Lecture 20 4/2/2025.
7) /(empf Ness Pheorem Jor CIT Wof/wfs
2) @/OU" Keihler reoluct ions
Kefs: see below

7) A/E/npf- Ness Pheorem Jor CIT ym/f/mfj (Ref: [Ki] Sec &)

F/rsf, we need 1o recedl 2 Fow f//njs From Lec 15 Lok (ée

R //ebé«afwc 5/oup with meximal (om/gcw‘f yuégmf kel LA C
act on o %mi/e éﬁwms’/o/?d /41(/0/74[ /(/)’esenf/uf/on V £ et /, /)
be a2 K-invaviont Hemitien scalos /yoa,/uaf - unliee m th previous
%V'fw’éf Is ASSMM@O/ ‘fo be Oneer 12 ‘élc Zh/ ﬂ/jummf. ﬁls j/VeS /ise
% o K-tpvariant %M/ﬁéoﬁc Foom ¢ =-2 Im (- ) & 2 momest Mep
i V= E cplo), x-S b o) Lok maring e fact-
on on V' Homiltonien,

Boll Hhet 4 ,&m/a/ Mhss Hheorem /}’oVe.o/ in Lec 15 states
Aot [U”JH"(O) 7—‘;{ i (s is closed and // 50 A ntersection
s a Smjﬁi - ovtit. The jcm/z of Hhis section is to stete 4 prove
wn anilboy of He Lheoem for (LT gustints. Fex 9eF(C)

Io/ﬁ/n‘i/jc'ng O . its differentsed we view O as a %mmo////rm
g —=C. FE mps Z to JTB. So 10 con fe vieweo a5 on ch-
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went 0}/ £* NMite f[uf itss K inveriant.

Theorem [[/n;) LA wel/? Tl Lo ic chseod in Vi
(U‘ /)/‘f’[ﬁ@)#/@/. I?Z' ’L%'f prtersectbion s ﬁoﬂem/m} 1‘4»7 125 a
g/ygé K-orbit.

We stat w. a besic & clessical examp(?:

Exam/afa: Lonsider V= C" w. e usuel Hermition scalla po-
dut § (= C* a&f/ng, {} (nverse scdir/} action 4w =1¢"s; s0
Yot CLVI is /00;1’2,’/1/@2} quoéo(, ZE/«: §-1. Tl moment Mag
B qen by (e B) 12 AT 2 [ 2 T preimage of J7 0
Is /Z/ J2[=15F %wg,f/e Ortersecton of /4" (F18) with et/eg,
(MOMMIW% closed ) Clovbt is an S -orbit.

Eu/f/aj/}’oo/: We /ﬂl/m/e f/ué // ﬁr /]/1—’[1/7&6’)#%, Lhen its
] Smjﬁ K-orbr? £ (o is clpsed in VO (onsider # (- action o/
V@(Ee £ recell (Exercise Z in Sec 11 of fec “/X) Het Cre Vg-s
/s 0/0560/ & Sp s f /D‘, 1)< V& @:) zé;mc/o V@@; . %/e/m[zzian /B/m
((v,2), (x,2)) = (5,u)+ %%,
Te CDW&SPOMo/Ing moment nap /‘7 Y eC, — A given @
ﬁ(v,ﬂ = filv) -4

—
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L /Dw/f/w[ar, /’f/{(ﬂ)=f—79, Lfen (5,1]e (o). 7L /@m/mz/%m
Lhoorem ﬂ/op&co/ to [ Ve C, Shows (v1) is closedd &
)N () = K1) = [. _’{Jw”(ﬁﬁ)/)&rskv.

Wi thet ths also shows thit any closed Cortit m V™
Lnterseds . ([2,0571)). 0

: /%ye flg {/ea;/em w/e{n z[[Z[V))CZmage 0/ fé'n flﬂ/l

/@maﬂd: bl Hhot /7@-'7’1- F10:V —£* s abso a Moment mep.
Lt X be a closed (- stable afime )‘mgl/anf/fdxt in V- Assume
f/d C acts 74669 on N - £ X oss s 5#4002% Then X// 6[ s 5}4400754
[see a commut n Sec 1.0 of Lec 19). O e sther /am/ X “ com/oéx,
hence Sym/nﬂemf[c, submanifold of V Tl acton K0 X -

Heami Clonian & fffa,, 5o /3 Sec 17 in Lec 16 [j‘el fﬁ)ﬂxg‘ss)/k
Is smooﬂ £ s m/o/eafzc, /bng's 'fAeo/em says Kt Ho natarl oz
Oq'é (o) NX* VK — )(//65 £ & @‘eofmﬂ. H can be Shown o be
a C~ /Somoljﬂ//w, w /Dﬁszléwfwg 67 u/}a/aln} X// 95 MZ[/ a C7 )Eym/oéof/c
7érm, For instance  m Z:_)(amlaﬁ we vecorer e F;é}m'-ffuo[g( Form
an CP"" (a am’7wc up 2o /45(42,&4} SY, -tnvarjant SCympKeuf/'c
form on CP"").

—
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Z) @p@r"ﬁl//e/ reductons (Pef [HKLEI [Pr])
For le @*)f 0eX(() we con consicler He (TT Homiblonan

tesluction V//&‘gf = /f/"/ VY4 g[; 2 swoot J‘ym/oém[[c l/a//wg
in He case whon [ acts on /4"0\)6-“/?/ )

Ty ths section we wmll use 4L empf- Mess Leorem pers-
pective 4 ofsere an ZMPOVfo %.mw/fr} m/u‘m} Aitferent va-
lies on (AB). Tt comes Hom e ;uméfmiom strdtare on I/

20) Ovevview o fua/{f/n/bmc qu//.)

(et [H denote 2l seew- feld of 70{5(75{//7/0/15, s elements
are 07[ e form A=£+51’+§/'+a//e w iEJ'Zs/e’:—g(/’L-/e. Lt = H—H
denite Hhe 7z/de/)7/omc cm{/uidlon: at+bi+ f/”ro(/e > 4—5[~€/-a4e, 5
Z[/ef b= }M = 2% b ol /Mj o is an anti -involution.

/4 7ua7£€1’mom'c vetor Sﬁaa’, 5 a //jﬂ/zZ %/— MoM. EVCVJ,
Su% /ModZu/ZL (r 7&% - !} f[L Seme a/ga/mem‘ Aas /é’f’ %&ZOKS

204) Homitian forms.

Detnition: Let V be o 74{;:;66//710;71(_ vector space. Aj, P fgmf’fr-
nionic fermition form on V' we meon 2 map [)[H V> — H
Sa,f/sygina; (5, 5)=(5,%) , (5,44 =(¢,5)h /?/;EKAE/7/)
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Exempte: 1) V= H" £ (%)= 2 %4 (%615 G4

2) We renisit 1) for n=1 Nite tat (2+63cH i 2 subfie b
identrfied w. € Tln H=C®JC. Mo hone

(1) () (W jw) = (B3 ) w> g, )= [ o= 2= (Zw+Z 0 )+
*ilew-2m,)

As i fé real £ CoM/oféx case 7aa¢frn/b/7/c Hermition
forms gre classitud ”é Heiv S/'ﬂg_ﬁf/fﬂ}’ﬁ as every Lovm admts an
Wféogp}mf 50\515. h/é MZZ be an‘mrfc/ 7 /ﬂoil’ézvti 61/674}7/‘fc %/ms
(quaternonc scalor /aroalumﬂ), 4 [xm/yé

e can wite o 7ua7{fermom'c Hermition fom ( ;')w RS
(), (3‘)zza+ me“w""’“b
Where (‘,‘)[2, O, 0,09, are P- velued R-6near forms on I/

Lemma 1 Assume ( Dy I a scalor /aroalua‘f. Thes
1) [;-)C= ¢ pt ZOJIG,‘) is a Heomtion scalor /)’oa’uﬂf V"V—?(E’,
(where ouwr comention is thet &os C-lnear 1n the Znd w(/jamm‘).
2) Ly, 6, 0, ar reald jymp/eozt/c Forms
3) W= J+éco,< 5 a com/nffx J(y/ﬂlaéu'f/c Form.
D) (o et o
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EK%% a/ /}’00/-' lfse {/az,‘ [L‘JzH m Some basis is (ﬂ/yw RS 1
EJ(MIP& 1 £ use o Znd /OMZ‘ o Ecmpﬁf O

,Zﬂ_Z) %mmwfi’/cs.
/Vow LA Us 94’564155 ZZ )'/mwd///cs, 71 ﬂmfamop//fm jmx/a

(( (H) 07[ Y s 4L group o inveribl, yuﬁéem/am'c Madces.
Tts meximl compact  su équ/g, S/,,, is e stabilizes of some
posiélw a/@fz'mize 7uaﬁe/)¢/om'c form [‘,')07,. Wite Hhot His sT2H-
baer is Hhe intersection of Yo stadiloes of (), (uhidh i
Uy ) & 0 (whih 5 Sy, (C)~1ote Yhat Sy, is @ reel fom of
Sﬁzn (c)). So every ca,u/gwf Lie 0P ﬂﬂ[/ﬂof_ on @ cam;/éx Symp-
b chic vector space (V) has an invariant 7aa/1‘¢/ﬂ/0mc strudtuve
fag%‘/ex with an invariant 7mifcrmomc scler /DVOA/MC/?f [;-)H.

2.1) /L{vper-/(éMer pomest maps

A/ow 5L{//90$¢ V /s Q 7uafemfo;1/c vetor 5/9au W. 7&/«2[&//}7/0/7/5
SCLLZU /7}’00&4!75 [',')[H X /< I{c: 2 COM/ﬂaﬁé //a (7/01,{/0 aml/ﬁot /}
7uu‘trmomc ’f}’em/o/md/om X pV{S?JVM(g, [‘,‘ )ZH- Zof CJI,&)U, Oy, [;-)d:
AW Am/t ‘fA Seme meanin(f as {(’,7[01/(. Zuf ‘/1.'[: /- £ a/enﬂft fé,
Mmoncert Mep /w Z&JI : yvl_/v“),m = &)I[Xvﬂf)- The punpese o/?/%
/Vlwfﬂfl/)'é is 4 mare tho exposytion feve Com/ﬂa/fn% w Sec 1
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967[;”5/’3)/"1: Sz’mé/aufﬁot. Set
J‘/[H=J‘11L+J13J'+/ukkf y — {® [QL+£J'+CK}
We neod #e SU, %ymmﬂfrg /pyo/owf} of S Note Hhet S,
i 1deatifed w. {zelH| [2]- am gpposite /m/éfi/o{ic@‘/on (it adts on
H = (Ez/ﬁfom ff(e /lglf). So Wtéwf 'éZL adtion o/ 55/1 on H /5(

(‘oyaja]f/on-‘ /it preserves fzzi+{f'+ cr§ ond acts on Hhs sprce ()
Vie. _gﬂ/z —>> S&I

In ﬁmz‘wfw, 544=/zé#///%l=lﬁopfapfs on V. T abso acts on
8H vie Caiy'chuf(om on He Andl Hactor

Lemme.: g I St,- f7u£var[am‘t_

1%07/-‘ We have (XWA}UA )le['/' )H (s 7qufem/omc Hombren ]
7:'()(0,‘0)[“[ - %) [Xv‘,v)ﬂa1~ ﬁﬂm (w)h, Since 7;%6@ we deduce that
/VH (’U‘A): 7'?/1”_’ ['D“M (2s ﬁ(L chf/j[ﬂm} com/ooﬂmz‘s a/ (Wl, UM[H ) O

2.2) Keductrons.

Now Toxe oéIOG,O(ké({*))K Rm/ CMS/'D/V ‘/70;"["{1‘”"(3 J'n(kk). Niote 'fn/a/f
for AGS(/(Z, He action of b on V gives nse %o @ /(-e;m'mr/mz‘
/Somwpé/sm UHUA-’ﬂﬂ;’(aéé+defo(kz) _ﬁ}f’ﬂ—/’ [/"(JIL#.,(JJ#«/K/Z)A) pnol
hence an isomomphism  Gthween Lhoir puotients /2 K

Now we are jainoﬂ +o Zn%ﬁr/pﬁé ‘L(lee 7«045'4(41‘5 as (1T
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7upf/cmfs (o certain chos of o, o, o). ). /%z/zw% e compthxi-
heation [ 0/ K acts on I/ [wéwé 5 o ([ ~vector S/yac&)Z ¢J
is invarent. Z.«yfjf = +ﬁki:Ve{%{*é=3]* be He comes-
/aona/mﬁ, moment: map.
Lo 6,6,,00 §—C and 4 £= 576, £ smilarty for
9(3, o(k. 71% /J ,([/45'5 ﬂea/em:
(/(/0;’[0_(_[&‘+0(Jj1‘o(kk)//< —%f"[o(fc'o(k )//QIC
Note Hhat SU, acts fmmim‘zw% on tle anit Sf/cre i 1
imajiﬁwy 7ua;femions. In /ow/f/w/w, we can permute o{[,o{?,o(,(
5\Vl’fm§ /somw?o/lms (a/ Cmanifolils if te K-action on
ﬁﬂ;’&wzjﬁ A E) is /y;e (¢} bom in Sec 27 of ﬁc 15)
(2) /v"[ozfc'o(k)// A —”>Jv"1[dI+c'o(k)// A
This is an exam/)é of chmm&fr} we are after

Exemple: Back o €l setting of Lec 19 64 CM:-p"(VC
(1 #0) e #. [a//aje/o- Mo ser space (Efese gpaces For different ]
are /sorhor/yé/c Gz 4o 4o scaling € “adion. (2) (y/f[a/s 2 C~
somorphsm CM, <5 Hhlh, (€2)( #xerie),

pcmcmcj: 1) Assume ('Q/«”(l)g'” is free. The construction of
Z%'s section egw)o: [SMOo‘fA) /v@aéxﬂflon
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M= 4 (0°C

with a so called "/JW—/@MN structure’ l% oeinition, Lhis i

a tipte of Kahler structuves (Lo, (4, ) (K ) (ihers I JK
are complox structues - eno/omo;y/w% of TM 4t sou0re %o - I &
DNy, By, G S‘u/'fwﬂ} Com/aaifh{(c Sgﬂ///ﬂfév{/c %/ms) st Z; tZ/\/
chfmg, i addition JI=F¥ & (1) W (T )= (5 K)

5 a zgcmann/'an metric. Tl Ao/o/'lom} 97049 of z!/zs metne is contal-
ned .S;Uh,h//m dm M =2, /%/ae/— Kahtor structures are herd

Lo construt £ /eodmt‘(on /s @ ComMon WA? +o aﬁ —L%r.

AL ) We ZrM/Jo&”,o/ chz‘ejrdhé} condstrons of Ay ol oy This is not
nfcessoxg: one can more sense af )(//gf fo all 6’6276)@7[@
M with aa/o(/ess 1%‘5 (n o /wa’c //W/Vo/gém



