Lecture 1% (03/24/25

1) CIT yao?f/wfs
Kefs: [PV), Sec 46 [MF] S 14

1) GIT yaﬂf/wz‘s
1.0) Lytroduction

LDur base n/o/o/ is C (more jene/e,a)/, We Can work W any
Mj&gm/c% cosed] cheractenstic O hedd)

_[n ’é/}} éwfu/c we stort Sfuag]z'nog /_[ 7 74,4"/%2‘5. /%//c are
Lo Zm,oorz‘anzz features:

0N A [IT qutient Is ditmed Ly an action of 2 resuctive
5/’001/9 K on an 4{7/';% Va//VL} (ov, more jmml@, atfine %m‘fc
Type Scheme) X Zzojfyﬂw w. an Mxi(iw} dodum: 2 charadter
G: = C. o twick 4 we recover Y cd%o//az[ 7&/0%/{:@7,‘
)(//47 #pm /ec 3 7ZL 4075122/[/0}7 n ‘C//f ;enem/ CRSe s /(/ // 67[_)
TL. scheme /l// Cowte ﬁafq/af[} be a pry'wflvﬁ Stheme over 17/4

Z) We /m/z 2 ﬂ)’fwt%_ gpen subset 0/ Z"femisfw% /ﬂﬂzhz‘;”
X ) [ 2 [ inriort Ma//n/)m 7% X — N)Pr [ ot o
Hrivied 8 we Jave X e’”;)(; /A 6=7/’) f/azf /s fuy'fafn/c, 4/%% £
st. Ct/elg 74 ber 0/ i Coﬂzlac'ﬂs 4 am'yue /:ara/f“f f/a:é s p/meo/
in X7 Inths was, X°C /@/Qmﬁfe//tcs e Cabits tht ove
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cbosed in X°7

11) Lominoley on reloatie Bof

710 construion 0/ X // ﬂ[ i based on z‘é yelotove ﬂéy const-
wction [z wnd con be newed as fn/z, Hoh Commitative jene/@&‘zaf/on
of Ho lutter). So we fivst recall 4 H/a(/ tonstrution.

Zf/’f A be a 7/7,0 -jrzw/co/ %n/‘feg j@ﬂf:l’vﬁ:o[ commutative al-
ﬁ«,{m) A:@/ft M Wilizt 774» S}ec//f], /Lgr Q %m?femow

{%o0

elemnt fe 4w (>0 Onsider 4, ///ha/ba/ pen su b scheme >,/f

Wite thot  CLy 1= AT is medurally. Z-groded
o €LY =5 hedy,,) Th tms € ats on A by wute
/Mor,oA/f}ns (o Yt Fh=24Ih Ly he /{/) Ths gives nse to
a2 Cacbon on Y & XP i Cstabte.
Form yi//(]fﬂ 5/)0& [@[)}]v ). ﬂw/(faa/ it j’ﬁze fn/czre
effine schemes fogziféer_

Dbservation: Lok 7/6,4564/ Ten Xg}//(f>< /s /a/wﬁ%e/m
‘LZL& Pﬁndpd Qpen subset in \/71)//@0( o/o/meo/ og,, jﬁ//jf ([’[)7/[,30
This s 4. e Aémfns /M}c{%)ﬁ]" X 4[/-']0[{?//)")“7] e
eqguel  as fc{/a/(gm{ms of /f[[;(/f)g
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50 we  Can j&lc fﬁ 4 75/1{; schemes >jg// C " zlajaﬁer A/o/gfza
abpre /aéﬂ{ Freations. In jene/d such j&’”f (2 ;ﬂf&/«f case a/ /3
colimit) 744/5 to glve 2 [s’?zz/ufea/ ) S(/écme bt m our cae it
oboes. /%zme%/ Here s ee A, <t /f(e): =‘.?4\,_ s jwc/wz‘ea/
éu, A as an ,{ -4/50{}@ e ngrajta/f E. 5 of 4 A ~Moduts
A, and consider 4. closed  subscheme ﬁ?/ A)cY x P dhfmed
@ s fo%wc’ﬂae {7ud/om:

P([g,:...: yJ)=0 ¥ Pelly. %] w PIE..E)z0 in A wher
Yo G 22 #e Aamdqeneous coordlnates on PP- x
Ths  subschome is oftamed ng E ing. 4//[ as e;yo&m/ ebove
H comes w o /}’?jwfn/e MO}?A/YM ’f/ //f) —'95/b€c(/4)= y/dfx
femare: The construction above identifes ﬂ‘{] (A) & /D;/g/ (A, ) ¥
ce Z, .

12) Constraction of (LT 7qo7f/em‘.

let C be a yedudtive group 10 C —>C" be a cherecter
[ef (8 dendte Yo 1-dimensionad (- yepresentaition Cozrey)am/mé: %o
g: 9.7=65)z ‘/7’56[1 ve C,. LeX z donte He coordimete on C,
S Hhat g7 -0G). Consider 4 algebrn A= CIU<CI° ite
Yat:

—_—
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(i) A i /mz‘e% jme}’deo/ %l /?’op 7 i Sec 70 o/ Jec 3
(ii) A i j/’ao/c/ /é alejm in 2). More /Veang sef
Cclx1”’ {%ea:[x] 9. =96V
@/emenés of f[X:I[haw’e called 18- Semi cnvarians ). Then
Cli-g1 - €LA*"%"
Moveover f/c j//cza/ tng. on 4 C£OMeS //pm an,)( "C f &7;7 ﬁ( Zr)

éommu‘f/ng W. [‘

Definition [ Mumford ) The CIT 7uoﬂf1euf X// ,94, i /D/(o/ (A)

/Vofc 1%06 X//f S/Dcc (/” 5o We Md,/&fo/jd 4///&%‘% Mor-

PAISM X//( —*X//[
Wite atso Bt , v 170, sk have X0 = X0 Hhe 4o
Yemay tn Sec 1.1 / Ae/c we write 18 /f)r 2{& MQ/QV{CV .\’076{4/705

j, Z{o ‘9(3)”)~

Exam/o& - W recover e construition 1 4, Pevious Section &s
follows. [et (= C" ack an X so thit 4o idbaced (j}’Qa/MJ, on Clx]
s Nonnegative. .Zo_/enf// o theracter littice E(CY) . Z v
ne 7 H[fﬁfjéf/(f) T 6+1, Yo CLX<C,1% €]
as 5}’&20/&0( ﬂ[gcé}’as ( ). If 8- 0, Chor f[)(’%%]a: [@N(L;
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Is {hvm/f] = Cx] Co C/2], whore He prst factor s in ﬂéjm 0
S XI°C = B (€% C)= XIC fy (CF3) - KT
dnd if B<o g@ b4 CIXT £ CLT are 7, graded, o
(C[xTe €k1)%= €)% C (in obg 0) Hor P (C61) 4.

< for geaered C show Hhet X//I’df = M

13) X°7 g 7

[t X7 e X| T nvo g fe C[X]cnas,z‘- /é)%o}, 67u4'va,/m‘-
?} XMS: UK; , W/cre / funs Qver f[)dc’”ew. 20 /4/00/}175
in X 63 is# colledd 8 -semistoll

- Show Dt in Hhe setbing of Lhe previous exampte.
@-ss f‘ /
X com/é/mazf o Lo zero st of Hh iead z@ clx3.
c Clx] i 6w
. KT ) i g0
- X774 if 6<0

/(/afc %4175 7@;/ /é (E[X](’w, we 4% /gx%gg)w/&) 5o )g_o
(ond Jene X7 ) is [ stable L 9 K = HIC 89 = K
0/&402‘@ -fZL ﬂmf/enf /}707@4 IS So Lot we have e Mom’ng,
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commatative a&'eémm [see Sec 13 4o Lec 3): ){y —
0o
Xf//f — X
A rebosne 4 4 constrution in Sec 11 is as fllows A hom-
geeaus Lemurt of a/%/ee, n in A=Clx (f:ejc is of e form
fer wilh fe €T b hae AL (o) D= (CLx I F)'])"
=(Cl~c 1 [F%1) = €li> €1 Mo Alfe) 7] =
= Ok €175 [ Cads trviclly on Xy 4 trnsitocdy, o €]
= CLGL So K= Spec (ALlFe)7'),) embeds arte X)°C
= /0}9 (A) as an Spen subscheme.  Moreover Ay itersection of Lwo
Suz’:f%cmcs, )fg//fz( )(A//GZ /s ){,Z //f K} Dbservedion in Sec 1.7

f-ss

B/o/yosif/on: | ./ Mo;pﬂ//sm 70 N =X/ 65 Mat/"?oc A /a%m’n;,
06‘Qjmm commutatve ¥ n20 § /e’: C[X]C’”e

Xp )(Q:s's X
7| 7 [
Xellt: = K¢ —— X

Hoores
(%) 7° &5 sujectie
(£) (57’9)_1[)?//5’) = ){? = He L Spucre. is (avtesian.
(c) every Hher of 22 contains a wnigue (- orbt Ut is closed o XOF
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[Foof:

7L c/n/7ue/7£5; of 7 wll Ao sme e O/za subseds )(
corr X A W’/ must be . o show Tht 70 exsts /fj
fﬂa&gl(‘fg Show f/a}f W/X 0y, 97’/)( 0y, ¥ fe €Lk § fe
Crx1"" (nm=0). But )(0)(4 )&4 fo u/eJun‘ weed %o Show
f/@‘ Zhe /a%wmé is commuteiive "—_>X7p

ﬂl l%

Wl Jl

bt Hhis Follows Fom e jeﬂﬂ’qj veskt ip Sec 1.3 in Lec 3.
(z): Ti /Mor/a/)sm I s qriehie Yo eacd 9 is )‘uf/wf/ua
4. open Subsets )( N cover ,{/// 4 /! . jeﬁmj ves s in
Sec 1.1).
[£): Sm/o/pose x &)C)(//[ butt x¢/|/ & fk)-0. frx Aefﬂdﬁg
w Xé,l/ Tles yré’/x)e)(//é’ﬂk//é’ L0 Bt %9, )
E 4:[XAJG I/MISAES on X. 7])5 S/ows 97’/x ¢Xﬂ //K ] Contm-
a(/afzon

(c): Lot )(6)(//65) Nite f/az‘ [77‘6)”/]] Contains an orbt of
minimal dmension. Suck an orbt is closed in (37’9)-1/)(), hence

) )(9-;;% ’LZZL of/ei /ano/ 4ot / f[)dmgé it J(C)(//f
B, (6] () (0) [, 50 (32) (000~ ) 10 om L3
h/e ol tha (9 ‘7’) [J( ) contamns a amfca %sco( (-obt O
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Permu’/c-’ [é) SAOWS Zl/bll v ¢ ) A}é//]ﬂc //1070//5/»1.

7ZL /wﬁowin} /e/mya ju/eg an 674«[[@/@«% conaéz[/zm /fw Sem, -
S?fwglé‘fj, We will use it n fZL pext bocture o o /%%eﬂ‘-
/%m;‘@ro( Lf]/pc rfmfemﬁ

Lewmo.: 2) For xe X TFAE:

(1) xe Xg_ss

Q) Cln) (Xxfo]) =f in XxC,
;7}’007/{'

()= () xe X* "o 3 fe€BA" s o tfer-1 Lt F-
f'e CLxXx Q1" Thn Flrlto. Or #e dher hond, Flpy=0 &
(Z) follows.

() =0): L 7o X5 G — (XxC( dbate He quotient mor
/Dl{/sm. é‘ Sec 14 of Lee 3 if Y7 X C% are closed [ stabl
subvanttios w. Y1) =B, tha  F(5) N F(§) -4 Aty s 2o
= [l1) £ Y= X<Aod e got Hett T{x1) € F K< 103). So
we con fnd € f[XMEQ]C . /E/xx(a}za 8 Fle1)fo. We ean
wite E as S 42" w £€ CxI" Sne Fl wfy] =0, We S thit
7€=0. From F&,’I)#o we péadm = #7170 S-'f,é[x)%O‘—‘?XE Xe-:: ]
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