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1 Parameterizing vectorbundles on curves
Here C is a smoothprojective curve over We are interested

in parameteriting certain vectorbundles on C

1 1 Polysemistable vectorbundles
Wewrite K C forthe Grothendieckgroupofcoherent

sheaves on C For FE Coh C we write 53 for its class in
Kele We consider twogrouphomomorphisms K C 72

i rk rank sending I to thedimension of thefiber
of Fat thegenericpoint Spec x

ii deg degree a uniquehomomorphism sending Oct to 0

every skyscraper C xe C to 1

Definition For Ie CehX define the slope

ju F LEIFEQUITO
Note that ju f rk F O I is torsion

I



Definition Wesay that I is
semistable if F'sF F e jul 9 j F

stable

polystable if I is isomorphic to thedirect sum ofstable
sheaves of slope j f

Examples exercises

e A torsionsheaf is always semistable It's stable iff it's
for some E C

1 Any semistable sheafofslope is a vectorbundle

2 Any line bundle is stable w.suL deg LMoreover0 sends semipoly stable sheaves ofslope ju to
semipoly stable sheaves of slopegutsud
3 If F is semistable resp stable then jul 5 714 F
resp jul 5 gu F nonzeroproperquotients of F
4 Let F F besemistable sheaves of slopesju.gr If

14,742 then Hom F F 0 Moreover ifjun12 F F are
stable then any nonzero homomorphism I Fa is an isomorphism
5 Bydefinition everysemistable sheet I admits afiltration103 5 s F F F's 5 set I I is stableof
slope14 F The polystable sheetgrF is independentof
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the chance of filtration
6 If GCD r27 1 theneverysemistablebundle is stable

We seek to parameterize vectorbundles on C up to

isomorphismroughly bypoints of a variety It is possible todothis
for semistable bundles with an important caveatsemistableFgoes to the samepoint as thepolystable bundlegrF

12 Fine coarsemoduli spaces
A spaceparameterizingalgebrageometricobjects is known as

theirmoduli Our description of this space essentially as a set
was too naive an analogy to describe a GIT quotient as a set
closedorbits in the semistable locus Here we define two

rigorousnotions fine andcoarsemoduli space ofstablebundles The
first is the strongest notion of a moduli space but it rarely
exists the2ndis relativelyweakbut always exists

Definition Fix re 7 de7 Consider thefunctor Buni from
finitetype schemes to Setser S Buni2 Cx5 ric r vector

bundles on CxS sit ses Fleas isstable of degd
where I I linebundle L on S w F F pr L
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A morphism q S S goes to thepullback 544 5
Afinemodulispace is a representingobjectforthisfunctor

i e a finitetype scheme 14 together w a vectorbundle 5
on CM s t SQ 5 as above morphism q S Mil
st I 4 5 By YonedaMrs is unique if it exists

Notethat bydefinition the setof CpointsMr C isthe set

f isom classes ofstable ric r degα vectorbundles on C so we do

get a schemeparameterizingsuchvector bundles
A finemodulispace is something we ideallywant toget

andwhen GCD r21 1 actuallyget Acoarsemedulispace
n theotherhand is in somerigorousway thebest we canget

Definition A finitetype scheme14 2 togetherw a morphism

Buns MarsalaMia sit
1 finitetype scheme M Y Bun Morsch M

y 14 M w 4 4.9
2 and pt stable bundles ofdegd nor on C

M C is a bijection
iscalledthe coarsemodulispace etstablebundles Again 14

is unique if it exists
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Condition 1 is similar in spirit to theuniversalitypropertyof
the categoricalquotient seeSec 1.3 ofLec3 GITquotientsenjoy
a similar universalproperty in fact SUSL can be constructedas
a CIT quotient

13 Readmap
Here's an approachwhich works forvectorbundles on a curve

andmanyother setups
Step1 we want to reduce theproblem ofconstructing amoduli

spece to theproblem of constructing a quotient for a reductive

groupaction on a projectivescheme Roughly there's an open
locus in that scheme wherepoints correspond to vectorbundles

w someadditional structure thegroupaction correspondto

changingthat additional structure

Step2 There's a versionof the GITquotient construction for
reductive group actions onprojective schemes which is basically
a special case ofwhat we have covered in Lecs17,18Onecan

applythis construction to parameterize certain orbits in thesetting
of Step1 one should relate thenotions ofsemipolylstability
in IT we've coveredsemistability we'llget topolystability
later to those arising in Geometry
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2 Quot schemes

Weproceed to Step1 of theaboveplan

2.1 Globalgeneration cohomology vanishingfor sstable bundles

Let we denotethe canonicalbundle on C thebundle ofKahler
differentials Recall that degwe2g 2 whereg is thegenusofC

Proposition Let re7h Let Fbe a semistablevectorbundle
on C of rank r degreeα Then

1 If 27112g 2 then H F o

2 If 27rag 17 then F is generatedby itsglobalsections
Proof
1 Suppose 0 H F Serveduality H F Wc

Hem FWc Thecondition dir eg 2 means precisely that ju F

jewel Applying 4 from Sec 1.1 weget Hom Fwe 0

2 Let xe C F isthefiberof F at MxCdc isthe
maximal ideal of x We went toprove

H F H Fx F x

Thx to SES a me I I I o it's enoughto
show H me F so Note that in is a line bundle ofdeg 1

a



By 2 in Sec 1.1 m F is a semistable of slopejul 1 1 i e

of degree α r Weapply 1 see H me F D

Remark Note that we have a natural homomorphism
H F 0 I

inducing the identity homomorphism H 5 H F Theclaim

that I is generated by itsglobal sections means that
is onto

22 Definition basicproperties

It turns out that there's a finemodulispace forquotients
of a given coherentsheaf with a givendiscrete invariant the
Hilbertpolynomial This finemodulispace is known as theknot
scheme quot fromquotients In this lecture we will state its
existence andbasicproperties we'll sketch a construction in a
subsequent lecture

First let's recall theHilbertpolynomial Let X be aprojective
scheme over equipped w a very ample linebundle n For a
coherent sheaf F on X let 51m denote F 0111 Then the

Euler characteristic
F m E tilidimH X Fm



is known to be a polynomial in m this istheHilbertpolynomial
in question

Example Let C and F be a vector bundle ofdegree α
rank r Let d denotethe degreeof011 it's positive ByRiemann
Rechtheorem X F m deg Fm 1g rk F m dtr.d.mx og
d og r rd.im

Fix a nonterevectorspace Vand PEQ t Consider the

following functorfrom finitetype schemes over to SetsPP we

send a testscheme 5 to theset of quotients 5 of V0Oxes
0 5 that are flat over 5 s t X F asalm P m for

all pointsof S notethat theChs is locallyconstant on S thx
to theflatnessassumption Tofigure out what thefunctordoes
on morphisms is left as an exercise

Denote thefunctorby fat it also depends on thechoice

of o but we suppress it fromthe notation Thefollowing isdue

to Altman Kleiman e movegeneral result is due toGrothendieck
Proposition ThefunctorQuot is representedby aprojective

schemeQuet
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Fortheproof see HL Sec2.2

Naively Luet can be viewed as a scheme whosepoints
parameterizequotients of 0 withgivenHilbertpolynomial

Now weget back to our originalproblem X C we want to

classify semistable ric r degd bundles on C Tensoring w Oldgives
an equivalent classificationproblem but rd changes to r hardo

So we can assume that 27rag 17 Thanks to results ofSec2.1
Exampleabove we see that from a semistablebundle 5 of

re v degd and an phism Him we get apointof
L Quot where

Pm d og r rd.im dimV dimH F F 2 11g r

And we doget an action of GLV on a via GLCU AV A
choiceof identification H F Ugives an example ofan additional
datum as in Sec 1.3 Notethat thecenterof CL V acts trivially
it preserves every quotient of V Qc So weget a PGL V action on
A For gel let V Oct 5 denote the correspondingdata
Thenext lemmadescribes basicproperties of theaction

Lemma 1 Thefollowing loci ofgel are PGL V stable
J



I is a vectorbundle H ya is ise I issemistablevectorbundle

2 Let qg EQ be s.t.fi yg H'lyg areise.TFAE

lalq'EPCLIN q
161 Fg Fg as coherent sheaves on C

3 Forg as in 2 we have Staban q Aut
w Z LCV mapping to scalarautomorphisms
Proof

Note that theactionof GL doesn'tchangethe isomorphism
class of V0Dc F in the categoryofmorphismsfrom V Dc
hence of Thisproves 1 a 6 is 2

Let'sprove 6 a If H ly is ise then F isgeneratedby
globalsectionsequivalently the natural homomorphism H J Oct
5 is surjective Let g Fg Fg automorphism

V H f H Fg U

By construction the resulting element of CV sends
q to

q
Toprove 3 in an exercise
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