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1 Quot schemes contid
1 e Reminder

Let C be a smoothprojective curve ofgenusg re 7 Let
We assume d r2g11 This is not restrictivefromthepointof
classifying semistable vectorbundles as we can changethedegreeby a multipleof r via tensoving w a linebundle

Wehaveseen in Sec2.1 ofLec21 that every semistable
rank r degreeα vector bundle F on C hasH f o H F Dc

F Hence himH F N 2 og r theHilbertpolynomial
of F is Pm Fml Nt rd.im where lol is a veryample line
bundle on C d degO o

Fix a vectorspace V of dimension N In Sec2.2 we have
stated the existenceof a projective scheme L Quot sit
that Lx C comes w a quotient F of V0O'axesatisfying

Fig c has Hilbertpolynomial P gel F is flat h
andfor every scheme 5 quotient IS of V0Osc w anale
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gousproperties 4 S L unique I 4 5

In particular the Cpoints geh are in bijection w quotients
I of V Oc that haveHilbertpolynomial P equivalently
N F r deg F 2 Wewrite J forthe correspondingquotient
of V Oc y fortheprojection V0Dc Fg Note that Fgis
nothingelse but q xc

We've introduced an action ofPCLV on Q byactingon
the first tensorfactor in V Dc If I is semistable thenfrom an
identification c V H F weget a point q F c EL via
V Dc H F Dec 4 F Lemma in Sec2.2ofLec21 implies
that the PGCV orbits ofsuchpoints are in bijection w isoclassesof semistable sheaves So we are reducedto aproblem of
parameterizingorbitsfor a reductivegroupaction on a scheme

Rem Part 3 ofthat lemmeimplies that stabpain g Fc
Aut F scalars Byproperty 4 of in Sec 1.1 ofLec 21
the right handside is trivial if F is stable So theaction
of PGL V on the loans in a corresponding to stable sheaves
is free
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1 1 Open loci
Considerthe following loci
L geh Fg is a vectorbundle on C
L gel lHoly V H 5,1

Themainresult ofthis section is as follows

Lemma L ch are Zariskiopen in 4
Proof

Let it hx Cbetheprojection it'sproper Let hxC bethe
locus where the coherentsheet F is a vectorbundle Ageneral
result based on theNakayama lemma tells us that Q c is

open in hxC so All it QC excl is closed61 It is

proper Q is open
Toprove Δ is open we argue as follows Let Gdenote thekernel

of O'axe 5 Since Dax F are flat over L so isG
have SES a G V0Da F o exercise on Tor's Note
that Fg N gel It follows that dimH Fg N
LimH Fg o andboth are minimalpossible values Note that
L geQ dim H Fg N dimH Gg o This is open by theupper
semicontinuity theorem in Ha Ch 3 Sec12
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12 Smoothness dimension

Lemma L is smooth everycomponent has
dimension Nt r g it

Sketchofproof
For k70 let Ak e e Zn SpecAk
We have TQ y Z A yiptl g Aflat quotients I
f V00 A thatspecializeto F HomeGgFa exercise hint
thinkabout thetangentspaceto Cressmanian

Moreover Q is smooth at g anymorphism I a sending

pt tog extends to Ek k7o Theobstructions to extendfrom

Ex to Zn live in Exta GgFa This spacefits into an exact
sequence a H Fa o gel Ext V Dc F Ext GgFat
Ext FgFg dim 13 0

So Ext CgFg 0 henceq is a
smoothpoint Wehave

dim T L Homo gFg Riemann Roch Leg7amGFg
1g rk

Hom G F ricC deg F rk FdegC og N r r

N d og r N r g it

Since PGL V actsfreely on the loans inQ corresponding to
the stable bundles we expectthemodulispace of him r g 1 to

Remark Stable bundles w given rank degreemay fail to
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exist For example Lemmaimplies thatanystablebundle on P
is a line bundle of course thisfollows fromtheclassicalfact
that every vectorbundle on P is thedirectsum oflinebundles
Forg 1 a stable

bundleexists CD r21 1 themodulispace
in this case is an elliptic curve Forgal a stablebundleexists
road

2 Projective GIT
Our setup is the following Let G be a reductivegroup V

be a finite dimensionalvectorspace Suppose acts on P V

via a homomorphism PGL V Let XCPV be a Cstable
closed subscheme so that we get a veryample line bundle010
on X
2 1 GIT quotients
Let 71denote the line bundle 0199

m
Thechoice is

motivatedby the followingobservation Notethat bythe construction
theaction of SL V on P V lifts to an Sc ul action on 0ft
in a more educated language Of11 is an SLV equivariant
line bundle Theaction of SL V on 061 doesn'tfactorthrough
PGL V thecenteractsby a nontrivialcharacter buttheaction on
061704mVdoes So H isPGLV equivariant
I



In particular C acts on thehomogeneous coordinatering A
X 71 Set x ̅ SpecA So on x ̅ we have an actionof
GxC where I actsaccording to thegrading
Let C C g z oz so that x ̅ X

Definition Wedefine theGITquotient X1 C x9̅5

For xe̅x1̅103 let x ̅EX Notethat I acts on x1̅6
freely X is the spaceoforbits

Definition Wesay that
1 x ̅ is H semistable if x ̅ is semistable

2 x ̅ is 71polystable xe̅ x ̅ x ̅ is closedin x ̅ s

3 x ̅ is H stable x ̅ is 71polystable him x ̅ himG

These can be describedsomewhat alternatively To a section
GE T X 78 we assign its non vanishing loans X CX an open
affine subvariety If 6 is C invariant X is Cstable

Exercise 1 X UXo wheretheunion is taken over all
nonzero G invariant sections of 71 no



2 x ̅ is 71polystable G x ̅ is closed in G x ̅
is closed in Xp for 6 as abovenontero at x ̅

3 x ̅ is 71stable Cx isclosedin x ̅ hashim dimG

Remark Let X be aprojectiveschemeactedonby areductivegroup G It makes sense to speakabout Cequivariant
a.k.a G linearized line bundles on X notethat the equi

iii e faith it eure
enecntwist theactionby a

above in this section makes sens
Glinearizedample linebundle on X
In a bonus section we'll discuss conditions ensuring that a line

bundle is linearizable i.e admits a Glinearization

2 2 HilbertMumfordtypetheorems

Weneed a versionof Theorem from Sec 1.1ofLec 8 inthe

projective setup Let 8 Q Gbe a 1parametersubgroup
EX Since X isprojective ftp 8ltlx exists denotethispointby
Consider the fiber Hx Since 71is Gequivariant it's equi

variant hence He is a 1 dimensional representation of It so
re 7 w 84th th he71

147 x81 p
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Thm x is semistable resp stable if j x 8 70 resp

14 x 8 70 foreach nontrivial 8
Proof
We can assume that A is generatedas an algebraby its

Leg 1 component Let V A so that x ̅ V c closed

Gequivariantembedding where Δ acts on Vby a at'v
Set V 8 well8410 to decompose x ̅ as In

w XneVn 87 Let n min n Into ThenEm8H x ̅ in
in 71 so r no Note that for 8 at GxCtof

theform to 8 t t TFAE
1 Em84 x ̅ exists
2 87 l sn notethat 8f x ̅ t e8H x ̅
Let's nowprove thesemistabilitypart ofthetheorem By

definition is 71semistable x ̅ is A semistable Andby Thm
in Sec 1.1 ofLec78 x ̅ is Asemistable 8 5 sit
1 holds have t 8 so Byequivalence of 1 2 we are done

Weproceed to the stabilitypart ByThm in Sec 1.1 ofLec
18 x ̅ is closed in x ̅ 8 C G satisfying
40,87 0 Im 8H x ̅ exists in x ̅ wehave ftp.Atlxe x ̅
Notethat in 8 stabilizes the limit impossible ifdim x ̅ him5
So we arrive at the equivalence of thefollowing two claims
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a x ̅ is closed in x ̅ has him dimC
6 If fig 8H x ̅ exists in x ̅ then ct 87 0
To finish theproofof the stabilitypart is exercise

2 2 Bonus move on linearizability Ref MF Sec I 3

We start with the following result

Theorem Let X be a normal variety L be a linebundle

Let C be a factorial as a variety connectedalgebraicgroup
ectingen X Then L is C linearizable

Examples 1 Anyunipotentgroup is factorial
2 Any tonus is factorial
3 Anysimplyconnected semisimplegroup G is factorial

Indeed the open Bruhat cell G N T NCG is factorial
Any then one can show that everydivisor in thecomplementof
C G isprincipal
4 TheLenidecomposition then implies that connected

fectorial G st C G w finitecentralkernel Thisimplies
the followingclaim
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Corollary Let XXL be as in Theorem Cbe an arbitrary
connectedalgebraicgroup Then is linearizable if n
divides Ker G G

Now we are going togive an application of Thm Let G
be factorial Hbe an algebraic subgroup Considerthehome

geneous space GH it's normal Let Pic GH PicsCA
denote the Picardgroups ofordinary linearized Cbundles
Thefollowing exerciseallows to compute Pic GH

Premium exercise 1 Establish an isomorphismPicsGH E H

2 Establish an exact sequence
JEG TECH PicGH
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