Lecture 15 03/03/25
1) /(em,:f- Noss Lheorem
2) App&'cmflons.
Eels: [PV] Sec €42 [CdST, Fant Vi [/

1) /(em,v/- Ness Lheorem
1.1) Stetement
[t ( & 2 reuchve (jmu/oX V b its fmite dimensioncd retonad
/ef)’ese,nfu‘/on_ Lt K@ be a meximd Com/my'lf 5«55;@470 of () its
o(w//neo/ up *o G'Caf/'ujdlon. ﬂm i o K- iwvarient Hermitian scolor
p’oo&u/f G- on ) Mot Yot () € TR ¥ xet fvell
Defne a mep s I/ —*f*/dm <falw), X277 (xyv)

N s K- egm’ww’cwf.

EeWIaJ//c-' /L/e/ﬁ')' 4001/ one comloaﬁfs </1[zr),x7) XEE. ﬂe r//emwf X s
Skew- Hermitan so V- @Z K/ where X acts on [4 zé{ J7rd.
[//Vllfe 5= 0(22& W. z;edl{(. T,
<filv),x7= F1(xgu) = [ (g,l/ﬁ) =0 for o(ab/gj: —;d (v,5,)

Here's f/e main resdt o z‘/js locture.
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—meol’em / {w/)ﬂ /VESSJ Led we V
1) (sl o) 1P & (o is chosed
2) If f’b’ /] f«" (o) #%) ’L%M LG//s mtersection s a S/IZj’é ,K-or{z'ﬁ

12) ﬁ’e/aa/u‘/on
We noed some of b mjmém% from Lec 11
I) (arten a/ecomposz'fzon-' we howe a moximald Horus T 6 w.
EifkﬂT c{u'nog moximal COM/oan in T Tl we heve (= KTK
Moreover, T- ExexP[fﬂa) (where jz[xe (T) 5[E=E®2%[T))‘am/w
éo/wfif;(ajfzon T"—’(CC")‘: we have exp [jﬂe) = ([P7o)h). 7Zw we hove
(- K Cxp (512
) Th /Jfowmé was erz‘a,%m/ea/ in proving He K lhort-Mumford
Fhm: if yvell are st [&cfv Hew 3 £l st 7762:”@%%
(Sec. 1.2.7 of Lec 11). /%Veouw,é\, Sec 114 in Lec 1!, A YeZ (T)
st fl_r)wo Y)ew exsts and ties in (u.
1.3) /D/om[ of Thm.
_Sfe/pf: (s is closeo = fvﬁf:"@)#ﬁ' Smee (v is chosed ﬂﬁomf
we G with minimel (1,5). Tore set and consiokr
g =ep (i), teR
Nite thit 4 Z (7f U) (Ffzf v)+ (u, 71w =[ﬁ§
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acts by Hermiban apevator] = ,Zf:?(le;,v;), But 4=0 is a point
§ Heméun g /
o/ Menimum a][ t (f, f) #ma Ff[j’ﬂf,, D;) fﬁ[v;)=0.

SIZE/IZ: fvf)jf"(o)#ﬁ =(r is %Seo( éw asyume/«(v) =(. 53, T) in
Sec 1.2, can Keploce U w. ky [hs doesnt violete Sfits)=o él, Exercse tn Sec.
11) ana/ aSsume //m Y ve G (or 2Le ahigue chseo [uc (o)

L x = f_’a/)% )€ J”! Z/e[T We have a/eco/w/o;/zl/on
’/‘@I/ U - [U‘c‘// )‘/‘ézr £or < xv= Fins§
Thon cx:sfenca of //m V) s e?awdenz‘ b =0 for (<0.
Ot other hond %L ,@Ww’z in Sec 7.7
NREE -Z n(g,
ﬁmémmé, </4(v) X770 w. U.=0 Y. <0, we arve o v-1 =
w Y= = (u=Cr = (v is osed

S{P_F 3 M )’oz/e Z) H femains o /}’We ’(ffl/aif // UE ") & JEC
we st ‘/1{?1;) =0 z%w jzrekv Wr/te g as Kex/)&)/g B /eek xc{k
See I) n Sec. /Z fyﬁeaﬂg r w KU We (an &Ssume /{(exp(x)zr) =0,
Wnte v as ZU W. X4, zat, =>€xp6<)UQ=€aZ);‘7LM

ulv) o<=>Z (v, 0.) =0 ©
(1) Zalgm) =2 (4) (4y)

Jleplv)=0 = 2 ae” (v,5) 0=
3]



(2) Zags (rg)- Z H)el ()

It follows z‘/m? s of ()2 24-5. of (1) w €7u4,&‘1£} i (0, %)
=0 Yaro,whle rhs. of Q)< rhs of () w euslity #H (4,4)
=0 ¥ b<o. R fllows 1‘/@{ /W[fx/&lv)m = Zzya[xhﬁv ;5”/54//»10& £
/0}’00](_ 0

2) App@'cwf/oﬂs
Our maan jod here s 1o prove e Mwinj, vesltt weaaﬁ/
men?.z/w?eo/ W Zec 74’ A/uc ‘fo MR)éSuS/(:MCL X &MUACA/K-‘

77!/44: va (‘ éc 2 /e;&,{d{/l/e j}’oa/t? XHCC an a/éeg}/ajc Sué—
j/ou,o. _Z;[ K/H iy Q///nc) e H is reductive.

7L /raa/ is based o 7,‘4 ,\chp/ -Ness f/eorem a5 well as ner
_ﬂz&no/mj the nedure of 4o map - its o moment Hag.

7.1) Moment maps.

Ld M be 2 C=monitld Boall Yot {J a JJM/)K%‘!C form
on M o means o closed 4 40/7-0/e}cnemfe Z-form . 4 basic
cmm,aé is /70/1—4%076/&756 Skew-sdvmm,«;fm R- bilimear form on

a reel vedtor fpace. ,E /ﬂg/f/a«fa/} /'/ V ic o C-vectw 57)ace W,
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Hermitian scolor p}/oa/aﬂf (), en 03=-2Tm () 5 a jjm/)/ea{/‘c
form (on e reed vecto spae V ).

/Vow Suppose Eoicale g_/ot//o cwz‘/nJ, on M /Df’cSeM'ﬂJ, ao. 7ZL
22ron 4}70&46&5 a e zfée/g}/p_ AOIWOIMDI/’U/U}% £ > A M ), XX,
Nt ‘(% ot X (. 5 a SJM/){wf/z_ vector 74&/0/ <« Contraction 4’,«4&)
is & cosed 1-foym f/ its Cm(/f, Zhen 3 //XeC“’[/{) W. K)gqa):
A We want to be able 4o choose Hos in a ma way:

Detinition: z% o Hamilbaman K-action on M we mean an acty-
on oS above o ju‘éer w. & k—f/aa[{/wzzwz‘ Omeor map (comoment
Maf) v H f— CT(M) st

(2): - o//7f< Y xe

We define Hhe moment map fi: M —£* @
<fulm), x7: = H (m]
7 is K- €7uivm'm£

7

Tl we cHaim f/aﬂf we can Take //X(?f) 53_{&7/)(25@"), Iﬂa&eo/, #e

Map. s /<-£7uil/a/zwf: [/G/L/X](U)TQZA)/X &S k"ﬂ—)=fw[40(6c)x1f, )

= Ayt @ £ [, H ) = Leofasu)t o (s xw)) = Lx is symplecdic]
5]
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= W(xdu) = [vawjfu), WA;M checks [2) I /oarf/m/a/', /Z»’
W= =2 Im (--) we /’ecm/erjqﬁr):x > J-1 [XZ{U)

Ty our /p/oa/ of ﬂﬁofern we wtl neeod 1‘4 /ﬂawmaﬁ (76/46/4/
/7}’906#7.3 0/ 2 Mowment /W/

Lemma: Lo b 2 Moment map for a Homilbonien acbon of
K on (Mw). Tl #Jggé"{ K meM we have
W, (@/m,gﬂl,ﬂ) = <), Lyyl 7
Bosf
o (s G L, @1, Ly )= [ 812 A H ()
<04,J‘4 /?J‘fm)’ X7 = Z)‘! is K—qu[va/lanz‘, henee E-equiveviant : intertwmes
Gy W géqkl = M)GX{Z: [o/czpn of cozzoéomf 4Vf/on]= ‘ﬂ{ml,lj,x]z )

2.2) froof of Theovem

Sinee K/H Is 4//;}75,/'1[ embeds as a _@g{ !‘ stabl. sub-
WJ[@%H_ (nte Some f—l’ep’n V Lt v b e Mfaje o/ H Take
(j )/f’ RS (N fezc./. We con /@faa U w. & [—coy'ajwfe 4
aoﬁ;eVe /W”):O , —f/x fo /@mp/“/Veﬁ f/m.

Sinee. 9] = @8&{, we houe f@ﬁﬂ;{ﬂg)cf’g—’—?
/4) 04;44[2 ({/)}) 504/@5.
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Nide Dot His redudtive <= H' 5. To prove et Hi
Yedudive, it suthas 4o show Hhat HTK is Zansii omse in
/é/o, which would follow it we j/ow (1) i an €7wz/&'z§, o
Lemme. i Sec. 13 o/ Lec 2. So £ remains o onw

(5) OAME ({/)})206;%:5(# aémkvfzr <1 05»1402 g.v

Nite £t

(¢) 9.7 s & Com/ofx 5u55/ace,n/wu w=-21Im (- ) [s Mo -
a/eﬁencmfe on q.u y

(ii) z%t Lemma, in Sec. 21 wv[x.zf,cc/.v)s <o), [x,J]?fo +
X,Jeé/ = L is an /Soﬂf/o/;c Saés/aace o/ g.. This j/ﬁ/o/s z‘&
f7uim/f&4{ 7élfluw/aﬂflon o/ [ b ) £ /”/MzSAcs f/:; /Vooyg 0

23) Lunars losedness criterion

Thon (Luna): Let £ be 2 reductie Froap actimg on an affine
Vay,mfg/ X fed Hel & yeucte £ xeX? It /fé(ﬁ)x Is L/osw//
Lhen s0 is (x.

19007[-' 3 f-f?ull/ze}’/anl‘ closed C/ugen//m} o/ X into a retiondd
representation V so we can assume X=V We can choose moximal
mmpaﬁf Suzfi;/au/os KHC/CNCK in HC/V::/Vq.[me. Lhoose a K-
invarient  Hermition scador /)Voo&w'f () oV £ form 2o
Woment meps. M, M for k/vk 72? we velted as Follows: if
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pi kX s e nestntion mep, ton fy - pofi. Nite thed X
i Fued Sy Koy, dsnce I () flio
Z(K)e = ZI/KHC%:U :?[({/éz/)x]/(”% =$’ID/({*)’<H (s /ly'ewfn/c_
5/}7@ /VZXJG(f/*)KH, e Aal/e ﬂm&):O @/46{%0.
/Vow we are A/me [;, 'flc ke/w/a/ ”/VECS f/eorem 0

ﬁ//azﬂuét: _Z/ /%[H)//L/ (s /}}wize /eg H is a meximad fomj)/
Z[Zw [;( Iy O/o%ﬂ(

Femare: I fact, 4 oppoﬂfe pckusion in Thm 15 Toe as
well : [/ f)c /s &ﬂ)fea/, flw /f/L.[H)X /5 0/0560( 7]/3 can be
a{fﬂlf/ao( %’om Vm/e{j's K?MWI& (Sec 3_/ a/ Z€c f) ano[ /S /\’ﬁzg

as o

24) Uenadtenstic of 2 ﬁ/%gigm‘é demont in 9.

Lot 9 be o JeM/ﬂMpé Le a/ngm aver C £ () Aenote
e K%m} form. Lo eeoy be @ Noneers wﬁyfmf eloment. As was
mestioned in Sec. 2.3.1 ﬂ/ Lec 19 we can nhudly € into an &_?é/~
z‘r//)ﬁ (ehf)

/Q’ofosff)on-‘ ) s 2 charatenste of e (wrt [‘,‘)‘w{] A
Sense of Sec 7 of Lec 1.
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Goof: Bocadl 4 Levi Suﬁj/m/o 4[4)’25(4) & 1ts normel sub-
Grip G0 A comedted Subsroup w. Loz d//joﬁm g,(h)- {xeq,(h)]
(A,x)ﬂzo}. As weve mentioned in EXamlpé in Sec. 11 of Lec 73,
it’s fﬂauj4 % show thet _[;(A)é is closed

Lt S denste Yo connedted subgtogp of (" w Lie Mjf/gm
S,Uana:[dﬂ[)ﬁ’é’[z (so ‘L%uf SQ’SZZ or 503 ). Lef ’ZS Ay ote
£l tmage of SU, inoler Sl —> S, its o maximel Compait
Saéj/oq/a. e can fmd K w KSCK

[ed T b ’fZL M‘éi—fmcw Mfaﬂ@&ﬁ%/im ﬂ/ 9 f/rv‘f s LZA,
/”wa/fd% on £ Tt restridion 4o 8 =§/aan¢(e/4,/)—“—’<$’4 Fixes
S, Jence i qiven b Xt -X5 Thevefore
(5)  Tle)=-f t/h=-¢, tth) ==

h z‘& of/ar /Mo( ( . -)%/ /s /(Cjw’fllfc o@//m"éc on { (/e £ acts
@ Skew- Hermition Ly%/wfors on any, vationel /e/n)’ejmfo;élon of ).
Hene (), = -(x,z(g))&( is 2 Hemmitian scaler /méwf on 9]
(nvanent wrt. K. Dsene that # xeq, (h):

(¥x) ([X,e},a)H =[]~ (kelf), =[zhvariance]=&,/))-‘o

Nite 4ot /\/Q[A)= Sﬁ/gt (7)) i 2 makimel cafu/oad’
SU@/W/) of £, 0h) (th letter is comoted & Lie (€, (h) s a read
form of ﬂOKA)). Alsy ;z_’,,(/.):ﬁ(émg(ﬂ) ir 2 real form o/go (h)
so o Lo w{?r/éra of a meximel compact subgroup K ) of
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G (h) va/f dondte e momeit map From /K_O(A)/lﬂ. (¥x)
S&4sS /07’60{50% z%szf/e) 0. S G (h)e is closed an(ﬁﬁena
(r 9, (h)) /a‘i He ,&mp/ - Moss theorem 0



