
 Lecture 18 032625
7 HilbertMumfordtypetheorems

2 Examples
Ref MF Sec 2.1

1.0 Reminder

Let G be a reductive group C It be a character

Let Go denote the 1 dimensional Grepresentation corresponding to
Let C act on a finitetypeaffinescheme X In Les 17

we defined the GIT quotient X1 C as the Prejofthegraded
algebra Xx e X where E Ife
XDg f Algif Wedefinedthe locus of f semistablepoint
X's Xp where f runs over use

Wehave constructed a C invariantmorphism to XDG
st thefollowingdiagram is commutative

f f y
Tf It
Xelle NEG XIC

Moreover it is surjective the left square is Cartesian every
fiberof contains a uniqueclosed Gorbit

I



Further in Lec 17 we haveprovedthefollowinglemme

Lemma a For xeX TFAE
1 ext 55

2 Gtx.TNXx 03 p in XxCe

1 1 HilbertMumfordtypetheorems

Wewould like to understand a criterium for ex to lie in
for an orbit of to beclosedthere Forthis we will

state andprove statements similar in spirit to theHilbert
Mumford theoremfromLec11

Note that for G 8 G we can consider

theirpairing at 87 72definedby t.tt t

Theorem 1 For xeX TFAE
la ext 55

6 If 11 At x exists inX then ce rise

2 Suppose that xeX yeX are set GycGx ̅ Gy is
closed in X Then 1parameter subgroup 8 Q G s.t
40,87 0 ftp 8ltlx exists and lies in Cy
I



1 is often calledtheHilbertMumfordcriteriumfor semi

stability

Example Suppose G C n X is set theresulting
grading on is by70 The locus was determined in
Exercise from Sec 1.3 in Lec 17 Let's revisitthiscomputation

using thetheorem

Since thegrading on X is by wehave exercise

i ftp.t.x exists t.x x t flx so fe a

ii ftp.t x exists always
So for 070 X consists of all points not satisfying i

For 0 0 X consists of all points while for eco This

recovers the conclusions of theexercise in Sec1.3ofLec 17

Proof 1 ByLemma in Sec 1.0 a

c GMNX 03 in Xxc
c theclosed Corbit in GETdoesn't lie in Xx403
Notethat

1m 84 x17Em 841x t

exists iff ftp 8ltlx exists 28,0770 Moreover underthese

conditions lies in Xxto iff at0770 Toshowthat 6
31



c we combine c w theHilbertMumfordtheorem 8s.t
Nt x t exists in XxCe and lies in the unique closed

Gorbit in the closure of C x11Details are exercise

2 Let fe w f x to Since f x it ly wededucefly to
from 19 1 eXp G
Exercise1 Cy is theunique closedorbit in theclosure of hx

in Xp Hint use that the left square of A is Cartesian

Note that f 8H x fg x g f x
407f x has

nonzero limit iff 28,07 0
So thefollowing two conditions are equivalent
i fig 84 exists in Xp

ii ftp.rtlx exits in X fftp.rt x to cr.es a
Again thx to this equivalence we deduce 2 fromtheHilbert

Mumfordtheoremappliednow to theactionofGon Xp exercise

Thefollowing exercise will be useful in thenext lecture

Exercise2 Use 2 ofThm anditsproof to showthat TFAE
a For xe X theorbit Gx is closed in



6 G x 1 is closed in XxCe

2 Examples

Example 1 Let V be a finite dimensional vectorspace re 7ha
Home C V G Clracting on X by g x xg Let A det
Weclaim that
a xeX x is injective

161 X19 GrRV
First we need to understandwhen Im 841 exists for

8 Glr
Exercise alsousefulforthehomework
Let C 8 ue 8f u tia Set 1 18 118 TFAE

Am 847 exists

Kerx 5,18

Notethat 5,1870 ct 870 So byTheorem if x isinjectivethen it's A semistable Conversely if ker to we canchoose
a complementary subspace UCC define 8t actingby ton

ker trivially on U ThenGm 867 existsbut 40,87
him Ker x 0 Theorem shows that is not A semistable This
finishes theproofof a
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Let's establish 6 Wenote that themap Gr RV
taker is a morphism exercise in Pluckercharts Reachfiber is

a k orbit exercise in Linearalgebra Foreach fe CX w

no X taker x Xp Gr RV descends to a morphism Xp14
Gr r V1 by Problem 2 in HW1 Themorphisms agree on Xp11G Xp G
AXullC and so descendto X G Gr RV7 Weget a bijective
morphism to a normalvariety hence an isomorphism There are also

at least twootherways to establishthis isomorphism

Remark 1 It's easy to see that 4 3 coincideswith

1 154The latter algebra can be computed it equals to the
homogeneous coordinatealgebra of Cr K V for the Pluckerembed
ding This also shows that X19 Proj but ismore
complicated the description of above requires knowing

that the homogeneous coordinate ring is normal

2 Thedescription in 1 can begeneralizedas follows Let X
be a vectorspace GCGLX be a reductivesubgroup containing
the scaling torus Let C GMSL x Let betherestriction

of det GL x to G notethe change ofsignfromthe
previous example Then X1C Prej C Moreover X is

A



X1 e exercise

Example 2 We now consider a generalization oftheprevious
example representations ofquivers
By a quiver we mean an orientedgraph h Q A t h

wherehe is a set of vertices h is a set of arrows oriented

edges t h h he are tail headmaps
A representation of a is a collection of vector spaces Vi

tho and linearmaps Xa Vera Vna heh We considerthe

case when all Vi are finite dimensional so we can assignthe
dimension vector w himViliea.EE Let Rep4,0 denotethe
set of representations of h in fixedvector spacesVi ofdimension
v so that Rep G Hom VeraUncal It is a vectorspace
with an action of Co a.GLVi Notethat the 1dimensionaltorus zIdv lze acts trivially on Rep9,0 Qso
theaction of v factors through PGL o GLA Idu
For o f e72 let t o Eativi Thecharacter lattice of

PGL o is identifiedwith 0 79 A 0 03 vie

filies gi a e
detgifi

For such be 72 we want to describe RepQu
sNote

that we can talk about subrepresentations of Vi iea acaller



tion Ui CVi w alltia Unca eelp

Proposition xe RepQu subrepresentation Ui of Vi
we have f himUiliea.tl

Proof Again we start byanalyzing whenftp.rtixexists
Set V

a Vi
Choose a lift 8of 8 to Glen For net let

V 81 u eV18tlu thu Thedifferent lifts differby a home
morphism to 2Idu so for a different chanceof lift 8 we
have V 8 V 8 w.me 7 Hence we can assumethat U18
03 for nee For no set V 8 II Vm81 Similarly

to See 1.4 ofLec12 of which thepresentsetup is a special
case ftp8 t exists iff V 8 V 18 is a
subrepresentationfor each no Let v denotethedimension vector

of V 8 0 Enum dimensionvectorof V 8 Then

at 8 power of t in 17deg f t 8,47has ofeigenvaluest E E multi E 8h
So if u so dimension vectors a of subrepresentations

then 0,8750 Conversely forany subrepresentation Ui c Vi
we can find 8 w Vi V U V 03 V Forsuch 8
we have 0,87 A dimUi finishingtheproof



Remarks 1 A connection to Example 1 is as follows
consider the quiver where wedimV dimension vector

v R 1 Then CLv1 GLR xGL t the inclusion GLIRI o

gives rise to an isomorphism L R PGL o Take oftheform
d Rd for270 Let a ace

There are two kinds
kindsof subrepresentations

U C for UCC they satisfy dimUi LimURILso
U 03 for UCkerx theysatisfy dimUi A so U 03

Werecoverthestability condition from Example 1

2 Moregenerally for g Er dimension vector o

Ro Re 1 1 1 Eri we have RepQu all maps

Cware injective
Rep Lv LG Fl Koike Re V

In general the CIT quotient of interest doesn'tadmitsuchan
explicitdescription
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