Lecture 21 9/6/75
7) /190\/’&/4’17561’/2/}75, I/em.lo/ éu/w//es an cunes

2) Wuot schemes
Fof: [Me] Secs 1112 §1-53; [HI, Sec 22

1) Pamm.’/ﬁenzing, vector {um//es oNn Curves
//w’c C s aQ me?ﬂ png/'eaf/l/e cuni gvev C. W ar c’nfwere;éo(
(- parameteniing (certain) vector bundtes on C.

1.1) Paé/ifmf/ﬂ[afé vecor bundtes.

We wnte K.(C) fy 4o [rothendieck Group of Cohetent
sheames on C For FE€ GIC) we wnte [F T for #s chass in
K.(€). We consider L g104p ZDMQMQ//'M/UMS L) =7

() re (venr) Swo/m (5] 4o 4 domension of 4o Pber

of Fat he genenc pom?f Spec CX)
) 045 (o/erfa 2 uNIfuL Aomom/p//rm Seno/m} [0 4 0&

f’t/ely SKJ _\’Cl’zpar [C] (Xé C) ‘fo g

ﬁfiftmf)o/) For e foA/X) 0/6//}76 f/(c S{/)e

(T )= {jf‘f;jc DL

Note féaif{[f)= rtoo Dk (F)=0& T is Lorsion.
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Detinition: bk Sag f/azf F i

« semistoble : if ¥ FeF(Ft0) = MF) < fUF)

St e
po%sfa,gfz: i F i /yo/uo/;p/)c to Hhe dvect sum of stalls

Sheaves ﬂ/[ J%/Oc JV[ ).

Lxamptes/ :
0) /4 Lorsion SAEQ/ is a/h/ze.js semistabte. Ve ste bt /7[/ /s

C_ for some xeC.

1) Any semistedl sheaf of stope <o is a vector bundle

2) /4}? bre bundle L is stabte w./H(a/)= ﬂ/ej/,,[), More -
wver L&+ sendls Swi//o»z%/rfa/g& Sheaves of f/o/aﬁ/w s
Seml/Pofg/S’ZZQZ{c Sheaves of slope f{rﬁ(a[)

) I F s semistahls Gesp. stabl), thn p(37)2 ji (F)
lesp. p(F7) 7 p(F)) ¥ nonzero proper gustients F o &

%) Lot ¥, 9‘: be semistable sheaves of S'&/aCSﬂ)/HZ. I
¥ 7ffl,7flm Hom (F, 8 ) =0. Moreoves, //L/‘(f/& L &, 9 ae
stakle, Hen 2ty Nonzeso éommoyoﬁ/rm f-r:‘ —> 5‘—2_ s an /fomw;n/)rm.

5) 5} definrtion, every semi-sta bl sheef 3/ zz/m:ﬂ o fitttre-
ton (03:-FsT'sF'e s FF st FYF" s stabl of
Sfcfe j{[ ). TL [/)agsfa/g&) sheef jr? s c'no/e/oem/mz‘ o/
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o chuce of £brotion
&) If [[ﬁ/go/)= 7, o fyeyg, semistahle bundts s sta b

We seor +o /)ame’/‘éenéc vectoy fundtes on C up o (somor
/Jn/)sm, }’ouéﬂ 6» @ ﬁoim‘s of a Van'ez'}. Tt /osszgé % oo His
Yo semistabl bundtes with on z}’w/g)an‘mzl coveal : ¥ semistall
é ?joﬂs “ 144_ Seme pOM'LL as fZL /w%;f@% z{uho/{(: 3}’?

1.2) Fine & coarse moduk; SPRcES,

A pece /Namx’/fcr/%ma; a{?e/@m - jeamwfm objects (s fnown s
‘f/eiy MDM’. Dur aésml'b{/on of s Jpace [eswa/% as o get)
Wes too Naive (an Majojy: 2y deswbe o [TT fmz?f/en-f as a set
of osed orbits in He semistabl lous). Here we define s /130-
Yous notons: fme and coasse Mo duls Spece of stadl. /uno/ég, 77,
prt s fé Slz/pﬂj{ﬂ{ notion of a. moduf; sprie (but it /;wyf}
exists) Ho Do s relptively wea fut ﬂ/fm/aﬂs exists.

fD,f/[m’%)oM: Fix re? a/e 7. Lonsider fL ﬁn&foy Eun;( Hlom

70

(fnte type) schemes Zo Sets™, St gun);( (CxS)={ rc v vecto
bundles F on CxS st ¥ 5eS= Fp iy is stiblly of deg df/~

/ def

whee T~ F 'S 3l bundle L on S w ?%5"*8/0)'*[1’)_
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A /770/774)5;4«; C(S —‘7‘9 40es to fla pwﬂéack ?H?*g’
/4 / e MoM a;mca LA /’e/p)’esenzzln} a%d‘ 76}/ z‘n//: /mefar
st
(e a /mlzt ’Lie?/ga S&Amt «./L/,,( ‘Léczjm{/ver w. 2 Veor :ﬁm% f
on = ,0( st # §K a‘ as aﬂ;ve 3 /Molnlzsm G- 5—9./%,(
st. F~ clﬂ*?/an /g /Vonw(/a ,,,g s c/mfzu // it exsts

Nite Hhet, /2‘* defmition, e set of f‘/ainfs, ﬂ,} (€) is th set
of isom. classes of stable re r oég A vector bundles on C so 1 dy
5%‘ 2 Sl%um /a/am%c/izmg, such vector bundtes.

A Fne tmoduli space (s j'aﬂb(/'fél’lé’, we iﬂ/eejﬁ went o (jyf
(d when {[’_'Dﬂ;a():/ ﬂﬂ‘mﬁg jd)_ A cooyse modudi space,
on e Aler hand is tn Some 11g0r0us ey, Uy pest we com jﬂf

Detinition: A (fnite Yype) scheme //,}S;; ‘fogﬂ%e/w. 4 moyphism
/gun,p( #/{'/or [ﬂu) st
1) ¥ //}mzlf. 'f(y/aﬁ) scheme M X & Bun,s; = Morsy (M)
7/ Moy —HM w - W P
2) and ?//f) { sta bt fun/ﬁ’s o oéja/ re ¥ oon C}/"’
quc((m 5 a 5Jec)t‘/on
i coldesd Yo coayse modil space (of stakbe bundlles) Ajwin, /(f:';

s ungw i][ it exists
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[bnoZJ{Ion 7) Is Similer in S/ﬂi/ﬁ.& %o {L anit/e/fse,&"cg /pfo/geﬂlg a/
i c’dejoﬂce,{ puctrnit, see Sec 1.3 of Lec 3. [IT guotients e'(’/'oj/

A}
U

a Smiler wniversed /yo/er‘fg,/ £ in fykdf) /My) j can be constructedd as
o (1T 7uo7tflem‘é.

7.3) E@a()//mp
Here's an w/ﬂ’oayé, whih wores o vects bundles on 2 carve
—aml Mary oAher J‘(yl’u/g.

S{ep 1: we woat 4o reguc ﬂc //mffm of z’oméma‘fmé, o Moduls
Spea %o e pmfﬁ”w of conffmﬁf/nj, 2 gustient Dy a reductive
j;/au/o altion on a g}’oz‘ailva scheme. @34@, Here's an open
s in thet scheme where /ooin Ls C’O///&I/Mﬂo/ bo vector bundtes
W. Some a@/o&fionzf lemﬂfWa 4 ‘flt j/o«A/) action comzs/bono/ t &4@17-
jt'ng ot adolitioned strutave.

Step Z: Thwes o version A CLT qustient construdtion for
reductve grevp actions on /ro/'wf/yc schemes -1«/4104 is basic
2 s/aemzl cast o/ wéazf we Aave Co:/e/e/ in Llecs 7/’f 18 Dhe can
offgt 'fn/fj construction 4o /pa/a/w/’fer/%e certain orbits in 4, ff’/{l//)y,
of Sfep 1 K one )%mfo( releite e notions 0/ Jmli//)ozg/ fﬁjiﬁz‘}
in (TT (weve covered m[ﬁw&'&i‘; § well gk o /00§ /JZ‘M/‘&;LL
later) 1o those ariSing. i [eom%‘g“
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2) Q,,,ﬂ‘ schemes
he /OVOCZLO( 4o 5757) 7 of f[a 2bpve /Oém.

2.1) (lobed generation coéomm.”oj} (/aﬁ/fﬁmoc fov sfitakle bundtes
Z&f Lo denote fé. cononical bundls on = zfA Aﬂm/& 07/ f&//cr
0&7[7[.{/614%/0,[5. ZCQ,ZZ ’%a;f 0/€} A)C=Zj~2 W/a/e g s {[L jfﬂus 07/ C

/jro/aosi%lon : Zo’f re 7/70. Zeif ? be R SE/W'.S'LZM Vﬂ&'gwf éuno(ﬁa
on C o/ rene VK O(CJVa of ﬂen:
1) I d> r(23-2), Hew H'(F)=0
2) 7 d- i’[z;-ﬁ,flw F s 3@14@/4/15@9( @ s jga{d sections
Proof:
1) Sa/o/)on 0# /7/7?){—’ [ Seme a@d«'é&] =H(F7e ADE
Hom (%2,). Tl condition o1 (ig-2) means precisely, thet f(F)
> ftlwy). /4;)?6205, 9) From Sec 11, we gt Hom (F w3, )=0.

2) Led xe g;/r'éZL Aber of F ot x & <0, is 2
maximod ideed of x. Wo weut % prove
H(F)—H(F)=F #x.
TIx 4 SES o0~ ﬁ/;x@?—% g—'?.%:'—%), itss €/70Lt(j4 to
Show /L/Yﬁ@@gf)w. Nite that I, is o Cine bundle of a/(’é_="/
¢



By 2) in Sec 11, moF is o« semstable of stope pud)-1, e
of degree d-v. W agply 1) & e Hln o) = o

;Qeknm/}c: ﬂ/yfc ‘L%uf e ARA/t g mz;fw’d Aomomm/@é/}m
(¥) HUF Jod — &
/'mluo;na, 4. /o/em‘rz’g, Aomomm//m HUF) == H(F) TL clasm

thot F s jwmwfto( @ (ts (3&5@5 sections means hoat (%)
is onto.

2.2) Detinition & basic Dhoperties

T tums out Hed ‘L‘/e//efs 2 e mod bi Spaea fov Puotients
of a gven cohvent sheaf with a gven drscrete invariont, e
Hert /)(yfgﬂommf- This fime modudi 3P i enown a5 Yy Luot
g‘erm/_ ( "ybwf ’ 74’0%4 fu«i//mz%). L -5451 lecdure we wtd state its
existene and basic prqae/f/es, we'll skektdh o construdbon m a
Saéseﬂmﬂ‘ leAure.

First lides pecakl Ho Hilhot foéﬁomfal. Let K b a /y/z(;/'eufm
Scheme over Efut))/pco/ e ven ample Une bundle 1) For 2
ohevent sheef & on K bd Flu) dendde F& O()°" Then 4
Laler chovackenstic

X(Ftn) = = (1) dhm H(X Flm)

(20
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is known o be a /oa%no/maz in M, his i 4, Hilbert ﬁaéﬂomld
(0 guestion
EXM/%.: LA N=C ond F be a vecor bandts of a/ija od &
Vonk Lt d. oenote £l doere 07[) o) it-s poﬂfn/f, /% B e mann.
bock %eo/emj J(Fm)) = 0/63 ?[m)+/1—3) vic Fim) = d+ F-o(m + p,_j),,
= (d+ (1-5))+ 1o -m.

Fiv a2 somene vector 1747) V ond PEDHL]. (onsioler e
/ﬂowin} functor from (Fnite %Uq/x) sphemes over C 4 Sobs PP Wi
seud a test scheme S & th set of guotieuts F of Ve OXxS
(% Ops"”) Yet are Hod aner S & st X(S],,. W) =Pln) for
2ll points of S (note thot & Chs s K)c% constant on S £hx
to tle Hotness assumption) . To //jarc ot whet Hlo functor odbes
on /ho}'pA/Sms i Gt as an ,

Denote fé; %mﬂea/ é{ _ﬁ_@ﬂ! f v (it also /@ena/; on fZL Mo;ce
0/ Ol1) but we Sugpress it Hom ‘54 notation). Th /o/Zﬂh/[ng is Olue
£o Abman & Ileiman (o more C?we//a/z vessidt is due 4o Lrothen-
d/a/c)

/D;/opasff/m;;/ T4 Fonior _4@15 / /s /g&/esmfeo/ é, & //f)/'ea’t(/m:
Soémc/ Ludt X -
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For 4l /mo/ see [HL] Sec 2.2.

/f/a/\/aé, Lt ™™ con be viewed o5 a scheme whose /wz'm‘; pasa-
meteriie ?wﬂ‘/mfs o/ ﬁ eo/va_M gives Flhert /)wﬁnomm[

Now we ju‘l‘ bace o our on('jmd /)'szm X=C £ we weut £o
CZASSI/ semistabte re r a/e A bundles on C. 7.‘3—n5'o/)n5_ W ﬁ[ﬁy;m
an €7ucvala«47f /aSS;/cuflon ﬁ}’wg&m but (1d) c/zwé’e: to (y drrd).

S we cn assume Yt dv /’[23 1. Thanes o resibts of Sec 21
£ EXQJM/D& dhove we see Yot fom o semistable bundle F of
re r & O/C’éi o/ anol an isomarphism H(F) =2V we jvf 2 Polﬂlz of
[ = Juax‘fc ) where

Pln)=(d+ (-g) )¢ 16, & dm V= clm H(F)-[H(F)0]-XG) o+ (-3

/4140/ we db 5% an action o/ [Z[V) on & via cew)ny A
choa of identifieation H(F) =/ gives an €Xampé of an adiitioned
dedam as in Sec 13 Mte Yhat 4L conter of (L(V) acks ‘L‘/’Zw%:
it preserves every, 7u»z‘/enz‘ of V®Q, So we gvf a2 PCLOV) action on
Q. For ?EQ tt l&d. ﬁ_,g; donite tle co//és/ooh%;g; dete

The next lommo. describes Bosic /Vopeﬂ‘/'e: of Ll action

Lemme.: 1) TL /ﬂow&’ny loci 0/7€Q ave PCLIV)-stalle :
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3‘; is 2 vector bundte; H o[%) s (S0 ; 3‘; is semi [stable vector Gundle.

2 Let g9°cQ b st Hlp)H ) an s TFAE:

(2) Z/E /)[L/A/),Z

() 5;?’3?;, (25 (o/e/\enf S‘ecu/e; on 5)\

3) For g o tn f)) we Ao Sfaé(z(v) (¢ <> Aut [5';)

(o Z(0 (L) mQ/pinj_ + Scakoy M’fomo;féumf ]

Froot:

Note thot e action of (L cbeswt f//cch e I5omonphishy
class of V®ﬁc —»F (in 4. ca/‘ffjo/y o /170//’04/1:/145’ Fom V@OC)
pence of F This phoves 1) B @)=>06) 5 2)

Lets /pz/ove 4) =9Q). FH o/%) s /s, ‘fﬂ/m 5‘; s jme/avfeo( Jaﬁ
jfoé ol sections, eyu[vdenfﬁou the natund éommw/w//w #( 3 )o).—
Gy b sufectve, kg 5 =5, s autumorhn

8 g H ) Ty
5&[ const ruction, e /esw&fmg, eloment of (L (V) Sendls 9 to

7’

To /nrove 3)  an 0



