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1 Luna slice theorem

1.0 Setup
Thebasefield is
Thegoal of this lecture is to answer thefollowing
Question Let G be a reductivegroupacting on an

affine varietyX and let xeX be apoint with closed Gorbit
We want to understand the structure of theaction near Gx
the structure of X G near x

An important ingredient in the answer is thesubgroupH
Staba x Thisgroup is reductive forthefollowing reason Cx is
closed in X hence isaffine And Gx GH as a variety
The following will beproved in thenext lecture non

algebraicallyindependently of this one

Feet Let HCGbe an algebraic subgroup If GH isaffine

pythen
H is reductive



11 Homogeneous bundle

Here we will explain a framework foransweringQuestion in
Section 1 Forthis we will need a special case of theconstructionsketched in Sec 2.1 ofLec13
Let H be a reductive subgroup ofG Sbe a finitetype

affine scheme with an H action Consider thescheme 6 5
It comes with an action of GH

g h g s gg hi hs
Wewrite s Gx51H ThegroupGacts on Cx S bc
actionsofCRH on G 5 commute Themorphism 6 5 G induces

p x S GS1H GAH GA st the following is commutative

6 5 G
It

Gets P GH

Exercise 1 Show that p is G equivariant

2 Identify p H1 w 5 hint p atl post H1 H

Inparticular dim x S himGH himS

3 Establish an isomorphism Cx's IG SHH hint
compute 6 5 in 2 differentways
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Thx to 1 2 Cx's GH can be viewedas a bundleover
CH w fiber S over7H This 1 justify the name homogeneous
bundle for Gx S Formore on these see PV Sec4.8

Rem One can view the construction ofCx's as an induction
that starts from e variety w Haction andproduces a variety
w a Caction Essentially any property of the Gaction on
Cx's can be recoveredfrom the Haction on S et 3 of
Exercise

12 Slice
Let's return to the setup of Sec 1.0 In particular H

Stab x We aregoing to compare Xwith Cx's for asuitablelocally closed H stable affine subvariety SCX a slice

First note that in this generality there's a Gequivariant
morphism s X the actionmap x 5 X g s 1

gs is H invariant so uniquely descends to 2 Ext's X
H g s togs
Now we need to explain how to choose S It'sgoingto

beopen in a closed Hstable subscheme 5CX The
constructionof 5 is in two steps
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I Assume X V a rational Crepresentation Since H is
reductive one can find an H stable subspace NCV w
N g x V As an H representation N V og57 a
normal space to GxCV Knowing5 recovers N completely
again b c the representation of H in V is completelyreducibleThen weset Nx Nandtake S Nx

II In the general case we can Cequivariantlyembed
into some rational representation V Step 1 in Sec 1.1.4

of Lec 11 Let NCV be as above Then we set
5 N AX a scheme theoretic intersection

Lemma

1 Wehave G 5 XY Gx Nx
2 Themorphism 5 X is etale at H ex
Proof

1 Note that 5 XAN 4 5 is thepreimageofX in GN
6 5 X G N Wewant to show that

q GxNAHH Xxv AND H Thisfellowsfrom

Exercise Let YYX befinitetypeaffineschemes w morphisms
I Y X Y Let Hbe a reductivegroupacting on 7 s t
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7 Y is invariant Then Xx 711H Xx 7111
Hint Use that Y is naturally a directsummand in

CCT to showthat

eyeli X ay Y

is injective 5 Cx ecy 73 to show

that is surjective

2 Since being etale is stable underbase change we
reduceto showing that C HN V is etale at H 1x

dim N him himN himH dimV so it's enough to show
that da.int is surjective Thx to the commutative diagram

Ix
it suffices to check that hand is surjective The latter is
because imhand TxGx TN g x N V

13 Excellent morphisms

Let G be a reductivegroup and XYbe finitetypeaffine
schemes Let G act on X YRy Y X be a C equivariant
morphism Let g YAG XIGbe theinducedmorphism of
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quotients Thefollowingdefinition is due to Luna It describes

properties of2 Cx's X we want tohave

Definition Wesaythat y is excellent if
a 415 XIIC is etale and
6 Thefollowing isCartesian

yex

Is
auctientmorphisms

Properties ofexcellent morphisms Suppose q isexcellent Then
1 q isetale
2 yeY q

restricts to sty styly IT tx yly
3 Let X.cX be a closed C stable subscheme 7 XY
If Y X is excellentthen so is Y X
Proof

1 2 are exercises Toprove 3 observe that Y X.TT
Y XxxYh yields XenaYIC whichby Exercise in Sec

12 implies Y.lk X.lk xp 4114 Sothe morphism Y.MG X.ltG
is etale as a basechange of 4114 XMG Y Yetxp YAG
Yo x.laXellGxxya7G X x.naY.lk establishing the two

conditions of an excellentmorphism
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The following is themaintechnical result that will beproved
in a separatenote

Mainlemma Suppose XY are inaddition smooth Letyeybe
set by Gyly are closed Moreover suppose
I y is etale at y and
II q Gy Gyly
Then openaffine YG C Y containingstyly st the
restriction y D 7165 X is excellent

14 Etale slicetheorem

Definition Let xeX be apoint with a closedGorbitand
H Stabak By an etale slice at x we mean an Hstable

locally closedaffine subscheme SCX containing st the

morphism s X is excellent

Thm Luna An etale slice at x exists
Proofmodule MainLemma

Thx to property 3 in Sec1.3 1 of Lemma in Sec1.2 we
can reduce to the casewhen X V 5 Nx thedetails of this
reduction are left as an exercise The conditions ofMainLemm
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are satisfied to seethat C N is smoothnoticethat it is
a bundle ever smooth CH withsmoothfibers Nx see Exercise
in Sec 1.1 For S we take thepreimage of 6 5 6
a 6 5 16 5111 under 5 51111 5

Corollary Suppose Gacts on X freely Then IT X IG is
a locally trivial in etaletopology G bundle
Proof exercise

15 Caseof smooth X
Suppose in additionthat X is smooth Then S issmooth

this is because both GS Cx's X are smooth morphisms
α is etale by Luna's thm IT is smoothby Corollary both
in Sec1.4
Let MCCLS bethemaxilideal of x Set U IS Mm

Theprojection in U is Hequivariant and by complete

reducibilityadmits an H equivariant section U in yielding an

H equivariant morphism S U w too Bythe construction

q is etale at x So we can find an open affine UHICUHH
containing 0 andreplace S with UNH spp

S to achieve

that y is excellent Weget the following commutativediag
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ram where the squares are Cartesianandhorizontalarrowsare
etale U Cx's

I
UHH SHH XUG

This reduces thestudy of X near x to the studyofthe
linear action of H on U Note that U T S TX TxGx

Remark In particular we see that etale locally nearSTEI
NICbehaves like UllH
Thisobservationgives an inductive tool to investigategood

properties of quotients for linearactions Let X Vbe a vector
space If VAG is smooth then UHH issmoothaswell Details
are left as an exercise

16 Some corollaries

Lemma1 Let Xbe an affine variety equippedwith an actionof
a reductivegroupG Let xeX be apoint w a closedGorbit
Let H Stab 11 Then a Cstable opensubsetXCX

containings.t yexthe stabilizer ofy is conjugate inGto a
subgroupof H
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Proof Let S be etaleslice Take X to betheimageof
Cx's in X This is open bc themorphism q Ext's X isetale
Note that Cx's SHHxxax For 16x ESAHtypeX the
stabilizer in G coincides w State x Ontheother handthx
to the epimorphism Cx's CH everystabilizer in Gxt's is
conjugate to a subgroupofH So every stabilizer in X theimageof
the projection SHHyax X is conjugate to a subgroup of H

Lemme2 Let C be a reductivegroupacting on asmoothaffine

variety X Then thefixedpoint locus X is smooth

Proof

Let xe X Applythe construction fromSec 1.6 Weget an
etalemorphism X G VAGfor someopen MG containingTex

a Cequivariant isomorphism it MGT MYviaV Then
I 4141 XYG via V Ofcourse V9 is a vectorsubspace
hence is smooth Since XG VAG is etale IT_1141 is
also smooth finishingtheproof

Exercise For xeX wehave T1 4 IX

Rem If G is not reductive theclaim may fail considerthe



action of C on C by 2 xy z xy zxdflx.gl
where

feClay is apolynomial Thefixedpoint locus is
xy f xy o A
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