Lecture 19, 4/2/25
1) CIT Hamttonan Vedudtions: Hith (C*) £ (M spact.
Pefs: LE] [Nael [CCT.

1) CIT Hambtonien Vedudbions - Hith, (C*) £ (M spact.

10) CIT Hemibbomen reduction
M:’Vc é’MSfo/el'eo/ /%m;éfoman /&6&4(1‘10/75 74)’ actions 0/ (’omloauf

Grops on S'JM/?{&%(/L 4 ?Mani/ 5. T seme constructions wore 7@;/
actions of reductive groaps om Sjmp/ed/c Mjpf;’w‘c vanieties (cf Bonug
to Lec 7¢). A brsic exempte s a Sympfevflc vector Spact V/ over
L w 7€>Pm et /ﬁ/* £ action a/ ( Comin§ y%m K—AS;DWJ. This

abon is Hemllonen i Moment mep) i f/—’f]* given é" e some
formudn a5 in e Compact case - ?‘{[U)/X7="ZZ&)[KU,1J‘). So Hor

15@*)6 £6: 0 —>C " we con consider e CIT Hemillonan

pdluctbon VI, (- = 0 O°C T e Lackon on ()75
free Yo a Mjf/ﬁ/ajc version of e Marsolon- M)osfein-/’f/egcr hm
Bom Sec 12 in Lec 16 Shows ot V//(\QK camies an ajsugnu'c
sjm/uﬁuf/c fom: a unique 1~ form o, s.t. (W@*chg*wc, wheve

¢ f{"[o)g-sgc—-» V i 'éZL mlusion. To //(gamusé}/ construct D
IS an 5 Aml‘: i// (" acts ﬂ’e@% on /9:”1{4/, r?
Is e /V/i?ojoaf (= bundte s is be C s j&eo/ Fom cq;feﬁozf)'cel
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?Wf/afs, P whih o boim is [omﬂw/g_ m Sec 14 of Loc 14
In ths lectare we wbl consiler )74@0,"”2 cases of his construc-
tion: Hilhert schemes of /az'mfs m C' [ [Zz[OJeVO'MOJer Spaces

11) Lonstruction
he are interested in I/ of a Spemj 76}%4-' %4 [/ be a
vector space. Set Vo= Yol " (=T ) & equip i with
fao//owiné Sjmpéﬁt‘/c form :
W (v, 4,), (;,4,)) = <8,d,7 =~ <U,,47
~4le natured fom 07[ 7—*,/0 Led [ act 6}45@/6 on U This
acktion extends 2o 4o (- action on [/O@Vo’i whicd, preserves 6.
ZEW/MQ. /: M’_ éw/e
<J'1 (54, x> = <xu L7 ¥ ve Vo,o(e KT XEJ].
oot
1

f/‘((v‘,d),X7 = %&)[X?f)zr)ﬁl <XU,d 2 —%(v;xob: XV, A7 D

We witl reed th /o/%wﬂj, howe of /f/ V). Fix ne %, Lot
U be an n-dimensioned spact. Set = (L) § G V= Endu)eU
w. a notured [ ackon We Z/cnfé['g, End (M) w. End (U)" (X o7 v
g* asin§ Yo trce form: (AB):=1r (AB). S we can c'a/em‘/’yé\, V w.
V= bnd (1) e ti® *
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A View o4 a /%0}74/5141 IV — Endll)

Lewma 7 Under Hhese ioontiy cations, we Have
Jq[/f,B)c',J')r [ﬂ,g]ﬂj A Be Eno/[ﬁ),ééﬂ)J'eé{f
where we Vview [ as o Oinear map C =0 5o Yot ¢ is ant
linear apﬂu‘or U—u MHJ(uli.

Boof: LA e bndl (V)" = End (), 2 Ut — Lrdll] bo £l
Moment Meps for He actions of (L) KJ; /orW/es of moment meps
CXp&u'nco/ in Sec 13 of Lec 16, we fane

/H/A,g}(:d'):/% //I/E)nb/h[l,‘])-

We have frf/ffz[t}j)x) = <(/',)(£7 =frgxi)=f}f[i'/'x).

Sine e trace form s ﬂoﬂ-a/ejemrmfe, +his (mplaces /t/Z/z,j)=(c'/'.
Simitery, tr (p, (4B)x) =Tr (B (M) =[x A= [y AT] = Tr (B [x AT)
= ¢r (L4 B]x) = A, (AR) =LA B]. 0

17) Semistabte /am'mls.
Tl betbe Z(5) is icentifid witl Z vie > det! Smitert,
[g")q (s /'o/enff/;eo/ w. C va 2zt 2tr
We stort @ o/eSa’z'{mg, Vo fr 670 aud 6<0 Lecell Sec 17
0/ Lec 17 f/tzﬁf VQ‘HOQ/)&M/K om% on e syen o/g
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/Q’olaosffion :
7) For B<0, /Agi,J)C [/gds@ L s ”Ly%'c”/ ,45 e U is
M&dp /4&@ sta bl )'uéyacc cwyfammg, ( 5 U
2) For 650 /ABcJ)CV <=>J is C’Off&éc for A B, ie {ofi
th oty ALE-stable subspace contained in ker |

10}’007[): 1) A/f, Use 7,% ///%crf-/%m;‘%ro/ C}'/'L[f}’ium 74/ Semiffa,gffr‘f}
(7) of Thm in Sec 11 of Loc 18): [AB c'J')EVQ-sy/'//ﬁ’om e
eastence of Gw W) (481]) for V:C"—=C ¢ follows thet

¢ -0

<B¥><0. We wnte U= n@ﬁ/ﬂ w. U (¥)= {UEU/X['L‘ = £
Then: e

lom VA exists iff @ U (1) is A-stable for ol meZ.

€0

Same for B.
Z/M )i eusts /7/7[ (e @5/(4}’)
. fzm X[fJ exists J/fJ ww/sﬁcs on @é//)()

€9

So if ( is Lj&ﬂc ’f[w U = H@U{X Snee
<587 =8 S ndm U ()
we See thot if f/m //f)[ABzJ) ensts, Lo <1 8750, 5 /A,Bidj)é
Tal /m/ersdg &/f i be not 6(7040 Then bt U'SU be an (4B]-
57.‘4/2& S'uéspace confaumn} [ Jlt U be a colw/ufemem‘_ Tare Yw
U =0 0, (0) =0 For this I we have <¥8=-8dmtf” >0,

]



Sth/iné, A8 V°”

2) Tl case of 870 is smiler £ is Gft as an exeruse.
Here's Slz/onéer statement

: Io/wf'ﬁ U w. M,*j/&fp(éna, Ajgxfﬁ)o(/w),J*-'fﬁUK
U —C Then (ABL ) (gj‘/rj‘J‘»jc*) estnets to
YT | OO D

forﬂwy: for 8#0, CalV®is fe.

Foof:

For 6 <0 use Yat any olement of U can be witten as PIAB).,
where P is a noncommutativg poéﬂomw[ m 2 voviaktes. An eloment
of  tot stakilizes ABi abso stabilioes PIAB);, Jona is thved

Tl case o;/ O7p is Acwo/&o/ MMO(:, EXC/’OGC o z[A /0}’007/ O/

/Dro/mﬁf)on. 0

/.3) fajaﬁeyo—/%owf sprces. ([E], Sec /_5)
Assume in this section that 1 #0.

—
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Pro/ﬂosz'ﬁ'oni Let M,B,L'IJ)G/W"[/\). Then

(a) Tk on% A £ B- stabt subspaces in U ave UL 10F
(6) Tl stabilizer of A8 )cn G s trviad.

(C)Ju (M)

(2) Zf/?f U /gél be a nonzers [A B)-stabt. ;qé;/amg. Led - =
[A81-)I, tjs is a e 1 operetor, equal to "ff We wite A8
for Ho vestiictions of ABC 4 U' & /f/oz?,//f " B e inducod oper -
tors on U= We hove & O = H A8 -1 lfo/ ~Ldmit’
= C'#0 £ 5/)74}{4/’? C %0 Thi /m/aﬁcs wCzreC+meC 22

COn‘émﬂde/on /)’01/4145, (=)
(%) l% Schur’s Lomma galo@eoz 4o (2), we seo Hot Yo stabylizer

consists of  scalor operartors. Wote Yot ¢ J}O 50 i/ & scaler
opeia/for &s ‘f}’/yiafﬁdt on ¢ Zf /haﬂz /e ﬂ /n@fl‘lé
(c) is 2 deck (’omgfay&,, / (z) £ /?’/905/1‘/0}7 w fec 17 O

[ZJVaZ/wy: 1) /’[4) is o smodth J’Ltél/ta/ff’/f} in Vof pure Codmen-

Slon /L

2) V// (i a S)Moﬂ% R// /ne .Sym/y/ ectic Var/e;é o/ dom =Zn

wa/f;acna/mf of &
Broof: # a5 an :use Hhe pr Vious //a/aos;’z‘/bn. (e
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Sec 11 of Lec T fr 1), Use @Vo% m Sec 14 of Lec1d
“ SAOIN ’I%cﬂf ﬁ”d) —”/f{"(/{)//[ (s Q/Or[ﬁapa/f /‘({\mq/é)'
Sec 10 4o establsh ey afgo&’aja 5Jmpfedic form ; any/
/%posif/on in Sec 1.2 0/ Lec 17 15 Show Phedt

e —Wl ¢

/s an /So/no»pé/sm O

/@ma/lc-‘ 7Z€- l’eﬂé«vilw) V//4€( s Khown as ‘LZA /Q/Zoozge)’o '/L/oser

e, & is com/mﬂf/’ﬁeo/ f/asc spac of 7,‘/4 /a/ojero - Moser
SCysfem and was defmed by Lazhden, Kostant § Sternbers.

19) Mtk (C°) ([ Max], Sec1)

Here e chwff/gdt /f"/o)// 60 . nomer . Heress A main tech-
ncel resu bt

BDPOSif/D;/)! [od /Alglc'd‘)ef_;/o) Q—:.r
7) If 57<07 'ffy/w J=0
29I 850 Her i-0

gﬂygo}’-\‘i /ﬂVaying, 7,%’; /ZSL«/%, 5/5’5 exyo{au’n if’)‘ y/jﬂ/%mme_ /JSIL(MC
8<0 hrst. Sine J':O, we have 750 = [4&]-0. So/«"[o)e'fi
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:{/A,B,i,o)/ (C[A,EJEC"}, The action o/ G on “10)°7 ¢ ﬂ’ca_

Then ) °0 = ¢l sk of obits plo)*")C (ecall thet
f’-' )/ 6[ /ﬁwemm‘cnw closeold [~ orbits in \/‘4"[0)9'”)_

Nite Hot {fe f&,;j/ FuB)i=0% is a codimension n ideed
7 CZ)—(,JR a/gocn%n} a/v{} on He Corbit of (4B.). [‘)’””’S&éﬂ;
Jiven 2 Coﬁzmeﬂflon n idead I c (E&,J], we con Choose an (et
7/)"&2;5/014 f[%Jj/I—’:)M £ 0/#/}1& 4,@6570//0) A5 “ gﬁe/w‘farj
o//yw&‘z/'ﬂf/cwbn é»; XLy £ (as 1+1c (CZ},JY. Thn (48 (0)e
JC{” (0)°7 Mo Yot different  identifcations f[x,JJ/I =
difter écw eloment o/ L and 5o we jo‘f meps /dwm/{"/o)/ec
£ {codm n ideads in (E[},ﬂ}. L fact Bhese meps  ase /%uffwz/%
inverse (¢ ). A jfraﬂje/ statement s fre: /"/a)// °C s a %ﬂ&
o dludi Slyaca” / it comes w.a aniversol /mzéﬂ /DUQMM»ZCIMMJ, Codom
n ia/ezz,es khown &S 'f/¢ Hitheot  scheme Hith (€

ﬁmz’/ﬂ% t (i omffarg, in Sec 13t Homtloman reduction

construction Shows et Hitk, (C*) is 4 smosth éy/%/oﬁrxfm V@flﬁé
of dmension n

Th case 0/ 670 is hondleo using Lxercise in Sec 1.2 (LAY

a5 )
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Foof of ﬁ’olﬂoﬂflon!
Sfcp 1: e stat w {4 /QZZOWZMJ; Uinear w%%m %wf =
if A Be End ) sadiofy re [48 <, thn 48 ot upper- trion
ﬁu/a/ in Some basis. s 6170094 to Show Yot U admits o
prper AL B- steble Suéslpau;,fzdm we Con asgue {; indlucition
on dm U
We con /ffﬁzu A w 4—}1—044 for sutakt. 1 & assume
A is a/ﬁjmmufa If rer 4 is L- sz‘d&,—f/u we are done.
Kherwse 3 ueker A w. w=AButo Mote Yot v=[4BJu &
Hen Zm[l],B]:fU, Y ‘fé!u/f InA is B-stabte. ﬁl&w{
BAu= ABu - [AB]u. The 15t sommand is in In A £ e 2nd is
m fv’ C.Z;V//( SD /:er/{ 4 _[1174 e A /07?700’ A—Slzﬂjé Subspace.

Step - We cloim Hat For /f{g,g)éf"(o) we hove
(%) <|, C<AB>>=0
where we wnte C<AB7 for 4, a,é&gm of noncommutative /06"
nomiaks in AEB; (%) & g’oposiflon in Sec 12 fush 4. /)’oa/f
7(; F)’ow, [77‘ ) we Note f/aif
<S> =t (JU8)if)= ~tr (148)[483) = [ 4B we
apper fr)’mgwfw in some besi = [ AB] is jﬁ’/m‘é upper f/’/bﬂju—
lev, So is f/xlé’)[xf,ﬁj] =0 )
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15) Eemares
1) One can also describe /1“’[0)//6' a&%oagé {ﬁ/is is fec//ﬁc%
Yl havdest (LCCT Sec 2),
(%) /[Z/”/S, H/ﬁ"[o)//f
/s an /Somorp//sm/ where 2 pophism s indlecedl {7’
(b, 4 Yo ) (ding (x,%,), ﬂékg o904 0).
Une can Show +het:
+ (¥x) 15 5w:)'ea{1ye on Ho tovel of /omfs ~usiy 5&‘6/9 1 of th
pmo/ o/ P/opasfflon m Sec 14.
< (%K) 5 & Josep/ emﬂea/a/m} y dsing, ﬂ/esm/'oz‘/m of jwe/u‘orr
of (E[[(Cz)h:f Going bace 4o /1/«2/
"N (o) /ww( fence /{ 'fO)//f ) [ /’eﬂ/ucea/ 772’: /ﬁ7ui/e5:
- SAowinér thot /{"(0) has 1+l (wveducibte Companents chavate-
Pieeol % o C<AB7 af e genenc /oin’f.
~ séowins, ot each of Y Componerts  contalns a FHee ovirt
= usmg /pyp/)e/ff/es of Moment Meps 4 Show that Vi 1) is g

//Cz,% /ULCZO( 07/ a//m /@1-)-/7 am/ flm Aéo/ucfﬂdq, /Z,/S /f&é/cw/

h/ﬁ note ot Z%. yeturel /ho/;oé/vn / o)) ef —9/W Ny
G 0<0) is th Htbert-Chuw map sondng an ioeed T 4o i
Sq,o/ooff Counteo w. mubliplicites.
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2) This  construction Jenerq,&%es %t PC/(v) N &f;[ﬂ)w), ree
Exwm,o/c 2 in Sec Z of Lec 18 ({A current  Construction is
L S/Jca'd Case: Gae—g). 7L /’eb’w&‘/ng/ Hemi Chomen /Cﬂérﬂé/oﬂf

ore gnowh Af /VQKQJ')MQ yalv&k variedies ano( are l/e? c'mlaarz‘m‘f

(n Leometne /{/}’asm%wrffan dewg' A Mathemotical /0/95/61



