‘ZI‘W/QVL.M'LZ ‘f/wz/} Z} ﬂ///5/25
7) A «/emgc@ 0fem/7f0r5 £ ﬂﬂoﬁ’ga;f/ans

/Qefr [/DV]; Sec 34

7) A «/emjmé gae/nfors £ a//oé'ca;f/ms

Led [ be o teld V be 2 fute dmensioned vecty space /I
We wnte FLV] £ 4L a%//g/’tz of /p%nom/d Functions, I.e.
e ngmdrzc d;%m of V X donoted p/;, S (i embeds
into fauncbions 1 — [ L i mbmite)

Zf//f 5 be 2 jl/oa/o fia//-a/yep/ wfz‘/ e /O/M/MW/’MIW [' —4 [Z/ % )
In /arf/owfaf, (acts on FLV] o;q Aécém aafompfp//;m; £
We (on 7‘2/)% 254 quﬂjj&ém a/ DIVR YL auts ZF[I/J_(

ﬂug stion: Men I F [ f/] ¢ ﬁﬂl‘z{fé jéﬁeﬂ?z{ﬁ&\/ 7

iy jm/ /n 1%5 lecture ic 1o /3149/ sutlycient conditi-

ons tor atfirmatve answer

11) Avﬂ@j/h} %fm,fors, Mioma/f/’ca%-
la/éw we wWork w. /epkscnzla/f/oﬂsl V) a/ d f/ﬂ/'z[c j/’oa/o [:

2



its usehd 4o consifer the averagins, operator
the gy pnts
V=, by Z g

7

z‘/a;f mares Sense when &Agfﬂ— doesnt dide [C1 We went 2o

axiomatize Some a/ /LZS /Draferf/es.

Definition (uncommon): Let ( fbe a group. ﬁ;, a class of
/?'m'z‘e o//mens)omx/f K?p/csmfwfmﬁy 0/ ( we meon & et o/
(-representations (up To isomonphism) bat is chosed ander:

direct sums, tensor /Wéwz‘g duels, fmcmdq Subs &£ quotrents
£ comfams ’fn/e £rvied kp/e!wﬁvf/on_

A emmp/e (s /VoV/'o/w/ ? Yy/4 %ﬂ/'z{c Mmemfmd /’e/yﬁejwz‘zz-
Zions o/ R /7}4/%@ 3Vau/o A Well ser of/cr C)mmlvﬁs tater

Defintion: Let € be a hass of representations. @ an
Mel’aﬁmg, Ope/’mfor 4 /o}’ E we mean a collection a/ Onesr
opf/ajéam A,y V—V (Vel) st

(a1) tmd, & V= {ye V/g’(/='lf —Vjefj

(a2) o, (v)=v ¥ ve |/

(a3) ¥ [-e?uimr/aﬁf Onear /144705 60: U—-l/ /éfl/ezf)
AM& ﬁ”"”{u""{\/a?
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In af/er M/Ol’o/s/ L 15 2 /wwfo/f/a/ /o/o/emfor b o sub-
Spaces of (nvariants.

/4}4 CXRMIOQ 3 /w’ol//'a/e/ ”;L’ 'f/r; Me/ajmé 0/0{/2;60}'
o(=l’2’( g%c: 4 b fnite C (Z( céa/ﬂ-—f‘ /C’) considered above.

/@m: /4/) fa/uae/ée/ Name 74/ 2 "Jass" (s /'//jm/ mona/o/d
/wff d&éw sub CQJijog o/ fr{a Ca;féjoy o/ ﬁﬂ/’?gc ﬂfmmj/»
oned wpresentations of [

12) ///g&’/f's finite jenc;’a/{ion f/eo}’em_
Thu: Let € be o thass of rppesentetions that fus averspng,
gperator Lt Vel Then 1 V]K /s %m’feét geﬂt,’/’ﬁ/fﬁo/

Scheme of /ma/-'

1) Well reduc fL /c/esf/an % 4 Anite jﬂﬂt’/’ﬂ/fmn of a
suitpble Aeal IC/F[I/]; Note {Anf f: ‘S;amﬂ?’[vj [I) /'Lz/f
idead in FFLV] agneveted ‘g‘l 1) is %m'feét ge/ze/u‘eo/ @
Ao Hlhert basis Heorem

2) 72)'5 s 'f[L MaLn /ﬁa//f-' we wtl use f/a W/e/ajiﬂg gpera-
Lor 4o obduce Hhet I is /miz(e/;; jene/a;fcf/ Hom 7 ém}
74#)}7{6% gwe/ﬁf@[

3]



Boof: St £ = F[V] > 4: = FIv]°

S{f/o 1( /wmzn/y% ji’ao/eo/ R@fz{ms) ./Vo{e Yot A i ywéol
é{ 2, [:i@/?;’ where A. =S vY) s He space of
/om%encaas a% ¢ /Dwg nomials (be ing. %gz;e/gm J/ao/mé " ieans
764? b4 /Q:/TJ/ = ANC-U. Y 4,(/] This gma/mé; /s /ﬂyegehxeo( éffﬁ
f—d&//oh (75// exmgé, // e (/aosc a  besis L[/en el/cfav; 56 C
acts cé Lﬂ/ﬂea/ %wyes a/ cooro/mdes —Or We (on Ste ‘L%'s
A//me‘% 75’0144 78 action on S[ /4 *)) It %éfows tht A is a
9/@0/30/ jm/a%&gl/e, L. /4=ig?45 w. A=A N4 Note Lhot
A= A=

Step Z- Mo GA A e any 2, - jl/ao/eo/ commutative ﬂ,%eé—

re- . 40—’-F Set Af>0’ =£@Aﬁ- )’If//.r o an é/m/ m A

7 4.8, € 470 be /olmopeﬂeow eloments. TEAL:
(1) a,..z, 9@/43/@,{6 A as an a/gw{r&
(2) a,..a, dqmemzfc /470 as an ideal.
In /ﬂczrf/ow/w) A i %ﬂ/%ﬁ% jwe/mfm/ @S o a/geém) ¥
A, is /;m’z[e@ 56/76/&1‘{3/ (25 an ideald).

.5!7',1 I =470 X f-': S;DM/T [I) M wa fo S/ow ‘L[/LLZZI
Is #ﬂ/’fcﬁ jeﬂem/feo( z%g U Holberd fas f/m) A i Noetherian,

4]



Sbin oy collection of jwe/a/fm of I we can choose Inite
st of generdors, In patualer 3 4. 4T qonencdmg I
We claim Het 74/,7{ je/?el/cde, 1

Sft//ov 3: /L_/f/ﬂm we o/q/me fZL ﬂx/e/zg(j/)’lg gpe/«,fo/ A=A
St A= DA for (e X, 5o bhat eah A is (- stabls
§ A-U8" Mo caim Yot JoeC. For ths, note Hhot

C. V’*Ef (C i cosed wder dheds)

(% € (€ is losecd wnder &) |
- S P e (b its guotient of V%)
. /4:, el /5/& C is closed éma/t’r @}

Let o, A:,- =2 /4:; bo the averags opertar on 4:,-_ Lt
J'7i A /{tiﬁf?ﬂsj b He midnsion, its (- efmi/a/fanf So, %
conditon (a3) n Sec 10, lodg = dlgel. Tt folllows Hhot 4s
Mwinj, gives a W&g{”‘é/,/f‘/ a/]f/dor A— A

Aa): = oA (2) /'/ ac A,;.

Steo 4: Lot he d, e A- A% M cloim TH) <A 7). Dnieas,
ASSume AG A:(ﬂ!é,dsf We have o Cnear /%6}0 50" ,(E;——"Z{;HJ'
6)0[a)5=/a. Ts [—quimn'anf: g [/a%(j./)@.a): f@.a)\
Ajm,@ (23), dsigo P = Qodiy = T = £ 3th)
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S{E/D 5 fow we prole Z%L Leim fm/c end 0/ féﬂ Z: )1/7{
je/?ei’a/fe I Pee FeI. Smu 7,/7{ gme}’zz;fc I 3 A”..,A,CE/J
F=Shf = F=d(F)=-[Sts 41= 2d0)f, & dlh)e A o

Kem: In /A/f/m/ar, it ( ic finite £ chor [ doesnt Aol
[C] 2hn FIVI® i fintely generated In fock (it Lonst
when char [F =0) Leress o y?f/oﬁée/ £ more eé/an’fa/O;/ pesi it
duue % /yam%er-' /fZ—VJC /s jenc’/deo/@ eloments a/ p/eg é/C/

1 3) ﬂf/er €x mp /és 0/ Memj/ng 0/%’/@‘0/5.
¥ course, to yead ustilness of Hlberts Heoem s Lot
&Ve/aﬁmé o/aem;fo/s ex;sé g{ﬁono/ 1,44 j&ZI Zz/igj 0/ 7’517/1[8 (7/0470 S,

Below in fﬂ/)s section F =C for S/M/bgf’u’%,

lase 1: K is o compact Lie 31o4p ﬁ’-j. Un) or O (R)). Le#
f=[za[(), /= dm K

Nite thet N'E * [s /Som@;;péic % ‘f/c 5/&@ 0/ LH K -invayiont
Zop forms on K /V/A’I,ZKZK/M} b fber st 1). S 3! LHE (nvaviant
fo/o 75)//:44) 2y 0w, s.t. J@r/ (it's here thet we use Hhet K

/s 50/44/@05 ).

|



fbw i/ /7 is 2 C hy %fﬂﬁflon on K or, Mple jmwz,@ a C f’m/p
/( ql/, wzere V 5 A %M/ile g/;me//lsiam,/ C-Vector Sace, We can
CMS/'a/er f [ W e ]/ ;Z/e}'e e ‘fWo éh/orfwf /)’p/of/g/es-‘
K

1) Py hek . bt £ he) The Kffi; A

(PZ) /et - V=V be a {neay mep. Then
f[(fo)[]w = sﬂ(ffw) ﬁl]' Is /ecause faziné fZL éhﬁejnz[ i
g €

Onear in ﬁé M‘L‘fjmna/

Nov 67/5 Vibe a C oflﬁep/e&enfdzon a/ K , .2 Z% matvin Coe/ -
Hiieats are (= functions. é}m’v«/mz‘(;i, Yvel/ 4 fmtron
7,/," £ — l/, Kbku, s C” Set:

o, (v) = Kf £

Nite Hhat 4he C of/go/ﬁs'enfmélolu o/ K fom o thass i
'A/L sense Sec 11

ﬁ’(ymﬁf/on 1: 7]4 Co%:%lon ol = [o(v) /?)r ‘L% &éfs a/ ffb/a;ﬂ/efeﬂ-
fajfiom N an Me/ajln} opf/dféoif
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/%a/-’ (23) is a oljrect Consequence o (P2) & (a2) is Lt
4s an exerase (hint: 7{;=U ¥ ve l/k)_ Led's check (21):
ha )=} [ Lo+ [P applied £ J. V—»»V]=Kf P co =

%4

[ @ = “IP1- She & ;

Q{Se Z: C IS an /a//me) alg%mx'c (j}’W/o, le. an 4///m z/ar/o%}
~recall Hat He base 75&(0( 5 C —efu{/ypco/ w. /770;70//5}%
m: Cx( — ﬂhwﬂﬁo&ca/‘f/on) and [ C — (Chz/ekfe)
mmcmé L mto a 404,

EXam/ofes-' (L, (C) & jts Zarisei closed Su@rw/as Sz (0)
0 (C), Sp, (C) Gor even n), ave %Mmjc_

It mares sense & tale about ﬂ/jogmj c jm"ﬁ /omomo/pa/ljm
(= mO//)hsm: of veriectes that are o Aowam;p//ms). Alsa
€Vel'5L a[ge braic jmu/g 0 A com/afe& Lie jma/o, so it makes to
Spert wbout Leir L @/Oqeéms,

Now we are jo/')?éﬁ, Yo introduc a /3% o/ /é/y/efwfaf/oﬂj
Yot we witl consiver

Def: fet Vbe o Dnte. dmensioned. vecrtor space. {g{ 2
K



yetonak /e/o/amfdzon of C in V we mean 2 Vgo/eswzizimn
ﬁ Ven /;_ ar) ﬂ/%-l’/é// a/l c (j}’W/ 40/740/740/?//-3}14,

Th ferm[no/czﬁg /s 6)7951/}7&0/ as fllows: for (= (2, (C),
‘f/v.c matrix Coﬁ///a'emzs are /c»%mm/d f{m&f/om on [7 ) h
/mrtwwfa/, we retionet %mofloﬂs n ‘L% matrix  entyes.

ﬁe next exerdse aaffmes 5lesic P/O/)(/’ZZ/BS a/ yationat Ke/o-
tesentations — and alloss 4o construt a ot of hem

1) Gdiona! @Vejmfﬂf/am a/ C Lorn a chass
e sense of Sec 11 Denste it 0} c.
2) If Hedl is an %M/zut Suéj/aup LV is a retional
representodtion of [ Yen its by rationeld epreseritation of H
3) Th faufo/og,icd /e/a)’esem‘fa;élon of (L (C) i rational

If’s ﬁo‘f '(,Z}’we ‘fn/@’f fA Me/a(jfng_ 0/76/’41‘0/ 7ér 6 Kmfs
74)/' cw& 4//565}’@//5 ji’m/ f /%Kf’s 4 )‘W;//]cf'wf [ zum/, AS we h//'gf

mention Lder, ﬁfcessa/&) condition.

_@e/im'flon: / /s /fo/ua‘/ye Z/ /'z/ contams a Zarsti aénse

~_c]omgzwf Lie su éj/&u/o
9



Lemma: Assume (. comedted in He wwmad fo/aofojg, ﬂn /wa}
s is equiveleat Fo [ being (meduible see [OV] § 331)
Lt K Cl be a Com/wwf Lie 5060}601/0 st é@R(C :‘Cj. Then K
/s Zansei dense in K/ fene [ is reducte.

/0/007[7-' Leh ; EYAWA 7% Z2niSEL o/om/e a/ () an ﬂ/{%%/m'c
Suéjfw/o o/ f M, ﬁax/e fcg/ &gfcg [ a 4:’—50;5;/620& =
g’=g = [ is comcded] (=0 O

gXMﬁé_Y? WA (C)> [C= Uln),
- (=80, (€C)>K=50,(R),
C (= 5;0” (C)>K= S/D,, = ynitan, Trensformaitions
of H" ke H is the guaternons 7

A rational /’-t%O/fod/f/Oﬂ Vof ¢ rstndstoa C°
/’«?ﬁ)’efwi‘mﬁon of K For vell 44 7 £l pees, Set
o(V(zr)=f )

K

/90/005/12/0}7 Z: o= [o(l,) s an Mc/aj/ng, a/emjp/ /ér z‘ﬂ/z
rationad /e/aresenfm‘mns of 0

2



Proof:  (a2) & (a3) Allow From /D/o/oas/zf[on 1 (21) reduces %o
(%) A

Lot vVl M thet Stallv)c( is Zansei chhsed
Conce K is Zanski dunse in C Wej!/f S{a,gq(u):f =

we Vs = (v 0



