Lectuve 13 , Z/Z4/25
1) Q/Jf/mal a/asfalz’g'émj Saéjrw/as_
2) %sseént/[f;/wm ~Mess Jf/’cz]ﬁf/imf/oﬂ-
Pef- [PV] Secs 55 56

1) Qf‘f/md a{zsfalz’gzlnﬁ Saéjrw/os_
10) Femindler / nortaztion
Lt be a commected reductive jmu/a/(lf Ve s S dom
yetionat Kepfasmﬁa}f/m} 7V — VI be Do ;aa;f/mz‘ moyl/ym_
Dhoose 2 moximal +orws TS § bt f be 1fs Loe ﬂ,{i%}’a. Set
£Q= @‘87[ %g (T). For he K)VQ\{D} consiver e @7}@0/0?75:
V:‘{% IL(h), g=£ ag4 (h), where Sy Y.0h) - ker (h-aid,)
For 6el) we sef U, (/u)=a§96 I (h) & A 9, h) fowe the
similar meantng. Wite thet:
g7, (h) Cg%ﬂ) <oj are Ja!aéf/éms,’ 3 comected d/%%mjc
Suéjmups 4[/} - ()7/0 /A) < f wm% f/csc Lie ajje/gfas. 7Zz Su{jmwla
L00) [a Lewi fu@}’o«p) is reductive, see (ase X in Sec 1.1 of Llec ¥
whte [ - [h) is q ;ﬂa/a/é’oﬁc" 5(,{5(?/’0«4/01 which /éi definition means
thit it ntains o Boel subgroap. Tle prajection g1, ) —q,(1)
Zm%mﬁﬁj to [, 00) —> ([}
) s L(h)-stabb £V, () U, (h) we (5 0h)-stable #a.

—
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/(/oi’eal/f}’, 7.% action on @,JA) on VM[U/VM[A) ;’?VQ[A)
/MBIS fAVauDA [://)

Fix 2 ﬂon-oéjaﬂw;fc (- invaiont Sy/ﬂmufm Form () on 9w
/X,X)GQZO‘VXé - We saio in Sec.Z of lec 17 Yot he [KQ is
a2 chwacteristic of ve 3 r)\} f ve [/7/2 ) & [U) /s
mn. /0055/ e wiﬁ {/ S /WD/W@, w pan‘/m/w; z%'s piion e /W/;
on te cheice of (). W hove seen Hat o choannctenste exists

Heres q basic result ﬁna‘xyé He chevactenstic s th sub-
roups introduced above.

: (][A Is a %@mﬂf@ﬂﬂé/’c 0/ UX(jéé;/o(A)i fém
) his a chwactenstic of 9 (hnt: His Folliows from He
invariance of () & Lhe clnim Hhat 4 (4) preserves V;,L/A))
() 54 s o Headenstic of @

L\/e W)a See o/b/ow MOLL %a/a/fem{ic o/ U4 o/ {4 %rm
674 7?04/ 36 K,/D[/;) Xé g{,m} 2 6/4/2/&%6//51[& a/?)f

71) Main results
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We need a cortain nomed )’u{j}’oqlo of [;/A ). /VM&Q/A
is in e anter o/ﬂo[é), Set gto(é)=/xeg°[m/[4,x)=0}. This
is an il Moreover, its a Ly a/{j’(’/g/a of a mormad subgrou
of ) () i a redonad ehemeat of (,00)/La,0),9,0))
hene Some Mu/%//ﬁ of /4/ -) Comes //om a Aomomoﬂism

Lo —C

Set G (0)= (kr X)| Neke thet € (h) acks on I[(h) b1
X %(A] — J/Z[A)//_fa (h) denote e 74/0%/%‘5 /%079/)5%4. /[/-}74,[%
fr e sz (h) we write U for s faM/ponwf (h VZ iy

T heovem (Kivwan; Moss)
1) Led wvell (1) TFAE
a) h is a chanctenstic of
) 2,(5,) # 7o)
Z) I/ 4 KA}Ne o%a/wfemﬁcs o/ ) wa ) e 57,0[4). ).

I his a endtenstic of , Lo S{agq@?cf;,/“

EXM,?&-‘ Lt e€o) be a pontero m;aaz‘m% clomnt. Include [t
/nto an Sé-f/t)oé e h!) see Sec 231 in Lec 10, (e can show
Bt is o chaackenstic of e: in tact, we wtl loter see that

3]



G,he 5 olosed £ sme e, (), () of Thw gields He cloim

1.7) ﬁfoo/ of ﬂeoyem
WE can assume TC[;[A)@;C%[M, Then i-‘ =j/7§}0(4) 5 a
lartan subelsebr in g, (). W wnte [x] for b)* (xe C 1)

Sff_/o 1. Wi /}’m/a (a) =(6). 5&//7056 I(v) =_522/o/. % Hilhert -
Humtord, 3 h'e € ()5, st welf  (0) Mot Yot O 41-0
It folllaws bl for €208 21, vell ((-0h+eh’)

- (-2he b < b s (h)-0g 1L
This Gives a contradiction w. (2).

S{tp 2: We went 2 guve & Combmatorico- jeom%‘r/c ’ Conseqy -
ence of (6).

We start /3 inf;’oﬂdml% « bit more ntation. The form ()
miuces on (Somorphism j—?f* o fe o/emafw/ by (. We cam (,'71‘0
X ’ 2¢(h) : 4 : ¢
j ang (. SVf )(: W 7]/‘; /s ‘fA 0(0;{5{ % ﬂ/om‘f on ‘f/e
Aj/)erp/anc <4->=2 W j;

To /oN#to aél/ We AS)‘gh 7,44 /061‘0/06 QMV@) Cj; #’om ‘fle
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action of TRV see Sec. 144 of Lee 11

S/M//W%L, bor nonsers u€ Y we have Cony (u) < _5_ ; (for Ze
action of T th max tows of C.0h) w Le(T)=h,on V(h)) &
Lony, (M)Cj[; Hr T VZ[A) D jwel is to prove A /%win;z

[(KLL'MI Sula/yojc /5) 49/&/& nan
(1) fe KOI)V(gU) 19‘}6 C;D/A)

Foof: g} Hilbert - Mumiford, dé@z(gqm)(c ﬁ*([E)) #goegoﬂ).
Nite thet  since h adds on U (h) éq 285k we have

fomfz (a)=)(+_[_;_g|_/z(u) ¥ ue K\[D} =
2) Je lony, [500’1) #‘gaé 6 (h).

Now 5)556 (o lh) & o be s /My'ea'f/an b C0). Thon e
/Orﬂ'e(;é)on of qv ‘o V(h) is %Y, Since VL[A) £V, (4) ase
sums of wuc’ﬁér,’ spaces for T, we see Supp (3,2)< Supp o).
Ths and (2) Pphove Lo cloim. 0

Eé’p 3 Hew we prove tht h ja/fuém;, (1) is K:cozy'ujcz/fﬁ to
an? p/qm,m,zm')’f/b, 4 ,/ 07[ 7. 7]/5 M% 75}7/54 ’C/Z. /)’oo/ 0/ / 5) %[&)_
We will nud some more nitation. Lt ael/\03 & st.
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OF (o (u). Wo write X, for 4o /m'mf in Qv la) chhsest 4o 0
Jﬁéjz ’% qu) Z Se ﬂw(ézr)C/x/ <4,X77/Zf J/ge f%(ﬁ). Sna
£ X is Ho closest /aéhf £y 0 in He ambpat mlf spece, X=X,

Set /Ia-' = ';Té%y“l This is fZL veckor of mimmat féﬂjﬁ/
amons Hose Lot tare values 24 on Comv (i) ( ). % e
construction of o charactenstic in Sec 2 of Jec 1 we fave
A/=AU, where U/=j7f for some q€(.

(onsidor L pam,goéc Suéj/ou/os (. (h) L, ). /7? ()
contain Borel S’aéérwlosl ,Q,B,’ folﬂta('nm& T. The Bruhet pécom/go_
sition Lells us Yot 3! wel) st geE/u)B) where 1 s a Gt of
w te N.CT). In /wwz‘/w[of, 3 pe (r (K] pe (. (h) st. Lk go')”u/ﬂ

/%, Frercise in Sec 70) b s oo charadtenstic o P'U’ =
b APIZ,,. And 4 - 4/,@ @, 4. previous post of th step. So we con
Fe/o/aw U W P, pu’ & assume that (jzw Sine w por madraes
b, we howe (onv (5?) = w. (onv(r) § simee W acts on jﬂ: @ fsometres,
X ,= w i, = AQAUF W4U={A/4 imp@iné He claim.

57970 4: Heve we plove /aﬂf ) of Thm. 1% Sfff,» /,a;y Hareite-
nstic of 5 satishes (§) so by Step Z it satisties (1) I fellows
from Step 1 ot dge A 3/;':4. Tt follows thet 4 is
tharactenste for 6t 4 g7 /4/)/9{7/;7& 4o thst /‘Wj””ﬁé of Sfef,?)
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We Ste 7%2/1é j=(/)’)_lh)/-> W. /0)/'6 C;O/A) £ ) :WA. H follows Bt
W 5 In %ZL A/Fg/jmu/o a/ [:ﬂ) 4&/7@ W € [;[4) @(76 [;/0 [A)

2) Hess%{nk/ [ rwen- We s s stretificeton
2.0) @ﬂﬁmﬁon 07[ streda.
Tle nition of a cherackenstic allows 4o Sfraf// 7" ()
(nto ‘fA nion 07/ Simaﬂ G stakt. L/ocaﬂaf, oésw/ subverieties.
&é for an orbit () c [{Q we defime a subset V(AC
<T '[JT/o)) o/ V¥4 z/@wré; h//o;e c%uwéemfl s In [4 ﬁ/emnf to
desoibe Uy In the notation of See ! seh J, (h)= (b)) a;' (x,0)
£ Gt V., (h) denote #s /)/’c/m e of LD in I, () 5751 Theorem
in Sec 11 we haue /. /A Vﬂ Also V. L (- stakle. Sy we jd
e action Aoman//o¢4/;m whose (mege s 1 7
£ (x ) —, GU)Hjif
Set P:= G (h). Mote tot V(1) s Pstadle: V,(h)cl/
s G h)-stedl 8 )<l () is (0N-stabte by Jec 10 7i
Subselt I/(A YelL(h) is G0h)-stedll & sme (, (4) acks on
L, DNV (h) = 1 (h) ) by the p)’?/{mf/on to ( (h) we see Lot
15, (h)" is P stabl,.
So P ads on (x ., It (h) /011 p [j,ﬁ):@p‘j/ou). Wite tht-
o is P-invanant @ tonstration.
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7Z¢ /az[fawz'né /}’o/)an‘f)on s Q ke} z'né)reﬂ_czf M S/owi e Yot
I/GA form 2 stretification (in a wearer sens: l/M is 0t a union of
Ver's
go/msif)om: tm o = [é/,. Ladd, Soéem-f/eof’&f/'c Dber of o is a
singte F ordit-
f?’omp: /%t Thm (n Sec 7// A AR MWQ%(//)’ZZIC 0/ U =
ve l/nm0 Ths imptaes VCA = (U, (h) = imd.
We how plove o cloim aboid Hbers on o ol of subseds.
s enmjé o prove Het for uzell, ﬁ)fjeé’, £, ffmé'zi}/
usjﬂ' %SEP /‘;V ’LZ//J 0'{56;4/& 7,%@‘ A/j./; are OXN’{VZCI’/IIZ)U o/
u ol use 7 of Thm
7; lnyove ’fqu {/L Sf/lem—fAeo/e’/‘f/c ﬁo/erj ase p—olf//’{) /hx/ﬂ
teon reduced scheme strucdtues) s eﬂouﬁ/ % show Yhot
kev ”/fj,zr)"( = 7(;)7,) P /j,tr). % (- “eQuL/asand.  We (an &SSume ot
5=7. Tl 7(;”) (L [/?z //)o)rg@ [/71[/') K %((4,1’) (xu)=XT+u.
We noed 4o show X1r=-u = XEf
Lt us wite )(=a;:ZQ, X, U= 2, whre X,€ Galh], g€ )

6721

Choose win. se A w. x.70; xgp=a<o. Thn xvex vt @ V).

b7ar
So XU =U = K, U =0 => X Lle(Stah, (). But v,e l(h)° ond
So !OLL Thw in Sec 14, b is a charectenstic of . Lxerase in Sec 1.1

Cmplaes St e (,)cP = )(0\6/5 éao/mog to o, contradiction

—
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Fom - In 7!;21/())/62/5& S/'ﬁm/'@/ons, VCA 5 a S/ﬁéﬁ Covbrt. for
zfmnw&, consider V= 9 We enow | see Efam/)/?; in Sec. 11 Lhat
f (ehd) s on SL-tiph, thn J s a cherackenttc of e
Malcevs Ehm [see [(M] Sec.54) ¢ (ehf) ChE) we Sl
ﬁipfes, Hen 7’[’/“7 are Co?/'u(ﬁq;fc, TE follows Yhod each non-
t’m/ﬁ‘%, I s @ 5/}755 ﬁ/'(?a'felx/‘f bt

21) Borus: 40}440}6}450415 /um//es

B +ums gt Hhet e previous /m/omff/an fojafécr with a cons-

wckon in this section is suffiient 4o Ably describe Uy, £ g soms
éh?é /e fZL &/oﬁlre.

/4 je/ye}’d cons Zz/aﬂlmn 0/ 2 /ofmjemom {uim/ é (5 &s /D%WI.
ld (b on zz/ij@gmfc Goue, H it a/%r/gmic (- Zansti %feo/)

Sa@rou/o X7 be q 7uasi -/orcy“cmln/e r/anvfg, wﬁf/ an ﬁtwf/an. 7Z¢,,
[xH acds on (=Y via:

@,4). [J:é’) =[g3’/’,’ 43)
F tums out thet Her i a Vzam/‘z} A <Y with 4, %Mﬂoa
/y/cype.e{/es (see [PV], Sec 9.8 ) 4 Hhew easy corollares,
7) E comes MZ// 7] /%0}/’M/Irh1 [ X }’ — ( X %/7 f/ﬂf f e /ﬂha)ﬂé’j
#-Amo% /n &fﬂé fo/)o@j}, (e KKHV 5 Q4 fuof/em‘ 07[ 0xY éy//

in th sfronjesé Sense.
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2) (n G KMy am'yue/@ sotht (57 = s (—fyalm/’/mf.

2) 5"”}’ — (/H, /%[3,57 Hj%/, s ﬁ@l@ “riviid Gn etale
éopa(ojg/) with Aber Y over 1H < (IH

4) T construction is /Zmﬂfoﬂq// in /" i/ﬁp-‘ Y s an
H*fqu[l/m'anf mw/M/Sm, ‘wa (77-‘ [ty — f"HY,/ A, (7,(7) =
H. {j, (70(5)) 5 a f'e?uit/aﬂan'f /MO}WA/J'M. 1.7[ ?ﬂ 5 a L/C)Seo/[/&y?-

~S

0/614) méeo/ofmg, Yan 50 i
5) If th action of H on Y extends to an action of () Len

C"HV > f///"y Ve #[j,g) Hfj//’jé/)

In pmfrw,far, we con 4}0/@ s construction 4o comected
/coéwf/vc C H=F £ V= ,/7,2 (A)o Sine 7 is 5/%00214, 1) (ov 3))
Cmpties bht C "lpl/7,Z () is smoocth Now whe have 2 mow/ifm

4 GFPY —= V. P low) gn
/D/o/pos/'f)on meens ‘f/Mf ‘fﬂ So/me—féeor&{t th{(il’; o/ L qre
/)0[/){5. S0 d s a %C% closed fm!ao/o/mj,. And 4, imcz(je/ s
Vﬂ, 5400\/019 ibrs a é’(Q/%FCfOSeo/ SMool% Su Kuar/m‘g_
We con also szw% VG usmg this constrution /Vam%}/ e
5f7lf an open inelusion f)‘PVzl[A)OLa [”PI/,,Z[A) L d fectors as
this indusion /w%ww/é o f"P[/?,Z(A) —
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[emme: o is //f/cc/fu/c
Foof: o /cwfors as [ Pl/n(/l Jos (<Y ﬁf//’ v —%’l/
4) 5) /D/c(v/edf/on prgeﬁflue

EXf/’US&S.‘ 7) (m ;.’2’= VCA & 0_7-' f"PKJ{A) —’—54 is 4 tesolution 0/
S/ngufanfles-

A L\, 1L,
) “\ h K[ (h k)< (hh) h
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