﬁ f/z j;’J n 2 Juéjv’m/o 0/ 4)
/501440}714/5 ’fo C " /mxing ‘L[QLMOQ ‘éZL Z/M% /'IMVA nore conz%{{’a/é,

7ZL f/eol’ém Is /7)’01/@0/ in 7 ﬂ%os ﬁ/ﬂz , e M%ﬁe Zi/t Case
L/[en [ s & ‘fo/us ow/ ‘flm /’eﬂéwe ‘L%. (76/76/&/[ case o Zf/u oNe..

11) (ase of torus
ny C=7— ée a ‘fm’us (So fAUé T ‘%(@x)h) Z Vﬁz /Z[s //mi‘c
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dimensional raionad. representation, completet, reducibt. & T is
veductive.

11.1) 5;/1)9/00;/1‘ £ /@@fo/?es_ Afng redud b i’?ﬁ#ﬁﬂfﬁf[on of T
is ’/*a/;meﬂflond,ﬁena glven LG( 2 CAR/zzqu/ Le. o /z/j\a/gym}_
4ro4p /omomw;pllrm [ — L (C )=C" Such chorecters form a 3o
clled He harder letbe of T & dented é %77) Inoleed
under an Zo/cnz‘i/}‘hcai/on of T wth (C)" 4o characters ove qiven
@ [, 4) H(_gf;di for am’7w, 04/671 Jlmg 4 groyo (SOMOY-
/UAISM F(1)— 7"
Now tet vell Wo con am’gu&é write o
r- 2 U ow Z‘.UX=X(7f)zr

' X
/ﬂifc 1%06 Sumxeﬁasman() //i’l)’%e@ /MM& Nonero SUMMQnoé).

.@&ﬂzn)l[)on: 1) /% 5@0})0}’2‘ a/b‘ we mean 'fZL set
Sappls): = {xe X (D) U, #05
2) Donote /d\L (onv (v) 78 convex hlll 0/ ﬁ(/pﬁf) (€
Lony (z) = /> RXJ(/ 2,20 § Zzefﬁ < {n: (= ZE®7LECP*[T))
Xesupp(v)

andd /oq Int (v) e yelative (rterior 07[ Lonv ().
Iit)={ > ad|az-085 4>15

X€ Supp(v')
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TL turns sut Hhat one can extmct a bt of usefil ints
Brom f/ese tnvarients. Eg.-

a/lm 7?)’ &//m SPM[E [_g.uppfv‘))
Font- S{M (v) =[] ver X

Xe Su/op (ZJ‘)

/.12) _L’H/KV[M%;
ﬂoose Q a/mls 4 - U, 07[ C/jen(/eafo}’s }éV / w. OJMV%&I&S
X,. xe%m zf;f X,..x,el/ b £ died. ass Thon T acks on 4
monomial, ¥ X, {} chavadter '%o/,f, In parZ‘/ca,le/ we have
% %

Zemma: r [V] Te Cclv] s 1(/4 span 07[ VY74 Monomia e x.lx,
W. 4:?04)(‘ =0

Em{; temare: A ma 7@&76&/& 07[) fA Vel %(} V// [ is Z%z/f it is
fovic. In jeneml 2 tone venet " s 2 homl Vw//f’/’tél X £7ui//e0/
with an adion of a torus H Hhet fas an open ordit in X These
varieties are Lm/oorfmf hor Al r/g/cuc jcozmyfr 4/ {n/? can be
understood fam/yfulaé ['omlzndorm% T tums out ot WIT
s an ﬁxmyy& //M//{) it T be 2 Suéjmuf) a/ 0&4(70/74/( malri-
ces in (L) wrt. He basis @, Tha TST & T/T
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acts on WT duning o latter inte a toni (/ar/\"/‘L[J,, gaﬂ‘co\%,
any athine Tone Vw/zr;ld\( ton be oftaimed i 7,%'; a/ay_

71.3) Wased orbits
/jt/o/oasiflon: Za/ rel/ I7[ Je Inf[zf)/ ‘fn/w Ts s &Z?Seo(

Ih ﬁﬂf ,fZL copverse is f}’uc RS h/oKZ p/azf we aéﬂ'lz /we/ f//&

Froof:

Lot 5a/9/9/v)=/JC,.-X,,f so that ZJ”=£=Z,:=ZFL. w 1w = Ji#)v
£ U, #0. Wite thet T < Sloan /zf(-/c?z...h),wélo% s a [-stall.
SU6§/vaa. K/W@,ﬁr s &/Meo/ 7 V/]lf its cosed i —f//}
Sués/oace S0 We Can 2Ssume f/zzf (/’S/Zzzn[ﬂ,‘-). Since “he U5 are
fmcm% c'm/efem/wf /a'éenyemfars w. paji'wzsc distind e- yalues)
—é/@ Form & basis in U Led X,,._.Xhéyés the dual bzsis.

The condition 02 Tt (V) is equivalent to: . ole,]

S dd;=0 = [lewma in Sec 112) £=x" e €[v]”
Nite tat 1,5)-1 = fo)-1 ,,

/Vow SU/QfoSe Tu c 77@ /(u)=/ é[mZa;zr,-j (_{’74,-"(?1
= Q;#0 # | < 51/0/0/0)= Suﬁ()(v‘)

Mow we  use LExerase (n Sec 111 4 a{e/ucc 1%;% g//m7(:1
—dm v = Ju=Tv /)’ow'nat Tr is &/0560( O

—
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114) H &af—/%m/oro/ ;4r ton

Boof of Theorem for (-T:

Sfe/p 1: Hore we reduce o 4l rase whon X ic a retioned
/’e/ersmfa;ffzoﬂ. First assume f%&l‘ ¢ i jene/a[ a%’f’/g/’aic j/oa/o
ao’f/n} on an a//;ne VMM@ X z% Sec 12 in fec 3, Here i
a_ fnrte dmensional. vationat ju//e//efcm‘d/on Ve CIXT w
Sly) — ClX) <= X<V where VEVF

Aoty ths for C=T For xe X, te chsun of [z in X
is e some as He closure in I So we can %c/ﬁﬁce Xw I/

ﬂur Sfl’wffj} ) Juése/oumz‘ 52{8/,»1 is as follows: Hom vel/
we construt a velor u €V w. chsd Ta £ V- C =T w
bm 8605 =u Lingtying Ho claim of Thn v (T 4 T

£t >0

contains o unique Losed ardit)

S{ep 2: Here we constuct uell Nyte 4hot any Convex ﬁwg~
Z‘a/c Aﬂd at  most one 74%& W/m relative (nterior comtains 0.
We nesd 4> treed ‘o cases S(?oamiﬁ'aé.

(pse 1: 3 /Qm/ /:: of Gonv(s) whose interior contains (.

Observe Hat F epueds e comvex Al of £ =Supp ) (1 . Sed
u=2_ 1,

_Z_.J XE€ Fir



[hen  (onv ()= Foso 0€nt) zg 3’0/051'12/0/7 m Sec.11.3
Tu is closed
fagc 7 [07m/[21‘) 445 V07, Sz/% 7408‘ S% U:=0 =>7E, & c/ayeﬂ(

qua 3: W construct & C"— T Such Aomomw/y/)rms
form a lattie donghed /0\7 %;[ 7). It hes o patured priring,
Z.(T)= Y7 — Zjvven @ J(/J//f))f'é<m> #4eC”
Tis pa,ir[né s /De//cof ( ). Mite et %:(7’) is & -l
ha i 1. /%/6’5 fow & i constructed If Je _Tnf[v) tare |
be triviel. Obherwise we do the /»Z/omé;

Lase 1 We con Hnd a retioned (Onear) /J/yer/aﬂwc [ ka

st [7) &)Jnv/b’)= FK [6/41/(7)‘) 6{35 to one Side 07[ [ Eg_

(g1) G (1)

G11) /T Lo or y‘
—

%zz 56;7.5,(7-) s.Z. Fft{r)/f }ZO an fbm/[v)

[RS& Z-’ S/mz'/o,ug, we Clon 74)40/ )/ s.t. 3/ Vs /afzfl/Vc on
fam/(v), €.9- (20)

7\

(-0 __ _>.(11)

v i
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S‘Eﬁp4 We laim that /m V) o =u. Mote Hhat if
Ne Sa/a/)(zy) Hon <IX220 w. Z;m[nf H Y€ F. (dectored

b b e;w/pf} in (ase 7). Thew
M‘éb“' Z- ZZ<J(X7X

X€ Supp(v)

/de we ale a/om {ant sz /ﬂowﬁn& éh/loorfa//szZQS} EXEVse.

. Sup/)aye fxaafs on a vector space V& for (e?
we set %’/VEI//‘LL.Uﬂf”U}. Mﬁfe vel/ as ;th W, YI‘-€‘/L-
721«; {_(lWJ t.5 exists c// U; =0 7@// 2l (<0 and in f/)s nfe /.é

C?uals v,

12) (ase of jmmel L.
/L/ere f s Eaﬂnfa‘fca/ /’fﬁ/a(/fil/e jmu/n M: witd give A /VOo/ f/wf

014{7 wores over C

121) Lavtan decomposition

fact 1 (see [OV] Sec 5.1) 3 Mfl’AwZOMOi/041c ivolution 67— C
st. K= is compact (and is moximed tompact Suéjl’w/o w.rt
(nlusion - in fact, ts Zarisk a/ense). Moveover, we can find a

& stakte moxemeld torus T C
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Emmpé: let (= (L) Tl G/fg%g*)—,’ where Gtztj.T Wa have
/< = U("). /L;r T We can ‘fa/ce ’f[c SM%’}WL(P 0/ alllz}am/ Ma«f//oe&

Theorem [(artan a/fwm/oayz'é/on)
(=KTK({ete| b,k £eT5)
oot for (= CZ,,-'
From Linear A,/g//g/o. we Ehow jao{cv a/cco/updmf/oﬁ 7
/‘/+" L/,, — [Zn, //,u)f—%u, w/erc /L/+ s f/c subsct o//wif/}/e
definite Hermitian matnees. z% Spectyal Lheorem, ¥ he H,
d kellln), te TAH, w h=xte! S any g€ CLn) con be
written as Au—-%f ﬂ!"u) j/ago//n 9 fn/c &fcu‘m o/ /7144 d

h/c W) 6[ /UVOV/.Dé Mot Oéﬂf&/fs on farfan ﬁcaM/pﬂ%M 7]
go/ws Sez/'fmn /ZZ

12.2) Broof of Hilhert - Mambord z‘/eo}’em

Thonts o Fact 2 Hom Sec 10, we can doal . e usual
—fofo/ojg (insteed of Zavisii topology)

7Zr, action e KxX — X is f}’o/mer //meje 0/ Com/ua//f %
CO/M/Oﬂa'é] 48/754 closed. Henee Z)):: KTEx = 7T—/<)</] [3, 7&/@/
=> 3 Sequences z(,-657/—,(,-ék (i20) s.T. Lén; ‘L{»@’P@ [he ()
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Sinee £ s com/mgf cen re,oface (€:) w. a Suése7ueﬂa KL assume
é}ﬁ/ﬂ;m@ fov some kK.
L Wows  consifer e 741:7//6«7,‘ Mophm 9 X = YT W have
Mr-thy) = Cm T )=, (otox) =97 ()= Lo T e.x) = 3. ex)
Let 73' fo the aﬂi?u Aosed  T-orbit m 57’7:] [77[/707])‘ Theo
G’C —’ETC[[O«Z /s (//M’C:/]C 67 Also @’C _7?% Sec 17.4)
AYC"—T st f@o )’/1,‘),6(67(}’ C[}' ﬁis ('m/aﬂq He ‘f/eo-

rem. 0
bom: Fov an ﬂ[g&g}’ﬂc /0}’00/ seL [/‘/F], Sec 21

12.3) gomsz (artan aécom/posfflon %v jeﬂem/f Veoé(ﬁf[yc ij/as.

A refevence here s [01/]} Sec 52. A ey Gl 15 thd for
any comedted  reoluctive a,%&émjc Su!j/w/o CCLv) Hews a
A@}u/’{/an scalar /)'o aéxmf on Vst (i closedd am\/er g = J’f
Thn one con st 6 fom Sec 121 £, 4e gl—e(g”‘)fl Tl one
Shows z//u‘ exp defines o 0&//60”40774/5}’” ' | . ——
6) Tt e (NG P T

From here we ser thet every eloment of H, (V)¢ Jes o o
S7ua/e vt in /ﬁ/wﬂ C. m We jyf /0/04/ o/econ;oon%‘/on: /fw
ge [ we fave 33*6%{”% £ we con wnte
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9- 33%(,&? -’3>’ @e%[w
/%reoVe;; every cloment of £ is K- co»(r/'uja;éc %o an elenant
of ENE where £ is o G- stabl (ovtan. Thi glves & generaliza-
fion of ‘du S/D€0fi’qj 'z,%eo/em 74»’ /L/+ ﬂ/)ﬁ[) 'fo £ ().
With Hese dfjreaélenf; A /p/oo/ of (artan a/ecom/poyif/on
74/ 36}10@[ [) /epea;fs f/a;é J@V [= [Zw



