
 ProofofMainLemma Sec1.3 ofLec14
Recall that the lemma isfellows
Mainlemma Suppose XY are irreducible smooth Let yeYbe
set Cy Gyly are closed Moreover suppose
I y is etale at y and
II q Gy Gyly
Then openaffine YG C Y containingstyly st the
restriction q D 7165 X is excellent i e

a NGT XUG is etale
161 Y 716 xp X

where Y g 71419

Notation For a finite typeaffine scheme I a closedsub
scheme Z we consider the completion E 17 Z It
where It is thedefining ideal of Z Relevant completions

include 1 3 43 8 1 3 4 43 48 XIG we

abuse the notationandwrite insteadof stylx 414
Theproof is in 3 steps

1 Prove that q 1 3
4 Cy at

2 Prove that a XIG 3 419andthe samefor
7 Thistogether w 1 implies is etale at styly
3 Finish theproof
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1 Step 1 q 1 3
4 Cy at

Note that the composition Y y 98

extends to X 43 8 bc 4 Ia C Iay
4 II CI

ay
k7o Denote the extensionalsoby q

Wenote that the algebras 143 come w descending

filtrations as inverselimits 4 is afilteredalgebra homomorphism
The filtrations are complete separated so to show q is ise it
is enough to show that gry gr gray 8

Note that gr Ii I SV Gx anormal

bundle Since q is Gequivariant etale at y it'setale
at everypoint of Gy Andsince it restricts to Gy x it

gives rise to an isomorphism NyGy NxGx The corresponding

pullback homomorphism is nothing else but gr q finishing the

proof

2 Step2 XG 3 919
We will prove a moregeneralclaim

Lemma Let A be a finitelygenerated commutativealgebra
equippedwith a rational representation of a reductivegroup
C by algebra automorphisms Let ICA be a Cstable ideal
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Set A A I I Then

lima A I lineA I
Proof

Notethat I c I so we indeedhave a homomorphism

lineA I lineA I To show that this is an isomorphism
we need to show that thefiltrations I I on A are

compatiblewhich reduces to
no mod Im c I

This is done by using the usual trick withblowupalgebras
set BC A I This is a finitely generatedalgebrew
rational action of C so Be A F is finitely

generatedChoose a finitecollection of homogeneousgenerators f fi
of the A algebra Bl A ofdegreesdo 2,70 BytheconstructionI c Spang f fi I Σadi n fie I I set d
max di I Thisproves

To apply this to our situation observe that themaximal
ideal of My x in XG is Icg exercise So we have
Isomorphisms

XG y ay 416 8

The resulting isomorphism XIG 416 8 is nothingbut
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Hence is etale at styly

3 Finishing theproof
3 1 First of all the lows in 716 where YAG XIG
is etale is open this is the lens where thesheafofrelative
Kahlerdifferentials is locally freeof rk 1 So we can find
f e Y sit fly to y is etale on YGf We can then

replace Y w Yp so that Yp11C Y Cf and assumeof is
etale
Set Y 716 xp X Y is

smooth 6c X is smooth What
remains to do is to findfae Y Y s.t fly to

Yf Yf Wewritey fortheimageofy in Y sothat Gy Gy

32 First we claim that f E Y s t Yp Yf is etale
fly to Let ZCY bethe locus where Y Y fails to be etale
It's closed C stable It doesn't containy Since Gy is
theonly closed Gorbit in it Cityy the closedCstable

subvariety ZA sty it y must be empty So the closed

subvariety My Z C Y G doesn't contain styly Pick f vanishing
on My Z but not at stylyl Replacing Y w Yp we achieve

that
Y is etale



33 Weclaim that can find fe Y s.t Yf Y isfinite
Since Y Y is etale it'squasifinite all fibers are finite
Note that by theZariskimain thm forquasifinitemorphisms
we canfactorize Y Y as YET Y where YGY is an
open embedding 5 Y isfinite Notethat Y isdefined

as the integral closureof Y in Y In particular it

is C stable Since Y as 5 Y we have

Y 5 Y Since 4 Y39this
implies 5 Y

Observethat Cy is closed in 7 Indeed p G isthe
closureof y Gy Gy but Gy is closed It followsthat
orbit in Ey goes to Cy but for dimension reasons onlyGy can
Now we argue as in 3 2 to show that sty 517 is a closed

subvariety in 716 414 that doesn't containNyly So
we can find fe Y w f vanishingon sty 717 butnot at

styly Then Yp Y is etaleandfinite

34 Wenowprove that Y Y noneedto cut further

Let α denotethe degreeof thismorphism Weneedtoprove
that 2 1 Let y y y be thepreimages of y e Y Arguing
as in 3.3 we see that Gyi are closed ButthenMyyi sty.ly
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Since every fiber of the quotient morphism it contains a unique
closedorbit we see that Gy Gy i Andsince Gy Gy we

finallyget 2 1
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