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1 Optimal destabilizingsubgroups
1e Reminder notation

Let G be a connectedreductivegroup Q Vbe its findim
rational representation T V VICbe thequotientmorphism

Choose amaximaltorus TCG let b be itsLiealgebra Set
5a Q t For heCSake considertheQgradings

V aValh g path where
say Vah Ker h a idy

For bed we set Voth Valh let 9,6 h have the
similarmeaning Note that

g h cgy.ch cg are subalgebras connectedalgebraic
subgroups G h C G h C G withtheseLiealgebras Thesubgroup
G h a Levi subgroup is reductive see Case2 in Sect 1 of Lecf
while Gath is a parabolic subgroup whichbydefinitionmeans
that it contains a Bevel subgroup Theprojection go.ch goth

integrates to Gath C h
Vah is G h stable V lk CVs.alh are G h stable a

T



Moreover the action on Cath on Velh Vach Valh

factors through C h

Fix a non degenerate Cinvariant symmetricform i on g w

x x edsetxe.be Wesaid in Sec2 ofLec12 that heGbe is
a characteristic of rest stake if we Valh hh is
min possiblewith this property inparticularthis notiondepends

in thechoiceof Wehave seen that a characteristic exists
Here's abasic result linkingthe characteristic to thesub

groups introducedabove

Exercise if h is a characteristic of o geGooch then
i h is a characteristic ofgo hint this followsfromthe

invarianceof i theclaimthat G h preserves Vah
ii gh is a characteristic of v

We will seebelowany
characteristic of v is oftheform

gh for geGoth 2hbeing a
characteristicof v

1 1 Main results

Let heGbake



We need a certainnormal subgroup of G h Namely h
is inthe centerofg h Set g h xeg.ch h x o This

is an ideal Moreover it's a Lie algebre of a normalsubgroup
of G h hi is a rationalelement of g h g h g h37
hence somemultiple of h comes from a homomorphism

Ctht It
Set G h Kerx Notethat G h acts on V.ch let
D V h V h E h denote thequotientmorphism Finally
for we Valh we write v for its component in V2 h

Theorem Kirwan Ness

1 Let vek.ch TFAE
a h is a characteristicofv
6 1,10 Idol

2 If h th are characteristicsof o then heGaelhlh

Exercise If h is a characteristic of o then Stabato Gath

Example Let eeogbe a nonzeronilpotentelement Include it
into an 34 triple ehf see Sec 2.3.1 in Lec10 One canshow

that
h is a characteristicof e in fact we will later seethat



G h e is closed since eeg.ch 6 of Thmyieldstheclaim

12 Proofof Theorem
We can assume To G h 5cg h Then 5hg h is a

Cartan subalgebra in g Chl Wewrite 1 1for x x xeC.br

Step 1 Weprove a 61 Suppose I v1 11261 ByHilbert
Mumford h e G h Ia s t we V2 2 hi NotethatChhi e
It followsthatfor so 1 vEV 1 eh eh

Exercise o e hteh.la1h1 Hint hhl o h.tl eshteh
Thisgives a contradiction w a

Step2 Wewant to give a combinatoricsgeometricconsequenceof 6

We startby introducing a bitmorenotation Theform
induces an isomorphism5 5 to be denotedby C Wecarry to

5 using c Set 24ft This is theclosest to apoint onthe
hyperplane ch 7 2 in 5
To nenter ueVweassign thepolytope ConvfulCbi fromthe
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actionof Trov see Sec 1.1.1ofLec 11

Similarly fornontero ue V we have Congfu c1 forthe
action of I the max torusofG h w Lie I 1 on V h
Convalu Cb for To V h Ourgoal is to provethefollowing

Claim Suppose 6 holds Then

11 Xe Convgo ge Czech

Proof By HilbertMumford OEConufg.ve c 1 112 g.EE h
Note that since h acts on V h by 2 5 h wehave

Conv u Cons u ne Velde

2 XeConvagore g e G h
Now letgo G hl g be its projection to C h Thenthe

projection of go to V h is gv2 Since Kth Va h are

sums of weight spaces for T we see Suppgov C Supp go
This and 2 prove theclaim

Step3 Here we prove that h satisfying 1 is Cconjugateto

any characteristic hi ofer This will finishtheproofof 6 a

We will needsome more notation Let meV10 be set
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O Conv u We writeAuforthepoint in Conv u closest to 0
due ByStep2 XeConvgo c ah 772 geCath Since
X is theclosestpoint to 0 in the ambient halfspace X Xgo
Set ha f This is the vectorofminimal length

among those that take values 2 on Conv u exercise Bythe
construction of a characteristic in Sec2 ofLec12 we have
h hr where u go for somegeG

Consider theparabolic subgroups sech Coach Theyboth

contain Borel subgroups BB containing T TheBruhat

decompositiontells us that wells.t.geB'WB
where in is a lift of

w to Na t In particular p e G hi peG.ch s.t.g lpt'wp
By Exercise in Sec 1O h is a characteristic ofp r

h hpio And h hpvby a previouspartofthis step So we can
replace 0,0 w pup o assume that g in Since in normalizes

5 we have Conu ol wConvo since wacts on5 by isometries

Do who h'sho whowh implyingthe claim

Step4 Here weprovepart 2 of Thm ByStep1 anycharacteristicof o satisfies 61 sobyStep2 it satisfies 1 It fellows

fromStep 1 that geGIgh'sh It follows that h is a
characteristic for both 0go Applying the lastparagraph ofStep
T



we see thatgap'sup w pp e Gath h wh It followsthat
w is in the Weylgroupof G h hence we G h geGeth

2 Hesselink Kirwan Ness stratification
2.0 Definitionofstrata
Thenotion of a characteristic allows to stratify it ite

into the union of smooth Gstable locally closedsubvarieties
Namely for an orbit ChcC5g we define a subset Vanc

CT stall of all elements whose characteristic is in Ch Wewantto
describe Van In thenotationofSectset Vh V h I 12101

let V h denote thepreimage of V h in Va h By Theorem
in Sec 1.1 wehave ValhicVan Also Van is Gstable So weget
theaction homomorphism whose image is in Vch

α GxValhl V g o togo
Set P G h Notethat Vath is Pstable Kath CV

is G h stable V2h Va h is C h stablebySec1.0 The
subset VhicV.ch is G h stable since G thtacts on
Vath Vieth V h by the projection to CChl we see that
Valh is P stable
So P acts on GxV h by p g o gppul Notethat
2 is P invariantby construction

A



Thefollowingproposition is akey ingredient in showingthat
Vanform a stratification in a weaker sense Van is not a unionof
Van's

Proposition im α Van Eachschemetheoretic fiberof α is a
single Porbit

Proof By Thm in Sec 1.1 h is a characteristic of v
re Valh This implies Van Valhl im2
We now prove theclaimabout fiberson the levelofsubsets

It's enough to prove that for u re Va h geG
theequality

ago gep Forthis
observethat hgh are characteristics of

u and use 2 of Thm
Toprovethat the scheme theoreticfibers are Porbitswith

their reduced scheme structures it's enough to show that
Kevdego α TigoP g v By Cequivariance we can assumethat

g 1
Then Tan Gx Var h1 of Vath 22cm x ulsx.ru

Weneed to show x.ir u ep
Let us write Eata V E No wherexaegalhl.veV6h

Choosemin GeQ w Xate xp ace Then X.VE Xa.atanV6lhSox.vu a 02 0 XaeLie Staba v1 But we VChl and
so byThm in Sec1.1 h is a characteristicof v Exercise inSec1.1
implies Stab v CP aep leadingto a contradiction
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Rem In favorable situations Van is a single Gorbit For
example consider Vg We know see Example in Sec 1.1 that
if ehft is an 3h triple then h is a characteristic ofe By
Malcer's thm see CM Sec3.4 if eh f e h f are 34
triples then they are conjugate It follows that each non
mptygch is a single nilpotentorbit

2 1 Bonus homogeneous bundles

It turns outthatthepreviousproposition togetherwith a cons
ruction in this section is sufficient to fully describe Ver getsome
info re the closure

Ageneral construction of a homogeneousbundle is as follows
Let Gbe an algebraicgroup H its algebraic Zariskiclosed
subgroup Y be a quasiprojectivevarietywith an Haction Then

GH acts on GxY via

gh gig ggh hy
It turns out that there is a variety x Y withthefollowing

properties see PV Sec 48 theireasycorollaries

1 It comes with a morphism 4 Citythatis aprincipal
Hbundle in etaletopology ie City is a quotientof 6 7 byH
in the strongest sense
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2 Gn Getty uniquely sothat 6 7 City is Gequivariant
3 Gotly CH H gg right is locally trivial inetale

topology with fiber Y over 1HcGH
4 The construction is functorial in Y if q Y Y is an

H equivariantmorphism then if xtly Extly H gg
H g glyl is a Gequivariant morphism If y is a closedresp
open embedding then so is it
5 If theactionof H on Y extends to an action ofGthen
Getly GH Y via H gy gttgy
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In particular we can applythis construction to connected
reductive G H P Y Vx h Since Y is smooth 1 for 3
implies that GPVaChl is smooth Now we have a morphism

2 G K.ch V P gio togo
Proposition means that thescheme theoretic fibersof are

saints So is a locally closedembedding Andthe image is
Vsh showing it's a locallyclosedsmoothsubvariety

We can also study tan using this construction Namely we

get an open inclusion xpVachia xpVach factorsas

this inclusion followedby GPVah V

Lemma I is projective
Proof I factors as GPValhlyCPV C PV V

4 ST projectionprojective

Exercises 1 im Jan I GPK.lk Jah is a resolutionof
singularities

JanVan nichtchin Van


