Invariant 1‘460/?) Lec 12, 1/13/15
7) A/)pé[&g}f[()ﬁj of Hhlhert-Mumbord heorem
2) ﬂﬁf/ma[ a/&sfkg/'fiamoc Jaz%mu/&
ket: [PV] Secs 54 £55

7) /fpp&'cnzfmm of thlbert-Mumbord heorem
In lecture 11 we hawe /Ol’oVeo/:

Thm (Mumtord): Lot C be o rfeduckive e Aafmaﬁ o an
Hine WM&@ X Let xeX an/dc,e)( be such Hhat 61 i e antpus
tlosed (-arbit in (x. Tha 3 2 anc-/uamm.%‘ér .S'uéjmuf ). C—
C S.‘f_ f/ﬁz X[z‘)x é’)r/;zzs an/ Kcs th [15’

We ave (702@ to a//oZJ, Zhis f/eorem b detevmme:

() 7' (7(0)) for cevtpin ratiomd represeqtetions [0V
(ii) 4o cosed orbrts (n |/ wm/ Mole j{ﬂl/%,‘f[& closeo!
orbit in Yo closure o/ & given One.

11) Lhe pasomiter ju{jmups.
M stast /# Sfua/jo'ng, 'LZA stmcture 07/ / perem. )‘ugjmo;o;
A “4p to (- Co/ﬂujac?. et T e a maximed Zorus in C: W b
7_{



4. h/?f j}’au/a /f/q[T)/T We fix o Borel Saéjrou/o BeC whih
Glves us e /om‘/ve /1/«:3/ Mam bev CC%\,, where js/;'e(T)_
fote okt Letbic of Fporameter sibgroms Z(T) s o 7
leftia bp-

Y C =L = YC) is a torus = YC7) €@ max. torus =
/5 &co/y'ujafe to an lewent of FAT) It olefimol cm/z]w,é
tp to W- Con/'&f(jafmﬂ ~ 3 o -peremeer sufgroup. in 2NN
thet s (- (o/y'ué,z;fg o ¥ So A/c/un‘ consiger ye Z (N/C.

/4[50 note ot é% (}/(f)iﬁf/f:z X%Z)X 4/!67/,0_ So it

fﬁoaé/ %o consider eloments of .l /NC up to a /wﬂ’%/ye (nte-
g mwf/}oé

Exmp&: Let (=S, so T-’{o/izz} (L") [£e C*5. We have
X(T=7 & £DNC=2Z,, St Givel /-parom
Suéjl/owlo doesnt qlve Mdbﬂfﬁmé anfrm‘mo@, it Mawj/ ‘o
consioer 07 11— 0//&3 /f, £

12) Action of SL, on S”((E’z)

This is an exempll. considered & Htbert. Hure we cen
anSiter fuesf/om (¢) & (i) fompﬁ%a@_

Z,:;f V be as 1» E}M/)& n Sec 11 'h/f; ﬂ/eCDMPng; V= ST
as L@? Viion where Vo, = lveV| V) - £ "5 (B'X%’M—f for £1e
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Standard 6asis 5y of C We wite v- Zzﬁ- W, z{}e% As was
femarced J/e«o[at n Lec T, every wel/ wewed as a 40/14056/760% 0/25,
7 /0@/10/%/0.[ tn X 4 0/660/14/)0}65 into fla /7}’0414105 0/ ﬁnea/ ;éwfon

er;cqz‘/oj%, uhiguely .

f@? W) ensts i Ui =0 1/(/?0 (v i divisith, Pgt)( * )
A e?qa,ﬁs U (le a mw&‘//aﬁ o X ”/zg”/z i n s even and 0 else).

Letos deswrile 7 (1(0)). Hilbert-Mambowd Beorem R Hhe abowe

MAIQSi_S Shows et 77 (1)) = L. Vh,wécre VD”@ '/u-,”.
Tl chomants of CV,, con b charactensed as z‘jorcf mélze;é Jave
a_ Cinear /aﬂfo}' with Mﬁl])ﬁ‘&i‘f;,7ﬁ/z.

Lts desnte Y athe fbers & closed arbits in Hom, Th
chove anclysss shows thit of Lt less fockos of b bt
&aillég <£— , ‘L%w Lim ) ﬂé)esn'é exst v pon-rivial )/ 7ZL
Hl%er%-/qumforo/ 1;,‘4—,egor<zm Shows that (s is closed

The cuz;%1 case Vema,inmé is when 3 bnewr factor o/ T o ma/&‘z;o-
(/u’fg C)(Rmzé Y. Th above cwn,%szs shows Tt if for a 1-
pammyffr 5145(7}’041/9 Y te Omt f/gn; W)v eusts then it has
fwo linear factore 6th w. }uw@é/p&'a‘z‘g, L Fom here it folllows
Yot any b of sudh on thmeit [ Co/ffm;mﬁég wn edoment of o
Sovm c)(”thz 74»' CE(E‘) is closed [ ; it g//g% /Aﬂm‘-
HMumtod 4o v=%). fnd e orbit of ang,&é’mwf with cma%t one

3]



fackor w /uw&‘//ﬁ‘dqu Z ji wot tlosed —it contains an orbit
& [C X”/Lﬁ%) 7(;/ sutbte ceC in Z% 05)’1//{_

13) Action of St on S’

72/'5 5 2 More ﬂdiéflcw% case &S ‘L[Ze/c are /ﬂao? wmore 1 /&u/m
5(453%//95- We with 0%1/% desante 77! (710)). Lt /- ?K o/em’ft
He Wa'j[f A/ZCo/ﬂ/oSff}oﬂ. AU wajéf spauts arc 1- dimensional, the
h/cf;jh‘s end e 60//6790/70//19; we o@/y‘ﬂw/ here:

-& l -
267575 & 2 | & & /..ZE,-E}-E_?

~ - \>\
=< - al e -
%"'E, - ~ e - OEI’E.L C

[\ ¢

T~ Ker)

&€, £

2&-6"E,

///Ké{/f—/fumzém/ ‘f/eorem _Yojs-‘ U‘GJ?’%T/O)) /// | XE//T;(T)/)C
st. ve C (Aél?)\ = (4) It s easy 4o see Yot Al paxt
(v.rt. <) sebsed’ o o Fom {) (§ \y»03, i is {76 -¢-€,
£-€,,E-€, 25-6-¢ &-€5 Do 77(mb) consists of Lo (’o:r/'ajafcs
0//00/%/)0/1410\25 o/ 7,% ﬁwm 4(73+/(7Qx 4-Ci)<Z +0/X3+€)(12. JZJ non-
260 /owgmomm.l;s ave choratersed é‘ z‘z /V%th/ pro/o@f} of E
Cor/er/oana/mg came in [P e /mf [0:0:1) js neither smpsth, nor
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a/o/m doubly pamfs >< So Aonteso /ﬂz/ﬁ-z; A ),
[0//?5/30;40/ /ﬂl/e&n&% %o fZL 6/6 3 cules (n [P L«///% Aw/a
S/njwfawzl/es di //:fleﬂf Fom ﬂmlf M/ét a/oa/z% /omfs

14) Adtin of (L) on an/ﬂ/)@(

A/ﬁ Proceao/ ‘o o emmy& o/ oé/}%/mf nature: (1 [VJ dél‘/n}
on 540(/ l/) ; £M(/ajza‘/ans We are jazng, b view elements of
Fnd (v)° ﬂS represertotions of 4 et I-11. 15 Tk standord
Léekmmfog 57/764% we can tole akboit irreducible § 50/14/0/87,[1?? Ved-
el represesitations, htdiations on a /f/)/efwfaf/on ww/ n /a//fz‘/w/a/
o Tovden- Hilhler (TH) Ftdration (one thet camot be refined)
Nite Lot {A (LV)-okits ave aa&f% 450;44070//;;14 obhsses o/
Fepreseatations.

Mow 64 105 Vellg. g1 -V fe 2 fithetion of a pepresen-
tedon 07/ I o/enmfe i /3 F W can %MM fZL assmvfeo( Jia /7)’£S£l4
Zation, gr " V: - 6-) ViV, e con idtrtdy g™V sath V s veckor
Spkces on/ View -ZZZL zLSSoaM,[coZ j/’eo/eo/ RS an f//e/unlz a/ 570//1/)@(
His gives well-dedmed  (L00)-ovbi fbut nat an individuad eloment).

/%’oloasf’é)on: Zf/’f A-’=(/f,,-.ﬂc)égm{/w@g/c a k//esenfd/f/oﬂ 0/ I
(1) (/). A is closed = A s Compﬁ%&é redlucitlh
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(z) For cjwe/pl A #, uhiqus chosed /6t i 4L A
Col/espono(s ‘e 7,[[& assotiateo jmo/eo/ a/ A WLt Q/g f]H ﬂéfmﬁoﬂ.

[oof:  [hoose a basis €,¢,..,6,€V~ bnd (V) = Met, (C]

_S"fﬁ,p 1 Lebs exemine wha ‘L%. Ot fénz Y[t A exists g whet
/'Ll f?UQ/{S 4o. /t/e RSSume f/aﬂf Je %[T)AC/A%/J f/aﬂffaﬂfcg
bo YOH) = dlag (£ £, fjﬁ £5 4% odr7dy. OF cowse

Ny

bm YO A = (m YOASLY, bm YEOUIH))

“* - t-20 €0

Mi write /4‘ AS /éﬂc) W. i[/'ke/(//do{j*a/,( (C) 7Zw

A= (4,

% /DZ/OMS f/ﬂf Om ]/%)/ft YO st = 6;‘0 74)# (/7,?, £ f/
o & fgua[s 6/1'&9 (1 6;)‘_)057 ﬂc /tznjaage o/ /gal’e%fa/floﬂs,
ths J'Mz? says et V= 5/9%[64,...6,71)C Y- %ﬂaﬂ@('%,..-, €y, 1, ) -
ives A btlration for A ond b bt lm ) A is e

=0

associated j}’ap(ea/ /’f/ai’esen‘éa/f/on.

Step A Nite thet a representation is 50/:4/9/07,‘(5% A
/'7[7[ ftrs /Somo};v//z %o s associated jlfea/w/ w/z% /qbedf %
any Htbatron. Ths immaé‘afeﬁ c}upﬁes Ut “closed bt > Comp-
/?%‘0@ reduci 4. sty Step 1. ”@M,o/\‘-’ff% reducible = closed ovbit’
Sollows Pom ngo 1 %hx 4 /r//%e/5~/’/um%r/ : Comp/cfe Veduci v//'ﬁli}
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implies: ¥ )V € —( st ém YA A easts, His bmit is 60/(7/274255
'foA 7;FVDV£[Z)?5M : b

)Pﬁm-‘ Lt P b R 74»7)‘1,4’/9 (507(/4%‘@0/ assocative a,/goém with
5enenuﬁors Ky X,y Thon 4 4omomo}p4//m Fe— bnd (V) form
chosed  subschems iv 5//”@6 Zo be @/ofeo/@ gzp/yf V) (e
look at th im%ej of %75). Ths subscheme 15 (L(1) -5t &
S0 we have a chhsed inchusion Bop (V) (Y (1) < End (vV)*)GLLV).
Th C-poirts of /@/o/ﬂ, VL) peremrerne Coll'f/)é/ffét veducifte

lﬁpmu‘fd)onj 0/ j¢ [ u/) 4o /Somolf/ ism)

2) ﬂ/yfmm/ a/esfﬂf/'fiamoc ,raz%mup;.

Zf/‘f A be a L‘Mﬂedco/ feductive jmu/) aing o is %ﬂ/zzc
dmensioned  represeatation /Lo 3V = Wt denste £he gulient
WO//DA/SWJ.

The joa/ of £his /Dm'f is 4o fedfer anderstand Ee stue-
ture of 5" (1(0)) W we wltl intwdue o stratification on
77 (7o) CA/ZZfo/ ZZA K wen- Wess Sfi’tz;fiﬁcd/oh_ 7Z¢ strate. e
b elled] K& L- L’wyz/ja? lasses of /545/01(@7 7*/mmm. )’uﬁjmq/os
Y C'—(- %W 2 /oinf lobelled ? ]; a (—Coﬂ/'qjﬁft o/ /
is 2 1- posen 5%9/011/) Qw@c L loment to 0 iy e fastest
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foss;éfa W (AZ k.a. o/ﬂf/m,f p/esta/gzétm J’w{j’/ou/o)
Dur £ /Sf tase is to f}y %o mare f//y witon fomel. W hx
2 ﬁoho/%venem]fe form -] on 9 < L its restidion 4o j 2 Zakes
Votionad values. For exa;u/ﬁ we cen plck a /w il re //eymfvf/on
o/gm/ﬂ/f foy): =ty [xg) For & C=( G4 b -dY0)
so thed A e Ca(ﬂ/é{jlfllc to an eloment of j[ﬁ
Now fakz e l/|ff w. Iz)=0. /57 Hrlhert-Mumtowd 3 7/oa//am
Su( }’04(/ S C =AY Z/m )W)zf =0. %mwu/em‘é we Can Sek
)= {vell W) - 'élf(‘:?AU' ) Ao L’/m JW)w-0 <
Ué‘g—;) l/(b') For A(:‘f;ﬂ Zae@ o/v/%jne V(A ,V/)me//%,
.’Defin[flon / Lomma.: #iwex” (7)) \{Of 3 el 5& st
%) ve 69 V, ()
£ [M) it minimaf possu(& st (%) hlis.
TZL Jehu,m[ A (s Ceﬂeo/ flL da/wfe/)sfic 0/ 0.
Mosorer 2l number of cherecdenshus. o nomiro clomonts of

(o)) Is Inite /u/p to (ifoff/'uémg)

A /reu'se comection o 00/9f/hmj a/crfaffé'an} su éfrwlo: ‘i a5
Lllows. For ¥ L #0 st f/’,,”:’, J’/{)U=O) lt c’f((f,v) denty o mini-
mal. number €70 W U‘é,@ l/,[n). Then Wwe ave /00/51}15, at min-

8|



Miting [Xk)ﬁ/zf(ofv) /M/J doesn 't p/mje Wwhen e re/J/acc ) w

Q /aojl‘z‘/z/e Mu/}f//pﬁ). Ths fmwl‘r'f; ) m’m'/u/’zeO( w»{w /, /s Propor-
tioned 4o o charatersti.

/%p/ ; 77;’5 is an exerase in Lonvex jeo/w/‘tfg_

Tt sulices % look on/é ot he ;Q [ el/e?‘z%ngP b g o 460{7/'(,(
guy). Kestrnct OOV 4o T, Consiger to sef P of all possit-
le ﬁnyﬁr}f{; For zrel/;'férzz V) =0 fr J’E%(T) & 0¢ Su/op(b')_
Th st of sl heb, st veD G) is th set of ol
Onear functions j[: — R Hhat tove vabues 22 on e verties of
low (5). It looks suth lu s on (om/oano/co/) convex. feglon

\L/g///% deinedd @ rationed (nequedities nit Co”f‘l’”/”g/a

: MJ .Sua4 contans a wniguL /001}1?5 M'Lz/ Mmin-

mal /wjfé L Yhis poimt s vationad.

/(/aw we (a0 75}7»/ 2 Mamufcm‘z& 0/ ¥ as }%WS. (Lonsioler

all /401[3,5]9 St /?=5u///dqv) for 564’ £ &¢ff There ane
M% ;6»/'{&% mang as P, Is O/erlmmeo/ 2 S'L{gfaf n f/L set o/
h/a('jﬁ%j of IV £ He Lotter is 7514[&.

/[i—’om /,D p)’oa[ucc a 5//7)'7M tlement 4565& as (n Exercase.
91



for o charactenstic of 5 we can tore 4y, t-1.m of minmed
lot!

ﬂno/ Since ? s R ﬁm'{e 5%5 , {/\L humber o/ /0055/%, Jamo
fellsfics Is s ﬁ'm'z,zc ﬁl/) to f—Ca//(/'aJacy) O



