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1 KempfNess theorem

1 1 Statement

Let Gbe a reductivegroup Vbe its finitedimensional rational
representation Let KCG be a maximalcompact subgroupofGit's
definedupto G conjugation There is a K invariant Hermitianscalar
product on V Notethat u v FIR xet areV
Define a map ju V by gulu x Fi Xo 0

Exercise j is K equivariant

Remark Here'show one computes ju v x2 xet
Theelement x is

skew Hermitian so V V where acts on V2by 512
Write o v2 w.GE V2 Then

44 v 7 F x 0 V2Vp o for2 β 2 02.02

Here's themain result for this lecture
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Theorem KempfNess Let reV
1 Gonju e Gu is closed

2 If GoAju o thenthis intersection is a singleKorbit

12 Preparation

Weneed some ofthe ingredients from Lec11
I Cartandecomposition wehave a maximaltorus ToG w

Tk KMTbeingmaximal compact in T Then we have G KTK
Moreover T Texexp5oz where5 Lie T 5p REE T under

identification T C wehaveexp15,2 Ro Thenwehave

C Kexpbr k
II Thefollowing was established inproving theHilbertMumford

1hm if u vEV are set GuCGT then reks.t.TT AGu
Sec 1.2.2 of Lec11 Moreover bySec1.1.4 in Lec11 VEE T

s.t.fm tt Ro existsand lies in Cu

13 ProofofThm

Step1 Go isclosed Gunguilel Since Gu isclosed point
V Go with minimal v v1 Takeseeandconsider

exp t Fi g v ter
Note that 4 v11 Fizuo.ve 15 Fsv Fig
I



acts by Hermitianoperator 2 Fi 50.10 But to is apoint
ofminimum of t 2,4 Hence Fi 500.00 ju v 1 0

Step2 ungula Go is closed Canassumeguluso By II in
Sec1.2 can replace uw.ro thisdoesn't violatejulute byExercise inSea
11 andassume ftp.dltveGu fortheuniqueclosedGucTo
Let Fid8 1 FibpLieTk Wehavedecomposition

ExVn Vn weV18H v.tt xv Finu
Then existence offtp.rltlo is equivalent to rise for ice
Onthe otherhand by Remark in Sec1.1

44 o 7 Ʃ n Union
Combining cjuifxssow.ve ice we arrive at zero

Im.tt r o Cu Go Go is closed

Step 3 Weprove 2 It remains toprovethat if reju lolageG
are s t julgo o thengreko Writeg as Rexpx R forkickxebr
see I in Sec 12 Replacing a w.RU we can assumejeexpx v 0
Write was Ezra W X.veare explava eara Then

julate Ʃ a fatal so
1 Ea a a E b 06,06

explore Éae a a so



2 E.ae la.val E.tble uo.v

It follows that ehs of 2 Ch s of 1 w equality iff rata
o are while vhis of 2 r.h.s.at o w equality iff 106,06
bee It follows thatjulexpenuto explis o finishingthe

proof

2 Applications

Ourmain goal here is to provethefollowingresultalready
mentioned in Lec14 due to Matsushima Onishchik

Thm Let Gbe a reductivegroup HCG an algebraicsub

group If GH is affine then H is reductive

Theproof is based on the KempfNess theorem as well as

understandingthenatureof themap ju it's a momentmap

2 1 Momentmaps
Let M be a C manifold Recallthatby a symplecticform

on M one means a closed nondegenerate 2 form w Abasic

example is a non degenerate skewsymmetric R bilinearform on
a real vector space Inparticular if V is a C vectorspace w
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Hermitian scalarproduct then w 2 IM is a symplectic
form on thereal vectorspace V
Now suppose K is a Liegroup acting on M preserving w The

action induces a Liealgebrehomomorphism VectM Xm

Note that is a symplectic vectorfield thecontraction 4mW
is a closed 1 form If it's exact then H E C M w CxW

Lttx We want to beable to choose this in a niceway

Definition By a Hamiltonian K action on M we mean an

actionas above together w a K equivariant linearmap comement

map x Hx E CM s.t
3 x w 2H xeE

Wedefine the momentmap ju M by
j4 m 7 Hx m

It is K equivariant

Example Let V be a vectorspaceand weA'V nondegenerate
Then weclaim that we can take H G W x0,0 Indeedthe

map is K equivariant RH v W xR o k o w Ada u v

Adcox o dull u w xu4 w s xu x is symplectic



W xo u x w u which checks 3 In particular for
w 2 Im we recoverjulu x 51 1 0,0

In ourproofof Theorem we will needthefollowinggeneral
property of a momentmap

Lemma Let g be a momentmap for a Hamiltonianactionof
K on M w Then xyet meM we have

Wm XsumYsum gum xy 7
Proof

Wm xsu.m.YM.im xguwlmlysu.nl 313 dmtt.ly m

dmjulysu.nl gu is Kequivariant hence Eequivariant intertwines

You w yet defnetcoadjointaction gumi.lyxD

2 2 Proofof Theorem
Since GH is affine it embeds as a closed Cstablesub

variety into some Crepin V Let o bethe imageof H Take

gu as in Sec 1 We can replace v w a Cconjugate
achievejulose thx to KempfNessthem
Since g pet we have p Eng b
dima Eng times



Notethat His reductive He is Toprove that Heis
reductive it suffices to show that Hank is Zariskidense in
H which wouldfollow if we show 4 is an equality cf
Lemma in Sec 1.3 of Lec2 So it remains to show

5 dimp Eng dime dimpt.us dimeg v
Note that
i g v is a complex subspace

hence we 21m is non

degenerate on g v
ii ByLemma in Sec 2.1 we x 0g a guilthigh e

yet t.ir is an isotropic subspace of g v Thisyieldsthe
equivalent formulation of 5 finishes theproof

23 Luna's desednesscriterion

Thm Luna Let Gbe a reductivegroup acting on an affine

varietyX Let HCGbe reductive xeX If Naltl x isclosed
then so is Cx

Proof Gequivariant closedembeddingofX into a rational
representation Vso we can assume X V We can choosemaximal

compact subgroups K CKNCK in HCNNaH CG Choose a K
invariant Hermitian scalarproduct 1 on V form the
momentmapsMnµ for KnK They are relatedas follows if



s Ent is the restriction map thenMn posyNotethat
is fixedby K hence ju x E 4 1 Also

Ekka c kn cen EEn so plejkn is injective
Sincesulx E 4 1 wehave fun x e juli o
Now we are doneby the KempfNess theorem

Corollary If NaH H is finite e.g H is a maximaltorus
then hx is closed

Remark In fact the opposite inclusion inThm is true as
well if Gx is closedthenNa ti x is closed This can be
deduced from Vinberg's lemma Sec3.1 ofLec6 and is left
as an exercise

24 Characteristic of a nilpotent element in of
Let g be a semisimple Liealgebra over 1 12denote

the killingform Let ecogbe a nontero nilpotent element As was
mentioned in Sec 2.3.1 ofLec10 we can include e into an86
triple eh f

Proposition h is a characteristic of e wv t i a inthe

sense of Sec 2 ofLec12
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Proof Recall the Levi subgroup G h Zach its normalsub

group G h the connectedsubgroup w ie algebrag h xeg.ch
hxlago As we've mentioned in Example in Sec 1.1 ofLec13
t's enough to show that G h e is closed
Let S denotethe connectedsubgroupof C w Lie algebra

Spanglehf 31 sothat Se SL or 50 Let Ks denote
the image of SU under SL S it's amaximalcompact
subgroup One can find K w KsCK

Let t be the anti linearautomorphism ofof that is the
identity on E It's restriction to 3 Spangleh f 81 fixes
3012 hence isgiven by xt̅ Therefore

T e f t f e t h h
Ontheotherhand 1 led is negativedefinite on bc acts

by skewHermitian operators onanyrationalrepresentation ofG
Hence xtlyDad is a Hermitian scalarproduct on of
invariant w.tt K Observe that xeg.ch

Exe e xe f ad invariance xh o

Note that Keth Stable Fih is a maximal compact
subgroup of G h the latter is connected Lie K h is a real
formofg h Also E h E h ng h is a realformofg h
so the Lie algebra of a maximal compact subgroup 1 h of
a



G h Let ju denote the moment map from 1 h Dog
sayspreciselythatjule o So G h e is closed inog hence

in g Chillby the KempfNess
theorem
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