Lecture 15, 03/26/25
1) Hilbert - Mumbord 'fjlac Heorems
2) E)(Q/M/o/ffs
ket [/VF} Sec 21

10) Eominder
[ed C L a yeductive group 16 C —>C" be o cherocter
[ed ([; dendte Z%- 1- dmensionad (- ‘/’gvrcsanz‘vf/on Correwam/mag %o 4
[t ( act on a /m{e 'éﬂ% /zzgfﬂc scheme X In fec 17
we 0&//}150( He ('_ZTQucn‘/cmf X//f as 1%: /D/’ O;/‘L[[Lj/’ao/ﬁ
ﬂje/é/’& f[Xx qu @ f[chmg,' W/crc f[X]Ong /
(f[)(]l £- 6’6) y43 h/ o/e//neo/l% locus of G- semistakt, /Ooun‘s
)(g = U)( b//ere_ £ nns over I[XJCM #1320
We fove Consfrudfw/ (- ivaripnt //Mor/aézsm Pl Gl )(// A
S,'é {A /D%h/tﬂg_ Maét/am s commutative
e
(0 T J7°
xf//m—w//”a — s
/%/’eover 79 js 5u(/7€ﬂfn/c f»[e bt Squere Is /a/z‘fmw £ etfeka,
fiber of 7° contains a wnigue closed (-orbit.

’,ﬂ




/Q/Z%f/; 6'}1 Zec /9/ We ﬁu/e /Vo:/eo/ ’flg Mow[ng, /émma.

Lewmo: a) oo xe X TEAE:
(//) XEXQ-SS
&) Clon) N(X<fo]) = in XxC,.

11) Hidbert - Mumbord ‘fj,ac Heorems
We woukd le 4o wunderstand a criterium fo xeX 4o be in
Xersggf for an obit of x b be tlosed Yere. For hs we wll
state and phove statements Smitlar in spirt o the Hilhert-
Muntord  heorem Hrom Lo 11
Nee et for 8: G —C™ £ V- C"—C we can consider
Z‘/eix /airmzv <€/Y7€7/ o/e//neo/ !01 %X/f)ffw’,b

[ heorem: 1) For xeX TFAE:
() xe X'

() IF tm W) x exsts inX then <> <0

¢-20

a-5s

2) Supjoose, Lhat )(GXQ—SSK&/EX are st @CZ:& @ s
LZDSea( in )(ﬁ—'ss 7Zu, = /—/a/wufcr fu{j/wp /- (fx—’[ s.t.
<QY>=0 L lwm ¥E)x exists wil les in 6«1

<0
2]



/) /s 07/‘{Cﬁ Za/ée/ {A 4%6#1‘ ~/Vam/ar/ (’l/’z‘tiz},{m 75/ Ssem( -

£Xamlnﬁ-' Sugpse (= C L CAX i st the /awﬁ/né,
j}’QO/Mj on C[X] is {} 2, The locus X " s determined in
Exeruse Hom Sec 13 in Lec 17 Lets revisi Zhi KOI@afA’ZZ/oM
using e theorem.

Sinee {A jl/zza/;ns/ on CIX] is é 7/7/0 we hove (¢ ):

(i) //m T.x exsts & ‘LZ.X—~)< #f = 7‘0&)=o 19/71064,;? f[)(jc'
(ir) f—:}é? “7'x exsts Mw«ﬁs_

So, for 820, X e—syé’oﬁys‘fs 0/ ¥Y/A4 /oimfs not Sdué/ﬂ} (i)
for =0 X7 consysts of all /o[mlg/ wiile g<o, J(g—fiyf, This

recoveys sz Coﬂ[ﬁmom a/ fZL exertse  (y Sec 13 o/ Zec 772'

Froot: 1): /%L Lemme. in Sec 10, (a) <=

() ChNNXlo3=g in XXC, =

(<) Ho ctosed Lorbt W doeswt be o Xx {03
Niete. that

() m YE) ()= Cm (), £)

exists iff fzm Vd)x exsts & <860220. Moreover, uncler 2hase
CoWZ'L[/ol/;, (}K%{Q Gres 1 X" {0} (// <):ﬁ770_ 7;J‘ow 'f/d( /o/)(ﬁ
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(c) we combine [c7) w. f»& HyChert - /%m/m/ {/eo/em q ¥st
Z In Yd). (x 1) exsts in K oX(58 ond Ces in e e oseod
p/éré o/ ‘L‘é %Su/a 07[ [ &4] ﬁ&'fwfg are

Z) St fe f[)(] W. /&)*0 Sine. 7)) Jfgg) we 04.0416& /Q;)#C)

from ) e /¢
[0:, s z[,é am'?u o&feo/ abit Lo {[c closure 07[ [x

I )go /Z/an-' use Gk e /e/f S7ua/c 0/ &) is @zﬂ‘esmﬂ.

Wit Het {(1)x) =LHlg50= 047" fi0 ] =L "5 16) s
nonsero bmt iff <Y 0v=0.
So ‘fé /o%h/[ﬂg, ‘fh/o Coll/iz/)om‘ ele @aZV@&wf:
) Lw VDX easts in ){g

1‘70

(i) Z/m Y#)x euts in X { f[fm Yi)x) +0 < <Y =p.
Aéwm z%x 4o 'L%s @au/cz/cmz we decice 2) fom Yo Hilbert-

Mumford Lheorem ayapf ted now ts G acton o [ on / ( ) 0
77;a /p%wins, exevese will be m‘e/f/ ” 'f/e rext lecture.

cUse 2 O/ 7%/11 (and 1?5 p)’oo/) % f/ow ’L‘/ef THAE:
a oV )(E)( SS{L ay//f Cx s (/oseo/ 7 )(g N
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6) G 1) is chosed in )(x@.

,,Z) E)(a//n/o{fis
Examp/a 1: Le V be a fnite dmensionel vetor yace, £€ 1,
X= //oma: (C,K V), G= (L, dﬂ‘/ng/ on X /3 g% ng’ Led G- det.
We claim thot
(a) xe = /;Z/kaf/z/c £
) XI°C = Criev).
First, we weed Lo ande stand wden bom XIE)” exists fo
) C* =L,
(also usehl Sor He Jomenre!)
Lot C1(5) = ue €| JE)u=-ta5. St Cy):= C; (). THAE
< Om x V&) exists

t-0

- perx > G, (¥)

Nioe thatt f; (¥Y)=0 = <g¥><0. So, %t ﬁed/em) // X s M/ec—
f;l/g ,f/w /{’5 4 ’5%7551‘&/%&, gﬁl/ﬁ#j@é, /‘f Key X#0 we con o%oose
a com/ofamfw& fués/oace Uc C* 8 defme YH) acting é; % on
ker X f ’fnw% on U Tha fé»: X0 ests but <G
dm ver x »0. Theovem shows ot x i not G-semistable. This
Fnishes 4l /0}’007[ of (2)
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Let-s estallsh (8). We note f/u‘ e Map /{/ﬁq{‘ﬁ r(k V)7
Xtoker X is Q wa//u/um [ i Pliceer oﬁm‘s) £ eacd fiber is
& LL ()0t (crerie in Linear lgehr) fo cack fe €01
n20, Xt>Ker x: ){3 — ﬁ//e,V) o/e,sceno/s % a Mo;p//rm )gp//(""
Gre V) & Poblem 2 in Hiw! 711»1079/1;;”5 agrec on ){PA //[’/)\?//f
/))(h//[ and 5o olescond 4o X)PC — Ly (e V). h/cjmf a @'ewf/v/c

mo/ﬁ//;m % o nomed veriety Jence. an /;o/uor/M/;m. 77% are o ls

ot least tuwo Ahe ways Lo establish Lhs /fomo////m,

Pemen: ) [Es &zsduL £o ser Yot n@@ f[)/f’wcoc'na/es with
C/[x] Sé,k Tle lotter dgeém Con be Cow;mfea/ 4 6?4/11,[5 % th
/iomogeﬂeoaj coordinate Mjaém of (v(kV) for e Pliicrer embed.
MM}. This atso shows that XY v =/D/c(>/' (CIx] Sé"} but is more
Comp &'czz;fto/ : f,(n o/csaf;)nffon o/ C[x] S o 4 ove /’f?u[ﬂ:s /ﬁ?olulh;,
that e 40/1403 eeous  coordinate ying. s sormal.

—7) 7_/)/4 oéw’[ﬁf/oh n ’/) cen be 5(’/7&/:2/&2&9/ as /n/(%w& Let X
be 2 Vector pea 8 G clllX) b a reductive Svégmu/) contawning,
e Sczz,&'nai forus. Lot (= GNSLIx) Let 8 b 2L restnction
of oot [Z/X) — C " 4% § (nte #h C/anaqe 0/5/;}4 fom the
/Difeyious C)(szp{i)_ Then )(//9[’=P/(oj/f[)(]£°). Moreover }(edssir
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X| 97;,;7/0) ( ).

E)(am/afa 2: /t/e now Cohsw/er R jeﬂf}/wgajff/on a/ {A P)’ewou;
CXBM/)& Vﬂpl’emfdlons a/ 70“/6}/5

g} a quiver we meen an oviented VaioA W= (i 44 754
[A/Acre_ Q s a S(yf o/ I/Uflces /5 a Svf 0/ _QIVOW S f Or/enfeo/
651/65 £ 'f,é ) =) we +ail £ head Maps: f-mq o

A representation of A is a collection of vecto spaces I
IEQ amo( lnesr Maps X lém—’%“,d Q We consishr The
CRSe. Mw all V~ we Finite d, menszomz[ So e can assin .
Himension vector 1 —(p/zm ->,60€7/ Lot K /sz) Henote A
set of K /e:en‘fczl‘lom of 4 in pred vedtor prces I/ of dmension
¥ So ‘L%mf éef(ﬁr @ Hom [Z(), h()) T is a yectw space
with an acton 0/ KZ(U) = [7 CCCU). Mode thot ’54 1- domen-
sionel +orus [/8 Ia/ ) Jze C” } aaf; -énvmlé, ﬂf/ﬁzr) £ so
e action of fl(zr ) fectors {/maéé P (v):= fl(v)/{/i‘fo/ )5

For 69571 tt G- - Zé’v‘ Th chavecter lotto of
PCl G) is /o/wlzl/w/ with /6’67( /er 0§ Ve

(8, )ieq. H[(g() HLQQ M(ch )97

For sud Be 2% we went 1o ocleScube @ffﬁ)?f).gﬂ Nie
f/@é Wwe (Con ‘Léa/@}d ﬂxgou‘é 5u61’€//€%d(0ﬂ5 0/ (Vt.)ieﬁo: a C&%C-

7
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bon U SV; e x Uy Uy ¥ 264

[Foposition:  xe @f) /av o A subwpestaton (1) of (V)
We ADJ/& 67 (a/m ‘ léa

Poof: /f awin, we sCart % adl zmg, whon /m YE)x exsts.
Set /= @ V [hoose a Lift )”o/ J o J’Z(zr} "o /467/1/{
e V V)= t'us Th difternt bifts differ b 2 fowno-
mo7géum Z> 4 /2Io( )F S0 for o Aittevent Chocce of 5/{ J/, we
pave V(¥ = (/mm[J/) w me 2 Hene e con assume dhet V(]

{0? for n<o. for N20, Set (/M/Y) @ VE) S/W//w%
to Sec 1.4 of Lec 17 (of whed 4 //efwz[ ety is a Speeied
case), U Y% exsts ;/f V?'(%)= @(/M[H i a Suérgore
Jenfmf/fn_ap%r cach N0, Led " p/éno«z‘ﬂ ‘% dmension vector
of I/(X) { "= 2 5™ dmension vwfoy of V”{)’) Then

<<§)/>—fow<// a/‘é i [1de (Y[f)) —[J’(x‘) Jas 5€4jen~
velues 771= 2 > ny' G = Z 7. 8.

Se i u é’efon'f; domension Zaozfow u of 505;@/0/&%5%/0/45,
ﬂw <6) 1540, fom/ernét 7@# Suér?/efwfuf/om ﬂ/ ) c( {/
we can fnd ¥ w. V=V é/ . [0}7=V(-7/_2 bor sud ¥

e A&u/& <6/’ )7 = g [0//»4 ﬁ/L) //7/5/1}15, {4 /}’007_/ 8]
H



Remares: 1) A comection 4 Exam/oﬁ ! i as follows:
Consider e ?ui)/er 0 = 9, where w=dm |/ £ dimension vector
w=(k1). Thn CL)= GLUe)% GLG) £ the induson (2 ()< (o)

Gibes hse to an /somo}ﬂ)sm (L(e) = PLLlr) Tare 8 of Hhe form
(a/ 2d) for d-0. Lt x= (Xx )AEQ C—>C" Thw ave 2w pinols
kindls of 5uéf<e/m5wﬁd/ons
(Y,€) for Y CC, Loy sedishy lm )8 Gmtt-2)d <0
(Y, {0}) % M CFer X %L?(, jd}f@ (dm U.)-8 <0 U 10T
h/e FeLoler 'LZA ﬂlzzj)ﬁf} Conoé‘flon /}’om gxzw/oé /

,Z) MOV& jmelf% 76);’ Oﬁo—ﬁo—a . O:: o a/meﬁnoh Vef)fay o=
4-ss
ey e, 1) £ 8= (11 - 52) e e ﬁf/w) - {0ll maps
(E ,_,(]: —. -’96 e /}yedf/vc
/@70[4'”)// (Lls) —=> /CZ/KWL’L,..- £, V)
I qenered,, e [IT quitient of interest doesnt admit sucd an
CXpé‘a'f oéanP%/on_



