Jecture 19 7/26 /25
1) Luna slice féeo/em

Kef: [PV] Secs 61-67

1) Luna. st Hhesrem
1.0) Swfu/o
71& base 75&&( is .

7_07& jod a/ Z%'J lecture is 1o ISWEr 7,‘4 /Q/Z[aw[n;:
ﬂuesfron: Let [ fe o Yeductive group Aaﬁnj, on an
atfine l/ﬁw"/’i} X, and bt xel b o Po[n‘é with closed (-orbt.
We went 4o uno/cm,zano( f/e structun a/ fA adtion nesr Gx°

£ f/e struc ture a/ )(//f neor 9y (x)

An éM/Jorfanf c'ncﬁrgalienf m 2l answer s A, 5!4{/%:4/0 Y. =
Stak,x). This Ghoup Is veductive for th /off&winog rerson: [x is
tlosedl in X fence is afime. And Cx = C/H a5 4 myf(/?\

The /oﬂﬂln/[}ﬂaﬂ witd be pfcho( 7 fZL puxt lecture (non- -
jﬁ/g/ajwﬁ&) 6'770/(}06/70/607{% of His one.

/Qﬁf-' wa #Cﬁ be an ﬁ/jv/g}’azc Suéj/ow/o. I/D f/ﬁ/ /s 474//)79
Bln H is reducive.
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79) /%Maéeﬁeous bundty,

Here we with exp lein 2 74’42/1401/0/’,& /ok ANsherons, Luestion in
Section 1. Loy 7,%3 we wtl need 4 Spw'd case of 4o const.
ruction seetched in Sec 2.1 of Lec 13

va Iq be a /’6&/44%(%’ J‘u%mtx/j 0/ G Z\ S o/f, a 7%7/1{: fg/)e
47[/‘)15 S&Aema Mi[/ an H-action (oS e fZL SMema ;xS
1 comes with an adtio 0/ C"H-‘

[ﬁ’“' /5:5)1 = {73’/‘/’ hs)
We wnte [‘xHS-f[["S)///‘/ ﬁtjmu/g 0 ads on KKHS e
{{(/flans 07[ KXH on [*5 Cammmfe~ m /mljo/um [KS —95 imluces
p: (AS= (xS —>CIH = [ st e /a%wz)y is commutodive:

(xS ¢
Lar lar
(AS s

: /)SAOW -f/d f is G- €7a£vmmz‘

2) Thentiy (7 GH) . S (hrt: o7 (sH) =(peor) (1) JH)
Ly /OQ/f/w/a/) dm C<"S= dm (fH+dm S,

3) Lstablish an /meoyfzym ([XHS)//f —%> S (hint:
MCOm/aufe @[C"SJCXH m R oaf/ffmf h//’ﬂS).
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7ZX to 7)KZ), ["HS"?C/H cen be vewed a5 o bundly over

(/Y w. hbor S onr 1H This & ’/) /wi/;‘;q, A name '%0/140}6/760«5
bndl o GXS. By more on Hese, see [PV] Sec 44

Rom: [he can view A construction of NS 25 an induction
%uf Slzarfs j%m Q VWW@ w H-ection and /0}’0044665 2 VRJ’/%[}
Woa [-action Essenf/% My /mpa'fd\t of il (-2 Aon on
(%S con be recovereod From o H-action on S ef 3) of

Exerase.

12) Sbee

Lodss retum 4o 4l S\’/Z[u/o of Sec 10 In /aaré/ou/w; H-
Stab. (x) We ar going to Compare X with £5"S Lo a suitab.
le /oc% chosed H- steble affime jméz/a//%ét ScXgstar
First, note Lhet in ths senerelity thres 2 (eguivenuit
/myp#;w ["HS — /- 7,% adtion Mmap [;5 —MﬁX/ /j,.v) [—
95 is H-inverait £ so Un/'}myé desunds & o (xS = X
H 6,3) =2

Now we need o 5)90{04;)7 how o &/oosa S. s joc}g to

be open in a closed H-staklh subscheme S <X Th const-
rudion of S is in two Sfrfs-'
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7

reductie, ore can fnd an H- stable yués}mce Vel w
A/&?ﬂx V' As an H-re ////efcm‘n/‘f/on = V/@/j? 2
normed Space to (x <V Enowin }/ recorers N Com/a/fa‘@?/
[a can, bje Yo e /asem‘wlon of H in V' is f(w/// fﬂg yery-
&gﬁ) Tlon we syf /f/ - xtV and +are S: =M.

I) /4 Ssume /V -V rationad ()‘k/JVt?fM’éaf/Pﬂ. S H s

I[) In the jw}'a/l Case , We Con f—fym'z/aw'mfg{/ em beol
X into Some rationd /e/prarmfez‘/bn, V (Step 1 in Sec. 1.14
of Lec 11). LA NV b os dbove. Tlhn we sef
S:= N NX (a schene Hheontic intersecdion)
ZKM/MQ:
'/) h/e. Am/e ["HS— -—’V%XXV/KXH/Z).
2) The ﬂ/lol/pélsm [0S K is etod ot M (1x).
foof
’/) Note 'L%Mf S= XN, = ng Is {A/}’Z/-}Mtje O/Xih [X/Vx
= fo —’59)("1/ (["M) We went 4o Show Z%a;f
(s (cxt VIH = X, ([ IH). This follows From:

C Led }/ X be Fnite sz/% atfme schemes w. MD//@//!M;
y-’yK X—Y LA H be a Ve@m{/nj/m/o Ayf/@e an 7 s.t.
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Y=Y s invanant. Th /X’},?)//A’—”»X*V(W/H)
~aH : :
Hint: Use ‘L%Mf f[ 2 ﬁazfam,%/ a direct Sumﬁmm( n
Cl7] 4o show ?%Mf
() Clle,
s mjectve £ (€018 CLII)" —> (e,

Lv1
Lhot ) s sujective

H

Ci — (Cie,, CL7))
CL71)" 4o show

2): Since Kem} Aok s stakble onder base 0/%567 we ve-
Ao s Séowing, Hot f?‘y/f{( — Vs bl ot H(1x)
dim f"H/({( = dom C+dwm /[/—%m HeadmV so ity Mou(j/ ‘o Show
Yot d), (ol 15 Su(//'rof/Vc. The % ¢ comutative ﬁ&@gmm

(xS <«
J ;

xS b){

4 514];/)&% b hece it 0/(,’”0( is yujepz[/va Th ladter is

becouse im o, 4> T (x+ 7;ﬂ{(=g.xf/f/=l/. O

13) Excellent mmp//sms.

Zf/f 5 /e Q /’fﬁdwf/w; jrau/o am/ )Cy{c %m'z/c Z‘J/oc c{;%m
Schemes. Led ([ ad on )(XVX?o:V—?X be (f€yuiww'anz‘
%4070//5;14. Let @ e — XY ( te the Onduced molfél'sm of
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?/ao{/mfs, 7ZL /a/ﬂowz'n; definiton is dwe £o Luna., Tt deseribes
/rope/f/es 0/ o (' HS =X we want Zo have:

./.Dc/inffmn: e sey f/d ¢ s excellent c'/)

@) g e —XIC i etale and
(%) The /ﬂowm& is Laytesin:

y—t—X

eri’- \l,er «-—Wyf{wf //WMISMS_
e 2 xJ¢

le‘cyjerfles a/ waZ/ emé m&qﬂ//ws-’ Sy/aojc y (5 exwgfenf. %.
1) (70 is etk
2) ‘]/JEX 7 testndts o W;"(erg)) 4?71);'@[7&@)))
3) Lt XX b a chosed (- stoble subscheme £ 7K
I Y—=X i exu/[/enf/flm So s 7 '—>)(o
Frodf:
7)£2) are T prove 3) sbserve Yot D EWE
>’——"‘>X"x//q y//[j/ofofx 7= K E, Wél&/@ Exerase  in Sec.
12, impties XN —=> KIC “ae M- So the /Mor/m/triw INC—=XAC

is cfaby as « base &/Mje of W= X l’yoxx//c /48
= K (R HE) K5y MG establishng G
conditions 0/ on excelent /%077 Ism O

¢



Th /D/fawindq s ‘fZL main technad resudt Lot wtl be /o/oVeo/
n o 5@7oayq7fe note.

Mein omme.: SU//QOSC X,y are, o 40/007{/017, ﬂ%oﬂ% Lef é{E T be
s.t [)d% A 7((]) we chhsed /%/eoz/ar, Sppase:
1) & is elaly ot gﬁm/
) z ff 2, ff/j).
Th, 3 Ppen 4_/’7/})75 [7//( )oc NC Coﬂzza/iﬂmg, 9;(5) ot 2o
sestrtion 3& %—1[(7//5)‘7) — X ic exelledt.

19) Etoly stico theoem

Definttion: Led xek & a /aiﬂf W/Z‘/ Q 0/0530/ f-or//iéwm/
H: =SfaZC,(><)_ 1%, an tale st o x we meen an H-stakl,
Zoc% chosed 4/;5/%: subscheme. S c X Co//zz‘a,inmocx st 4
mwpﬁzsm A NS — X i excelled

Thm (luna): An etale stie ot x exsts

Boof (modely Main Ze/mm)

Thx 4o prpecty 3) in See 13 £ ) of Lemma. in Sec 12 we

cen reduce % H, case whn )(’V S=/, /64 dotaits of fﬂ//J

Yedukion ore Ll os an ). The conditions of Main Lemme
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are Sanl'sf/tD(: to Ser ‘f/aif f)‘/-//fé (s Smozﬂ% Nottlce -é/uf it s
a bundt, over jmo(zf/ LY with smodt) Fibers, N, see Exerase
v Sec. 11 For S we +fare £, /}/a'maje of /[’XH:S:)D//J’
<GS =S imdr S — SJH. ad

@M/wj : _gu//ﬂose [)MS on X 75’%6 7Zw WJ‘X—’ X//C /.\“
A ﬁma/%/ %}’H/IQ,Z [[y) dkﬁ 'fo/DaLﬂoag_) é)‘ 5&1170(&.
foof

/ 5) /4255 o/ :moaﬂ /f/

Su/oposa) n Ro/o&f)on) Hot X is smodth Then S is smodt):
Hhis is because zéf/ (xS T, OxHS —°[—>)( are 5/11001‘4 Mophsms:
7 is etete /} Luna's thm & %, 5 smodt) é‘ f{)ﬂoﬁw},{ffé
n Sec 14

Lt mec Cl[S] & £ max'l jodead of x. St ﬂ-”z:g-—[ﬁf/hf)*
7L /orgjw‘flon m—U" i H- eyu[:/an’m‘f anol 61 fomp/f/fc vedu-
cibi bty wllmits an H- equiveriant section U 7 y/f/&/f;;@ o
H ~e7uiwviw4f Moyaéism SEY w x0 % Yo constrution
¢ is etlale at x. So we con 741/ w1 gpen afme (UIH) = UIH
confainmJ 0 and replace S W)‘M /Z///F/)axj//y S 4 acdew
thet w s excallent. We da//f e sz'ﬂog commutative Mzzé»
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Vo, wxen 'LZZL Souases are (ovtesien and horizontal arows are
etate. O Y — (xS —— X
1 | |
Uy «——sply —— X//[
This /’eﬁdu:q 1% Sfaa% 0/ X ntar (x 4o /A ﬁ/wa/g, 0/54
Onear  ation o Hon U Me Yot U-T.S 1’7:)(/7,;5)(\

Kemeve: Iy /pan‘/culaf we set. Yed ol /éc«f/é near Jx)
X behaves Live UMY,

Thi observation guves an miuctive ol %o l'ﬂVEJ{ZBQJLZa 5000(
/D)’{?oafleS of 7uo7f/cmé5 By bnear actions. Lt Xl be o vector
space. W is modh How UIH 5 smosth as well.  Details
are left as an

16) Some corollanes.

Jemma1: Lok K b an affine vanety €7ut7)/beo/ wit] an action of
a redudive oup G Lt xeX b a /ooinf w a chosed (orért
et H = Squ (x) Tlw 3 4 & sta b, gpen Subset J(OC)( contta-
ﬂing/ x st '/7‘516)( 'L‘/& sta kb tizer a/ 0»[ /1 Coy'cgq,fe A
S’u%)’auf 07( H
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Foof: Led S b ctole ste. Tare X' 4o & 1‘4 imaje o/
(xS in X Ths open G b mo;pﬂ/)sm % xS — X is etk
Moo thet (NS = SlH ) X for (Gx)e SIHxy X, e
stebilizer in ( comeides w. S_fa/gc &) Ch A oher 4@9{ flx
ts Ha gofmagm/rsm Cxfs L, Gy ny stabiloer in KX'L/S s
Co‘ujujaﬁa ‘to 2 Suéj»lfoup a/ H So 6!/8}'5 stabitwer in X /OZ%; /Wa(je o/

e projection  SIH =K is jugete o ;a{f/ou/o of H o

><X//£ X

ZEW/MQ J: Ayf L be a /eoéwf/z/{ j/ou/ ﬂo{mdy, on a Smooﬂf/ A/Zm
l/ar/%‘} X Thon Yo Lxed /o[ﬂf locus X s oo,

oot

[t xe X* ,(fﬁ/@%, bo constrution fom Sec 16. W jaf &)
etele mophsm  (E)— Wi for some. gpen (W) contasnng. )
£ a [’67ulwaricm7f /'So}m///nm W"(M()a)—"é(y//[ OXV//[V. >
57”({}(//5)0)0 —> (X)) Ve Ve O comse V* ic a vector mlj;mce/
hence s 5/%097%. Since ()t’//()o—e Wi s daﬁ;) W%’WJ)O)C/S
2l smodth 7/5%)'54»103 e p)/oo/. 0

: For xe X,G we Jove Z/XC)=(7;X)-C

:@m¢ I/) [ is not //fﬁé/ﬂzﬂ/ﬁ) He cloim My Ll consider f/L
70



acton of (C+) on 53% " [x,j,%):= /X,J,Z)roz/(;gjl),wém
fe f[x,dy] s Q/o%ﬂomza,g_ 7% //xc/poz'nf bocus is
)l F6)=05~ A"



