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Refs see below

1 KempfNess theoremfor IT quotients Ref Ki Sec6
First we needto recall afew thingsfromLec 15 Let Cbe

a reductivegroupwith maximal compact subgroup KCG Let G
act on a finitedimensional rational representation V let
be a Kinvariant Hermitian scalarproduct unlike in theprevious
lectures is assumedto be linear in the2ndargument Thisgives rise
to a K invariant symplectic form w 2 Im a momentmap

ju V julo Fi xu v w xu making the Kactionon V Hamiltonian

Recall that the KempfNesstheoremprovedin Lec 5 states
that GoAguile iff G is closedand if so the intersection
is a single Korbit Thegoalofthis section is to state prove
an analog of the theorem for GIT quotients Pick A EHG
Identifying w its differential we view as a homomorphism

of It maps to FIR So fit can beviewedas an ele
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meat of Note that it's k invariant

Theorem King Let vev Then he is closed in V0 iff
un j F10 If this intersection is nonempty then it's a
single Korbit
Westart w a basic classicalexample

Example Consider V C w the usual Hermitian scalar
productG C acting by inverse scalingaction to t.to so

that V is positivelygraded Take 0 1 Themomentmap

14 isgiven by to tn Fo kit Thepreimage of51 A
s 1 131 Clearly the intersection ofjus frt withevery

automatically closed orbit is an orbit

Partialproof Weprove that if Gung Free then it's
a single Korbit Co is closed in V9 s Consider the Cactionof
V Go recall Exercise 2 in Sec 1.1 ofLec 8 that CucV
s closed so is G 0,1 c V Ce Equip V C W Hermitianform

v 2,1 02,22 up 4 2722

The corresponding momentmap j VOC isgivenby

j o t jelo Fitz
I



Inparticular itjuto Fit then oMeju o TheKempfNes

theorem applied to Go U Ce shows Glu 1 is closed

jun
1 an Cfo11 Klv 1 exercise just Fel AGo Ku
Note that thisalsoshows thatany closedGorbit in V0

s

intersectsjust Bet F1

Exercise Prove thetheoremwhen Z GL v c imageofG inGLV

Remark Recallthat ftp.ju.FPO V E is also a momentmap
Let X be a closed C stableaffine subvariety in V Assume

that actsfreely on X X is smoothThen X1 C issweet
see a comment inSec1.0ofLec10 Ontheotherhand is complex

hencesymplectic submanifoldof V Theaction KAX is

Hamiltonian free so by Sec1.2 in Lec16 jig o NX K
is smooth symplectic King's theorem saysthatthenaturalmap
jug e NX K X1 C is a bijection It can beshown to be
a C isomorphism inparticular equipping X1 Cwith a C symplect
form For instance in Example we recover the FubiniStudy form

on CP a uniqueup to rescaling Sun invariant symplectic
form on P
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2 Hyper Kahlerreductions Ref HKLR Pr

For Xe log19 A E JE C we can considerthe GITHamiltonian
reduction VK.EC jul 171 G a smooth symplectic variety
in the case when acts ongut X freely

In thissection we will use theKempfNesstheorem

perspectiveto observe an important symmetry relatingdifferent

valueson XA It comesfrom the quaternionic structure in V

20 Overview ofquaternionicstuff
Let BI denote the skew fieldofquaternions its elements

are of the form h atbitcjtdrwij.rs 1 jir Let Bt B
denote thequaternionic conjugation atbitcjtdraa bi ej.dk so
that th th attic d tht x ̅ is an anti involution

A quaternionic vector space is a right B1module Every
such module isfree by the sameargument as for fields

20.1 Hermitian forms

Definition Let Vbe a quaternionic vectorspace By aquarter
nonic hermitian form on U we mean amap VV B1

satisfying 02,0 touch tunah rievheB
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Example 1 V B1 xg̅ E x ̅y x ̅ Xn g yo gal

2 We revisit 1 for n 1 Notethat Catbi CBT is a subfield
identified w C Then Bt jC Wehave

1 z jz w jw Z Zj w jw zj jz Zw ZW.lt
j ZW 22W

As in the real complex case quaternionic Hermitian

forms are classifiedby their singnature as everyformadmits an
orthogonal basis We will be interested inpositive definiteforms
quaternionicscalarproducts cfExample
We can write a quaternionic Hermitian form i Ip as

i at i at IW justRWk
where i z WIWgWe are R valuedR bilinearforms on V

Lemma 1 Assume i is a scalarproduct Then

1 i a i at IW is a Hermitianscalarproduct V V
where our convention is that it's linear in the2ndargument
2 WI Wg We are realsymplecticforms
3 W Wgtink is a complexsymplecticform
4 i i et jw
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Sketchofproof Usethat t in somebasis isgiven as in

Example 1 use the2ndpart of Example 1

2.0.2 Symmetries
Now let us discuss the symmetries The automorphismgroup

ClnB1 of B1 is thegroupof invertiblequaternionic matrices
Its maximal compact subgroup Spn is thestabilizerofsome
positive definite quaternionic form Notethat this

stabilizeris the intersection of the stabilizers of i which is

Uan we which is Span C notethat Spn is a realformof
Span C So every compact Liegroup acting on a complexsymp
lectic vector space Kw has an invariantquaternionic structure
together with an invariant quaternionic scalarproduct i 111

2 1 Hyper Kahlermomentmaps
New suppose V is a quaternionic vectorspace w quaternionic

scalarproduct K be a compact Liegroupactingby
quaternionic transformations preserving i a Let WiWgWk file
W have the same meaning as before Let14 V denotethe

momentmap for 2W 14 v x7 W x0,0 Thepurpose ofthe

multiple is to make the expositionhere compatible w Sec 1
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Definejegfuk similarly Set

1m 1 i Mg j juKR V aitbj ck
We needthe SU symmetryproperty ofjup Notethat 54

is identified w zebt 121 1 w oppositemultiplication it actson
01 fromtheright So weget theaction of SU on Btby
conjugation itpreserves aitbj ck andacts on this space 123
via SU Sly
In particular SU ZEB1 11 13PPacts on V It alsoacts on
Dt via conjugations on theherdfactor

Lemma Jp is 542 equivariant
Proof We have ohoh is quaternionicHermitian

0,0 h th xo.ulpzthjup.lu h Since theR we deducethat

14 oh tgy both as theimaginarycomponents of uhohly

2 2 Reductions

Now take4dg.de andconsiderjuji α itα j 4k Notethat
for heSUz theaction of h on Vgives rise to a K equivariant
somorphism varh juji d i d j dpk 14,1 h 2,1 2 j dkrh and
ence an isomorphism between their quotientsby K
Now we are going to interpret these quotients as CIT



quotients forcertain choices of 21,2 dk Namely thecomplexi

fication of K acts on V which is a vectorspace W

s invariant Let j ju juki V i of be the corves
pending momentmap
Let dk G and let α Fit similarlyfor

2 dk Then by King's Theorem

Mii fit 2 jan K ju α idk C
Note that SU acts transitively on the unit sphere in the

imaginary quaternions In particular we can permutedjidg.dk
getting isomorphisms of Cmanifolds if the Kaction on
Jj α 2 j dkk is free cf Rem inSec2.2ofLec15
2 j x idk G j x idk C
This is an exampleof symmetrywe are after

Example Back to thesettingofLec 19 let CMn p XI G
X e bethe Calogero Moserspace thesespacesfordifferent
are isomorphic thx to thescaling action 2 yields a C
isomorphism Mn Hillon C exercise

Remarks 1 Assume nogutX isfree The construction of
this section equips smooth reduction

81



14 14 X 1 C
with a so called hyperKahlerstructure Bydefinition this is
a triple ofKahlerstructures I W JW KWid where I JK
are complex structures endomorphisms of TM thatsquare to 122
EI WyWe are suitably compatible symplecticforms s t I JK

satisfy in addition J I K 4,1 1 0,1 wk Ka
is a Riemannian metric The holonomygroupofthismetric iscontainedin Spn where himM 2n HyperKahlerstructures are hard

to construct reduction is a common way to do this

2 We imposed integrality conditions of α 2 dkThis isnot

necessary one can make sense of X Gfor all be EG R
We will addressthis in a futureHWproblem
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