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1 Quotients slicetheorem in symplecticsetup
Ref CLS Part IX LS

1e Reminder

We are in the setting of Sec 1.1 ofLec15 G is areductivegroup acting linearly on a vectorspace KCG is a
maximal compact subgroup and is a K invariant Hermitian
scalarproduct on V We've introduced themapju V

Julyx F x0,0 In Sec 2 we've seen that this a moment

map for the Hamiltonian action of Ken V w symplecticform

w 2 Im
Weprovedthefollowing

Theorem KempfNess Let reV
1 Gonju e Gu is closed

2 If GoAju o thenthis intersection is a singleKorbit

This theorem inparticular serves as a motivation for defining a
suitable versionofquotients for Hamiltonian actions
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1 1 More on momentmaps

Let M w be a symplecticmanifold Kbe aLiegroup
acting onM withmomentmap ju M Recall that j is
a K equivariant map s t
1 42mg u whymin mesyueTmM et

same as dmtt.lu where H ju
Here are someproperties

skeworthogonalcomplement

Lemma 1 Ker2mg TmKm uetmMlwlxgy.mu o

2 im2mg E Lie Stab m

Proof exercise 1 C in 2 followfrom 1 in 2

follows from 1 dimension count

Corollary Suppose me U is s.t himkm Link Then m is a
regularpoint ofju

1 2 Hamiltonian reduction

In the setting of the KempfNess theorem we seethatthe

sts jus o K VAG are in bijection This landotherconsiderationsmotivates us to consider a moregeneral setting let K
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be a compact Lie group with Hamiltonianaction on asymplecticmanifold Mw Wewant to understand what structure

g e K has In this section we will consider a vanilla case
when the Kaction onjust e is free

Fact Suppose Kacts freely on amanifold N Thenthe

quotient set N K has a unique C manifold structuremaking
the map N N K a principal Kbundle inthe Ccategory
Sketch ofproof
Let S be a small transverse slice to a Korbit in N

F
Then theactionmap KxS N is an open
embedding and 5 serves as a coordinate neighbor
head in NIK

Theorem MarsdenWeinstein Meyer

Suppose wehave a Hamiltonian action of K on Mw sit
the action of K onjuslo is free Let Cjuste M bethe
inclusion P juste j o K betheprojection Then 2 form

I onjus e K s.t.si w L w Thisform is symplectic

Proof exercise Hint useLemma corollaryfromSec 1.1
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Remarks 1 This theorempredates the KempfNess theorem The

motivation comes from ClassicalMechanics thetheorem implements
theprinciple that thepresence ofcontinuoussymmetries of aHamiltoniansystem allows to reducethedimension

2 Thequestion ofwhat structurejus e K haswhenthefree
ness assumption is dropped is morecomplicated see LS forsome
version ofthe answer Notethat this set has a naturaltopology
thefinest topology s t just e just e K is continuous Onecan
showthat everypoint has a neighborhood isomorphic to a

neighborhoodof a point in a variety this will followfrom a

symplecticshu theorem to be covered in Sec1.4andotherthings
see Sec 5 in LS

13 Yet more on momentmaps
Basic properties ofmoment maps proofs are exercises

1 If ju M E is a momentmapandXE thenjuxx sending
m tofilm X is a momentmap Conversely if M is connected

ju.su are momentmaps for KNM then juju X forXE

I



2 If M w M W are symplecticmanifolds equipped w

Hamiltonian K actions w momentmaps j M Considerthe

product M MoxM w form w pr.tw prewe diagonalaction

of K Thenju M julm.im gu ma 54me is a moment

map for KnoM

3 Let Mw be asymplecticmanifold w a Hamiltonian
actionof K Suppose that we are given a Liegroup homomorphism

9 L K let y denotethe corresponding Lie algebrahomomorphismIf guM E is a momentmap for KnoM then pops
M is a momentmap for LAM

Example cotangentbundle Let Mebe a manifold M TM
be its cotangent bundle W W Lp wherep is thecanonical 1 form
on M if it M Me is theprojection thenPema 5 22dim.ats
meMe LETmMo3ETim.a Ml

Note that we can view VectMe as thespaceof fiberwise
linear functions in C M Let K be a liegroupacting onMe
This induces the Kaction on M by symplectomorphisms It'sHamiltonianw HemeVectMo C C M exercise
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Exercise Let h be a Liegroup K L L M L w actions

of two copiesof L from the left fromtheright We can

identify M T L w Lx using thetrivializationbyrightinvariantvectorfields Showthat ju T L isgivenby
1,2 1.2 2 eel de

14 Symplecticslicetheorem

Let MWI be a symplecticmanifoldequippedwith aHamiltonianaction of K with momentmap ju M Given apoint
meM we want to describe a neighborhoodof Km M as a

HamiltonianK manifoldWe firstgive a description of a Kmanifold
structure theordinaryslice theorem a much easier versionofthe
result in Sec 1.5 of Lec 14

Set H Stabk m Note that for a manifoldNw Haction
we can formthe homogeneous bundle K N KN H analogously
to Sec 1.1 ofLec14but using fact fromSec 1.2
Nowtake N to bethenormal space TmM TmKm ThenKHN

is nothingelse but thenormal bundle to Km in14 Wehavethe

following equivariant versionofthetubular neighborhood theorem

Lemma There is a K equivariant neighborhoodofKm inM isomer
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phic to Kx D for a small K stableopendisc DCN

Ournexttask is to describe TmMup to H equivariant linear
symplectomorphism this will inform our chance ofa localmodel
Forsimplicity we restrict to the case ofjumbo One can eitherdo
thegeneral casesimilarly or reduce to thiscase this will be
addressed in a separatenote
Recall Lemma in Sec 2.1 ofLec 5

Wm MmYMm juim xy 7 0
Wewrite E5 for TmGm Thepairing between TmCm TM TmGm

is non degenerateyielding an Hequivariant identification

TmM Imam C5
Choose an Hequivariant section C5 TmM so that the

restrictionof com to 1150C5 isthenaturalform onthisspace
Let V 150 157 write co for comly this is an H

invariantsymplectic form So
TmM 15 4570 V

2 Wm y.tt UpYettV2 Cy t cyp.zptwvlu.ve

Ourlast step will be to produce a modelHamiltonianmanifold
Namely consider the diagonalaction of H on G V wherethe



action on T G is fromtheright It's Hamiltonian seeSec1.3 wmomen

mapdescribedas follows Set jur V 5 u to a Wu xv.v Then

1 T K V 5ᵗʰ R2,0 21stjun
Wehave a commuting Kaction from the left it hasmomentmap

juk T K V IR2,0 R 2

Consider theHamiltonian reduction 54 je e HTheactionofK
on M is Hamiltonian w momentmap inducedfromJh

H R2,0 H R α

The reason to consider 14 is as follows Let m H 1,90
Notethat we have theprojection 14 GH Hg 2,0Hgh
Thefiberof 1H is x u eg V1αg julon g5 V via

2,0 2 julyv1 Thanks to this we have an identification

it iia
Exercise Showthat wm isgiven by 2

Thefollowing is themain result of this section

Thm K stable open neighborhoods 14 ofm in M M of
M in54 s t Kequivariant symplectomorphism between 14.2M
intertwining themoment maps
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Ideaofproof
1 Establish a suitable Kequivariant diffeomorphism 54 14

usingLemma One
achieves wm w'm w suitablechoiceof y

2 Use Meser's trick wehavew'sq w at ptsof K.m From

here using themethod explained in Sec 7 of CLS one

canonicallyproduces a flow 1 te 0,1 from w y w
definedon some

neighborhood of km s.t 8tw 4 0

Since both w q w are K invariant the flow is Kequivariant
theneighborhood where it's defined is K invariant So weget

a K equivariant symplectomorphism as in the lemme To show it
intertwinesjugu note that juju is constant see Sec1.3 note
thatjimjime

Corollary A neighborhoodof Km injusle K is homeomorphicto
a neighborhood of 0 injuice H

Sketchofproof Thx to Thm we can replace 14 w M Write

111 for Hamiltonian reduction at 0e.g.SU11K ju le K The
details of thefollowingmanipulation are left as an exercise
T kxv MH 11 Kov 1 GH T KxV111K 11H
1 14 KXVIH.tt VH.tt



Exercise inLinearalgebra H invariant Hermitianscalar

product on V s t we 21m i

In particular guile H V1He whereHe is the

complexification
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