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1 GIT quotients
1 e Introduction

Our base field is moregenerally we can work w any
algebraically closed characteristic afield
In this lecture we start studying CIT quotients Here are

two important features
1 A GIT quotient is definedfor an action of a reductive

group G on an affine variety or moregenerally affinefinite

type scheme X together w an auxiliarydatum a character

G C For trivial A we recoverthe categoricalquotient
X G from Lec 3 The notation in thegeneral case is 11C
Thescheme X1C will naturallybe a projective scheme over NG
2 Wehave a Cstableopen subset of 0 semistablepoints
C X a C invariantmorphism X X1 C sothatfo

trivial we have X X T t that is surjective affine
st every fiber of it contains a unique Gorbit that is closed
in X In this way X1 Cparameterites the Corbits that are
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closed in

11 Reminder on relative Prej
The construction of X1 C is based on therelative Prej

constructionand can be viewedas thenoncommutativegeneralization
of the latter So we first recall theProj construction
Let A be a Tigraded finitelygeneratedcommutative

algebraA Ai We write Yfor Spec A For a homogeneous
element fe A w.io consider theprincipal open subscheme

Note that y Alf is naturally I graded
w xp hfulheAjin Thetorus acts on Abyauto
morphisms so that t.hr tih for heAj Thisgives rise to
a action on Y Y is stable

Form Y 11C Spec xp Ourgoal is toglue these
affine schemes together

Observation Let feAi.geAj Then Ig 1 is identifiedw
theprincipal open subset in 111C definedbygilt e tf
This is bc the algebves Afg A f gi fit are

equal as subalgebrasof A fg
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So we canglue the affine schemes fll It togetheralongthe
above identifications In generalsuchgluing a special case of a
Colimit fails togive a separated scheme but in our case it
does Namely there is ee The set Age Die isgenerated

by Ae as an A algebra Pickgenerators F F ofthe A module
Aeand consider the closed subscheme Proj A CYxD defined

by the following equations
PLy yall o PEA xp XD w PFo F so inA where

youye are
the homogeneous coordinates on D

This subscheme is obtainedbygluing flle as explainedabov

It comes w a projective morphism Prog A Spec A Me

Remark The constructionabove identifies Proj A Prej Acer

ee the

12 Construction of CIT quotient
Let G be a reductive group C It be a character

Let Go denote the 1 dimensional Grepresentation corresponding to

g v figler gel weGo Let z denote the coordinate on Ca
so that g z Ag z Consider thealgebra A XxCe Note
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il A is finitelygenerated by Prop 1 in Sec1.0 of Lee 3
iil A is graded bydegree in z Moreprecisely set

fe g f Ag f
elements of are called no semiinvariants Then

Xx e 2h
Moreoverthegrading on A comesfrom In XxCe t xp x t.ir

commuting w G

Definition Mumford The CIT quotient X G is PrejA

Notethat XIC Spec A so we indeedget a projectivemore
shism 119 XIC
Note also that for no we have X C 119thx to the

remark in Sec 1.1 here wewrite no for the character sending

g to fg

Example We recoverthe construction in theprevioussectionas
follows Let G C act on X so thatthe inducedgrading on CX
is nonnegative Identify thecharacter lattice H Q w 7 vie

ne E a t at e H C If 0 1 then Xx

as gradedalgebras exercise If 0 0 then Xx83 In Ce
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is trivial X z wherethefirstfactor is in degree 0
So X1C Prej e 7 C1 XIII Dad me
And if so then both X Clt are Thegraded so

CE in deg0 Here Prej G x

Exercise Forgeneral C showthat XIIC XVG

13
Ss

Let xeX1 no fe sit f x to equivalent

ly X Xp where f runs over w.no Apoint
in is called semistable

Exercise Showthat in thesettingof theprevious example
X is the complementofthe zero set of theideal CX

C X if 070
XoSs if o

if Ace

Note that for fe we have fgx Ag f x so Xp
andhence X is Gstable Let it X XG g Xp XpIG
denotethequotient morphisms so that we have the following
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commutative diagram see Sec1.3 in Lec 3 Xp X

La ki
A relevance to the construction in Sec 1.1 is as follows A

homogeneouselement ofdegree n in A Xx43 is of the form
ft with fe x Wehave A fan Xx fan

XxCe f z Xp If Now Affan

Xp If acts trivially on Xp transitivelyon

Xp So Xp Spec A fan embeds into 11 C
Prej A as an open subscheme Moreover the intersectionoftwo
subschemes Xp11C XyllG is XfhllGbyObservation in See1.1

Proposition morphism To XIII makingthefollowing
diagram commutative no fee

Xp x x
Jf 1st It
Xelle NEG XYC

Moreover

a it is surjective
16 f X G Xp the leftsquare is Cartesian
c everyfiberof itcontains a uniqueGorbit that is closed in X
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Proof

Theuniqueness of it will follow since theopensubsets Xp
cover X Tely must besty Toshowthat it exists it's
enough to show that stflxenxn stulxpnxn.tt fee he

34m nm e But XpAXn Xp So wejust needto show
that thefollowing is commutative An Xf

Ih If
fall XpIG

but this follows from thegeneral result in Sec 1.3 inLec3
a Themorphism it is surjective bc eachHf is surjective

theopen subsets XpIG cover X1 C bythegeneral results in
Sec 1 1

6 Suppose x EXpIG but Xp fate Pickhe 39m

w Xn Then I k Xp11CA X G fullG But K P x

the X vanishes on This showsstylx Xfa1C acontradiction
c Let EX1 C Notethat Te X contains an orbit of

minimal dimension Such an orbit is closed in STA X hence

in X On the other hand let fe best XeX IG

By 61 7 x cXp19 so E X 5 x FromLec3
we know that 7,7 X contains a uniqueclosed Gorbit



Remark 6 shows that It is an affinemorphism

Thefollowing lemmagives an equivalent condition forsemi

stability We will use it in the next lecture for a Hilbert
Mumford type statement

Lemma a For xeX TFAE
1 ext 55

2 Gtx.TNXx 03 p in XxCe
Proof

1 2 xe X fee w no f x 1 Let F

fee XxCe Then F x 1 to Ontheotherhand Flynes o
2 fellows

2 11 Let it Xx Xxg 116denotethequotient
morphismBy Sec1.4 ofLec 3 if Y YCX are closedCstable

subvarietiesw.Y.MY then I 7 A 5 Y Applythis to
Y G.TT Y Xx 03 Wegetthat x 1 F X 403 So
we can find Fe Xx w Fly 50 F x 1 40 We can
write F as Σ fnz w fne Since Flytes o we seethat
fee From F x 1 to wededuce no st fu x to xe X
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