[ecture 16, 3/5

1) Lustints £ stiu theorom in %mpﬂwfzc Stitup.
Fef- [C/ST, Bt IX [LS].

1.0) /Qimma/{r

We ae in 4 :affmdak of Sec 11 of Lec 15  is @ reduc-
five ﬂ}’ﬂu/o/f 401'/145 f/mu% on a Vector space., KeC isa
meximal com/gan[ Suéjlfau ond (- ) is a K-wwarient Hermitian
jm/[a/ /m/oa/uu'l' on 4 M:Vc cn’é}’opéuao/ Z([a M«?OJ% V"‘?{
</ff/u))(> = f_(xzrzr) In Sec 1 wewe gceun that f/u 2 moment
may br e Hombhomen action of K on'V (w ,y/u/oéuf/c form
w()==-2In(-))

We /VW&/ —ﬂﬂ /»%wmj.-

neol’em / (emp/ ﬂ/eSs Lt vell
7) Cvf)/w ) ¢/@'<:$ (o is closed
2) If [m’ /] /‘4 (o) #%, ‘ézw zén/u mtersection s a S/z?jé ,K-O/’/f{,

7])3 f/eoyem, n Ipaif/w[w’, Senel A4S @ mﬂ‘/wzz‘mn 74;/ Aé%nfnaf_ Q
suite . version of quotionts For Homi Lbonen actions
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1.1) Move on momuit maps.

Lot [/z’/co) be & S(ym/o/eaf/c MM/'/a{o/ K be a i P
actis on M with moment map. Ji: M — £ Fecall ﬁd/‘f I
a K- qmvmamf map st

(1) <o{jf(a) x> ~w(x ) {/me/‘{, ae7;/% xet
/!
some as o, H, (u) where H <p,x2

/7/6Ve are Somu /}'a /es.
/ SKew- 0#1.%050}4«,/ Cwu//emwl‘

Lemma: 1) zerq{,,ﬂ (T Km) [ueTﬂ/w[x o u)=0F
2) im o, p=(t/ Lie(Stad, [,,,)))

oot ) (n 2) follow J%M (7) £>in 2)
follows  Fom 1) & dmension  count O

Gl’og(wfg: Séy)/adﬂ mé/M (s 5.‘6(~ &J//m Km —’0//114 K 7Zm m s q
Vejw&u/ /Jaimf of Vi

1.2) Homiltonion yeduition

In #e S&‘fflng, of e /(em/g//%ss {/eo/m, we see Tt 2
_ngg JV/(D)/ K £ V//( are (n 5(/'/}:%/0/4. 71}: (2ol a/'(/er consilesa-
f/oﬂs) motivetes us 1o consider 2 more 36/)6/2,2 Jf/z‘f//g: et K

2]



z{C e COM/DR(Zf Z/C ji’wf h//-’£4 //em/'éfoman &Vflon on A JJM/&K‘!C—

fic /ﬂam/a{o/ //% W 7 A/a west o uno/asfMa/ w/d jfl’aufa/e
jf’/ 0]/ K éas. _Z;7 f/}; qu‘f/on we wtl fa/fSlb/«er a4 Van) zf/a case
when 7,‘4 K- action o J‘f” (o) is fi’%

Fact: Svpposc K acts nge(/g/ on & menifold N Tl #e
ﬂ(ﬂflen‘é set. MK Jas a wnigue L ® menifol - structure /IWCMJ,
#e map N —> MK a /r/m’/)wf K- bundl, [in ¢ ooca;fejog)

5/«3{04 a/ /0}'007‘0:

Ld S be a swell bensverse sta s 2 K-orbit in V-

M Then 'ﬂc action My KxS —->A//lrw490€n

C/M!co/o/mé, and S serves as a coordmate ﬂeﬁ/ bay -
hood in /V/ K. O

Theorem //arsoéﬂ- Weinstein- Me ger )

Su/),aose we ove 2 Hom Uonen action of K on (M) st
e adion of K on /"/0) is free. LeA ¢ /f"/o)ﬁa/f be th
indlusion £ 9 f10) = " G)/K b Lo prjection Thn 3! 2-form
& oon LYK st gw= "0 Ths om s symplectic

/D/007[ : it use Lomma & Co/a//a/(}% f?fom Sec 11
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/@IMV/CS: 1) 77/’5 ‘f/eo}'em /rea/ ates 'L% [Cm/y/ - ﬂ/ess 'L‘/eo/em_ 7]:
motivation Comes From (Dassicad Mechanics - e Aheorem implements
£ ﬁrma}oé Yot +h presence of contomuous %mm&fms of @ Homl-
tonien Sclisfem wllows to veduce e dmension

2) T 74{(51‘/0:4 of /A//q)f struture /V"/o)/ £ Jas when 754 /i’ee-
Hess aSSum/ﬂf/on /s 0)4’0//9&/ £ More Com/oﬁ'ca/‘ffo// fee [ /S ,7 74}/ Some
version of He answer. Nite Hot His st hes 2 notuwel ﬁ/w/éjy:
4, Hest ‘Llcpo/og\dfl s.t. /1—%) ——j/‘«'%]/K is contimuons. Che can
Show Lt 6Va?, /00/}71Z Jas 4 ﬂeﬁ borhood /Jomopjic ‘o a ﬁc{;/v
bovhood of a /oinf m a Vanddc( s wtl fillon fom a Symp-
lectic slu Hheorem to be corered in Sec 14 and other z%ﬂjs,
SeL S@C 5 w [KS:{

1.3) Yel more on moment maps
Basic Properties (of moment maps) ~proofs are

1) ff/f M _’_,{*/,J a_ moment Map ond J(E({*),K %ﬂﬂf)([sen/ﬂg,
m to plm)+X) s 2 Momeat map ﬁnvmeg JiE M s comedted &
o f @ Moment meps 747/ k/J,M, f[w/%yfﬁ/ Sor Xé({*),K
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2) It //"f“a)1 ) M, w,) are sé;m/oéoffc ﬂxmm'/w/ﬂ(s K?L{fp/eo/ .
Homi thonien, K-ackions w. moment maps f: M — £ Consider 4L
Pyoo&wf M= M5M, v Form w=/ﬂl;*w,+/7/;*wa & Méjom/f action
f K TZqu:M ——9{’1(/1/%,%)=L/4,[m4)vvl/mz), (s a Momest
mep for Ky M

3) /et //’{w? be 2 Symp/eﬁ/f/a /Mam'/zy/o/ w. @ Hamithomen acti-
on of K. Su/o/Josc et we are glven 2 Lie Jo4p /omomy/um
P: [ — K K Ot % denite 4L Co//es/ﬂonﬂ/mé; Lie 2ebre homomor-
/)Azsm. If /H-‘/{'f‘ﬁ{* /s a moment Map 7@;» KQ/’f) e (f*o/%
/"/——>f* is o Moment Mep 7/0;' LAM.

E)(mp& [ C’afaﬁj&nf bunde) Lt M & a /ﬂm’fo{}/ £ M= 7—)(/‘7o
be its Co'éQngM‘é bundt, / W. &)=o¢g/ h//{m B /s 'LL[C cononicel 1-fom
on M: if o M- M, is projection, then 8, ()= <4, (%
me M, oe 7:(/%) € 7[;’00 (1))

Wit thit we can view Vet (M,) as £he space of Fiberwise

lineay Functions in CZ(M) LeA K be a lie §70up azxf/ﬂac on M.
77/5 /hﬂdx(q ﬁ/z K%Mf/on on /M o} J’J}M/oédtmopn//;w. TEs /7/4)111'&”-
tonion w, Ho=x, € Vet (M,) < C7(M) ( ).
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c LA [ be a lie j/ouﬂ K’Z"Z/ /%:Z w. actions
0/ ’fh/o Cop)es 0/ Z ;5’0/14 z% (@ﬂbz 4 /}?m fZ& /’/jélé M can
/’o/@hf}é M=T% w [/xl" using Yhe Grivialization % /’/5%‘[)‘”/0;
Vet vetor 74"/&(5 SAW 'L%a?f JC(—' TKZ — [/ " [* s jll/en %L
(Ca) > (L, -o) (Cel xe [¥)

14) %mpﬂuﬁc stie Heorem

[t (M w) be a .3;7;44/0(@01‘/4 /mw//a/ﬁ\/ 67u//'y9/ea/ wit) a Hamitto-
nian action of K with moment Map fi: M— £* [1ven a /oinz‘
meM e went 4o desanbe o /mj/éor/ooo/ of Fm &M as a Hemit.
Lonign K - MW}/DZ&I/ We //rsf give a oésm'/f/'on d a /f—mam/a//
Sfruyfurf, f[z am/mm& sbee f/eo}’em , 8 /M% easiev L/ersion a/ 7,%;
vesult in Sec 1.5 of Lec 14

Set H:= Staby, (n). Nite tht Hr 2 mantold N w. H-oction

we Cen foym # ﬁomOjeneoas burdl ¥ ><H/f/ = (E<N)/H Mdojamé
4 Sec 11 of Lec 19 but L{JI.MJ_ Fect from Sec 17.

/Vaw 'Lémce /V'fo be ‘L%. /70/’}14!1// S/cece z;/[//'],; Lom. 7Zm K"H/(/
5 49?%/»75 chse but e sormik. bundly 4o Em in M. W have e
/wZ/o wing qu'wiamf version o/ 7,‘4 Lubalor ﬂa/('jééarﬁooa/ ‘f/eo/em.

Lemme: Thre is a K- epuivenant ﬁ&/j/ borhood of Fm in M isomor-
%)



phic o K<"D for o small 1= stobl qpen dise DN,

ﬂur ﬂexf 'L[qflc is to o/escr/'z{e 7,;/‘1 up o H- 6’744[(/&/;2114{ 5//50/
S(ymp/eofaﬂm;?hw f/l; wmll Zméi’m our chuce of a local model.
Far S/Mpﬂaég we restrit %o -éL case o/ J%[m/ 0. (he (on en%ey o
4 jwem[ Case S/Wli(a«/é or Weduce £ hs tase, Hhs bl be
#ddressed in a Separaite note.

&CR/ZZ; Lemme. in Sec 2.1 of Lec 75,

@, (x s i )= <puim), @J37 =0.
We write {/5 for Tfm 77& /Déwcng betlween T(m £ T/{f/frfm
/5 non- 0/£’j£ﬂ£1’a]f& j/d»(m an H-epuiveriout oentif) cotion
T M/T ) —e/[/j
”aoSe o /L/C wiverient section /[/f)*”—?rﬂ S0 f/uf ff{c
restnction of 03, 7.‘0 [/5@/[/5 is e natured form on his space
Lt V= (LB@UNTY & wnte oo, o @3, ,, this ic on Hrinve:
V1ent Sjm/){ieyf/c form. So
T M= ([7}’)@ ([/p*@\/ £
(2> ), [j,ﬂz_,ﬂ);, ﬁ;@ﬂ)’z) = %/%17 - <J1,ez7+ W, (v, ;).

ﬂw’ ﬁsf Sff’p MZZ I{e -L(o /}’oad.fcz a ’/Moﬁ/&/ ’ //amzétfalmn /Mm/o/oé
//Mké consider e ﬂﬁzgo/m[ acton of H on T7C ~ v wheve 4o
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2cton on TG is fom th //j/f. Tt:s Homtbtomen see Sec 1.3 w. moment
Mep described as Allows. Set Sy V—Pff w H[X!—-réw,/ )], Thon
i TE RV ——vj’* (e, 4,7) 1—>-OJI£+J%V
be have 2 wmmufm; K-aetion from e /a/{; il hes woment ey
i T'K*V —£7 (k) £
/;ahs/o/c/ 1‘4 Hom tbonien }’eoé«ﬂf/on S = J‘fHJ/O)/ H The action o/) K
on M is Homi bhoman 1. moment mep jnoluced] From S
Hleas) Pr
The reason 2o consider f' is as llows  Let m'= H (190).
Nite thet wn fove He Pojection M— W, /L/.@,a(, s)r gH
Th fber of 1H s {lv)eq=V/ ol 415 > /5) * V v
(49) 12 (2-plo) ). Thents 4o this e hase an idertificattion:
Efﬂ/ﬂ’jﬁ:@ o/} Yo l/
1., (tw) 7, (héer)
. Show Hat a,,, Is j/z/ﬁn {ﬁ (2).

The fo/fowimj, is The moin result 0/ ‘L%; section.

Thm: 3 K- stabl open /7&{5450%00/5 M of m énﬂf/fo/o/
m in M / st 3 k-e?ui(/er/'zwz‘ Jamlnéc/l'amo?/um between M, K/%/
c'nfayfwimng e moment maps.
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Tlea. 07[’ /0700}(’

1) Establsh o suitable K- e7uu/awwfzf 047%0/}70794/% N _’ﬂ
usns Lemma. lhe achieves 0, ((*/co w. sutteble choce of ¢) 70

2) Use Masers trce: we pawe - (" at pts of Km From
Jere using £, m(/f/oa/ exp/a,inea/ in Sec ¥ of [CAST one canon-

C% /0}’00((4”9_} R /ﬁw );7‘66[0, 1], Hom 6\7// 7/"&) p/r/?m/(m Some
ﬂexjﬂoﬁoaa/ of Km st Z*w’=ﬁp*a),

Sina 644 w’?*w we Linvariant, He How 5 k- eguvarant
£ e m{ Mo)//ow/ where it’s defmed is K-invariant. So we get
2 K- eguwmaw% ):y)w/o/e&fomor/a//sm 45 in th lemme. To Shus /£
intertwines A note thatt o constant see Sec 13 £ nite

Lot S fin=0 O

ﬁm%/g: A ﬁa'jéo/o;%oo/ of Km in /1"/0)/ K i /o;weo/noyoﬂ/zc To
a /75{(;7450/4000/ 0/ 0 ‘/‘{,;1[0)/H

Skefoh a/ /w’oa/= Thx 4 ﬂm, we  Cen /(ff/a@ M . /L// Whte
//4 for Hemillonien reoluckion ot 0 e, /L///o//(-':/lf"fo}/ﬁ 71
a{aﬁufs o/ LZA /D%a/mae nen /Ol/;e]f/on are @/LZ RS &N :
(TN HL - = LTI (eoH) =5 [T ) KT H
= [(TRWEVIH = VL H o

K



(in Linesr aljf/ém) 3 H-inariawt Hermition scalor
/}’oo&wf () an V st L3, -2 1In (")

In /oarf/wfw: /‘1'/[0)/ H —== V// Ha: ,Mcre /7{]: (s ﬁ[a CM/&/@O-
fication.



