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1 Applications ofHilbertMumford theorem
In Lecture11 we haveproved

Thm Mumford Let G be a reductivegroupacting on an
affine variety X Let xeXandyetbe such that Gy istheunique
closed Gorbit in Cx Then a oneparametersubgroup 8

Gs.t.fm tt x existsandlies in Gy

We are going to apply this theorem to determine

il o o for certain rational representations noV
ii the closed orbits in Vand moregenerally the closed

orbit in the closure of a given one

11 Oneparameter subgroups

We start by studying the structure of 1parem subgroups
C upto Gconjugacy Let Tbe a maximal torus in CWbe
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the WeylgroupNa t T We fix a BorelsubgroupBCGwhich

gives us thepositive Weyl chamber CcSp whereb Lie t
Note that the lattice of 1parameter subgroups t is a 72
lattice in bix

8 G 8 Q is a torus 8 C c a max torus 8
is Gconjugate to an element of T It'sdefineduniquely

upto W conjugation oneparameter subgroup in ITNC
that is G conjugate to 8 So wejust consider tet.lt NC

Also note that 11 At x fine8H x re 7h So it's
enough to consider elements of E TNC up to apositive

integermultiple

Example Let G SL so T diag t t te Wehave

T TL H T N 74 Sincethe trivial 1param
subgroup doesn't give anything interesting it's enough to
consider 8 th diag t t

1 2 Action of SL on S d
This is an example considered by Hilbert Here we can

answer questions i ii completely

Let 8be as in Example in Sec 1.1 Wedecompose Vs5 EY
Vain where viin veV184 o t u C xiyn

iforthe



standardbasis xy of C We write v Σ vjw.geVj As was
remarkedalready in Lec 1 everywell viewedas a homogeneousdeg
n polynomial in xy decomposes into theproduct of linearfactors
essentiallyuniquely

Im Atto exists iffu.jo j e is is divisibleby

2 equals v i.e a multiple of y if n is even and 0else
Let's describe it 07 HilbertMumford theorem theabove

analysis shows that it al G Use where V
up
Vain

The elements of CV can be characterized as those thathave
a linear factor withmultiplicity n2

Let's describe the otherfibers closedorbits in them The

above analysis shows that if all linear factors of uhavemultiplicitiesthen ftp.tltlodoesn't exist non trivial 8 The
Hilbert Mumford theorem shows that Go is closed
Theonly case remaining is when linearfactor ofv w

multiplicityexactly 12 Theaboveanalysis shows that if for a 1
parameter subgroup 8 the limit ftp.tltloexists then it has
two linearfactors both w multiplicity Fromhere it follows

thatany orbit of such an element containing an elementofthe
form x y for CeC is closed exercise hint applyHilbert
Mumford to o And the orbitofanyelementwith exactlyone
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factor w multiplicity is not closed it contains an orbit

G ex y forsuitable ced in
theclosure

13 Actionof SL on 53 3

This is a moredifficult case as there are manymore 1param
subgroups We will onlydescribe it ol Let V V denote

the weight decomposition All weightspaces are 1 dimensional the

weights and the corresponding weight vectors are depictedhere

E E3 2
iii

t.ie i cE Er
gz xyz Z

_Kery

g e

2 e

HilbertMumfordtheoremsays rest ftlol iff re t NC
st we G

xp V1
It is easy to see that maxie

wv t 5 subset ofthe form Xl XX 703 it is 24 Es

EzEz G Ez 29 E Es E E So ital consistsoftheconjugates
ofpolynomials oftheform ay byx cry 2

3 exz Suchnon
zero polynomials are characterizedby the followingpropertyofthe
corresponding curve in P thepoint 0OO is neithersmooth nor

A



ordinarydoublepoints So the nonteropoints in ST old
correspond precisely to the deg 3 curves in B which have

singularities different from ordinarydoublepoints

14 Action of GLU on EndV
We proceed to an exampleof a differentnature GLU acting

on End V by conjugations We aregoing to viewelementsof
End v9 as representations oftheset I 1 Thestandard

terminology applies we can talk about irreducible completelyreduciblerepresentations filtrations on a representation and inparticular
a Jordan Holder JH filtration onethat cannotberefined
Notethat the CLV orbits are exactly isomorphism classesof
representations

Now let 03 V V V V be a filtrationof a
representationof I denote it by F We can form theassociated
representationgr V Vi Vi We can identify grFVwith Vas vector

spaces and view the associatedgraded as an elementofEndv9
thisgives a welldefinedGLUorbit butnot an individualelement

Proposition Let A A DeleEndV be a representationof I
1 GLV A is closed A is completely reducible



2 Forgeneral Δ theuniqueclosedorbit in GLIVI.AT
corresponds to theassociatedgradedof A w.it anyJHfiltration

Proof Choose a basis ep.eu ene Vs EndV MathCl
Step1 Let's examinewhen the limit 8 t A exists what

it equals to We assume that re TNC whichtranslates

to Jett diag fd.it t
h t tdm dude dm Ofcourse

Is 84 A 1 84A8451 ftp841Aercti

We write Ai as 6jul w 6jkeMat d C Then

8 t AD47 114546
It follows thatftp 8tAi8ltI exists 6jan for jor if

so it equals diag bjj In the language of representations
thisjust says that V Spangler endcK Spangler en.tn c

gives a filtration for Δ and the limit Jlt A is the

associatedgraded representation

Step2 Note that a representation is completelyreducible
iff it's isomorphic to its associatedgradedwith respect to

any filtration This immediately implies that closedorbit

completelyreducible
using step1 Completelyreducible closedorbit

fellows from Step1 thxto HilbertMumford complete reducibility
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implies 8 Q Gs.t.fm8H A exists this limit is conjugate
to A Toprove 2 is an exercise

Rem Let H be a finitelygeneratedassociativealgebrawith
generators x Xe Then the homomorphism EndV form a

closed subscheme in End V to be denotedby Rep A V we

look at the imagesofXi's Thissubscheme is GLV stable
so we have a closedinclusion RepA V GLV EndV GLM
The Cpoints of Rep AV7 CLU parameterize completelyreducible

representations of St upto isomorphism

2 Optimal destabilizing subgroups
Let G be a connectedreductivegroup acting on itsfinite

dimensional representation V Let IT V V14denotethequotient
morphism

Thegoal ofthispart is to better understandthestructureof IT otto Namely we will introduce a stratification on
it Ilo calledthe Kirwan Ness stratification Thestrata are
labelled by G conjugacy classesofbasically 7param subgroups
8 G for a point labelledby 8 a Cconjugateof 8

the
1 paramsubgroup sending the element to 0 inthefastest



possible way aka optimaldestabilizing subgroup

Ourfirst task is to try to makethis notion formel Wefix
a nondegenerate form onof st its restriction tobetakes
rational values Forexample we canpick a faithful representation
U ofg and set xy truxy For 8 G let hy 2,8 t
so that hy is conjugate to an element ofbe
Now take weV16 w No o ByHilbertMumford 1param

subgroup 8 G w Im Atlasso Equivalently we can set
V18 well Htlv to hgo.no then ftp.dltlarse
we V18 ForheGbeaaeQdefine Vah similarly

Definition lemma vest take heGbest
re Vath

hh isminimalpossible sit 7holds

Theelement h is calledthe characteristic of v
Moreover the numberofcharacteristics ofnonzero elements of

a tie is finite up to Gconjugacy

A precise connection to optimal destabilizingsubgroups is as
follows For 820 to set EmAtler o let e 8,0 denotetheminimalnumber esew.ve Vy n Then we are looking atmini
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miting 8,81 e8,0 which doesn'tchange when we replace 8 w

apositivemultiple Thisquantity isminimized
when hy is

proportionalto a characteristic

Proof This is an exercise in Convexgeometry
It suffices to lookonly at hebe everythingisupto C

conjugacyRestrict GA V to T Consider the set Pof allpossibleConv a a for vet ftp.dltlo so for re T 0 Supplo
The set of all he a s.t.ve Vnla is the set of all
linearfunctions5 R that take values 72 on thevertices of
Conv o It looks smth like this an unbounded convex region

definedby rational inequalities notcontaininge

Exercise any such contains a uniquepoint withminimallength thispoint is rational

Now we canfind a characteristic of v as follows Consider
all Po Pm E P s.t P Suppgu forgeG O Pi There are
only finitelymany as P is determined a subset in the setof
weights of V the letter is finite

From Pi produce a unique element hiebe as in Exercise
I



For a characteristic of o we can take hi 1 1 m ofminimal
length

And since P is a finite set the number ofpossiblecharacteristicsis also finite up to Gconjugacy


