
 Lecture 24
1 Comparing stabilities

Refs HL Sec4.4

1 Comparing stabilities
1 e Reminder goals
Let C be a smoothprojective curve over ofgenusg Our

goal is to classify semi stable vector bundles of rer degd
Via tensoring w a suitable line bundle we can assume dis as
large as wewant inparticular d g 1 r Forsemistable F we
have dimH F F N 2 11g r Fix a vectorspace ofthis
dimension V An identification c V H F realites F as a
quotient of VOD giving rise to a point q F c EQ theduct
scheme parameterizing thequotients F of V0Dcwith rank r
degL equivalentlyHilbertpolynomial P t Nerdet d degOcco
ThegroupPGLV acts on L In Sec 1.1ofLec23 wehave

constructed for an integer l bigenough depending onthedataof
theproblem g 2Xr an SL V linearized veryample line bund

le He Wehave obtainedthe following Sec 1.3ofLec23
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I Apoint 9 V00 F EL is He semistable iff
nontrivial subspaces V IV we have for the image F of V Dc

semistable

1 Pple b jmtPlet
Here P denotes theHilbertpolynomial of I
II If q V00 I is He semistable thenHoly V

H F
Ourmaingoal in this lecture is toprovethefollowingtheorem

Thm 21g r 7 foreach dadg r also dg r e74
s t dadg r dg r gel TFAE

a q is He semistable
6 q g F c for semistable F

Lessformally for221 largeenough He semistability isequivalentto the usualsemi stability

1 1 A version of II for 1770
Forfilth aitbit airbieQ i 1,2 wewrite f of iffeither6 6 or

6 6 but a an equivalently flel fell for exe
Here's how this is relevantfor ourpurposes



Exercise1 ForEeCehC F F Pq Pq

Let g V00 F Eh F c F Wewrite Useforthepre
image of H F CH 51 in V under H y V H F

Proposition eldgirl east Cal dg r geh isHe semi
stable iff
21 himV Pg 7 himVf Pf nontero F F

In theproof we will need
Exercise2 deg F I'cF is boundedfromabove Hint induction

on rk F note that everyvectorbundle contains a rectsubbundle

Proofof PropositionNotethat degF ric F 10 F's F
isfinite indeed observethat rk F e 10 N deg J 70 bc

Of is semistable then use Exeruse So P 0 F I

is finite Recall that t.at flet fill for l largeenough depending
on f f So for so we can replace 1 in I by
1111Pg 4 P images F of V 0 F
Nownotice that for such I we have V'CVs So if 2

holds then
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Pg a 8 P Phaspositive coefficients P

implying 1 Conversely let betheimageof Oc in J
then I'c F Exercise1 Pg Pg so 111 implies 2

12 Criterion of semistability
Some more notation for MeCoh C we write him forhimHilm

so that M h M h M
Proposition Let FeCoh C have rk r deg2 Then 21gv

st 27,21g r TFAE
a F is semistable
6 r e o r all subsheaves 0 F's F of ra r we

have h J s FN
d r e o r all quotient sheaves J of F different

from 0 F we have h f 7 IN
Moreover if F is semistable then in 6 resp c implies

j4 F 14 F resp M J fu F1

Ideas ofproof 6 a c follow from twoeasyobservations
1 he 4 MI MeCoh C
2 F is semistable F s FX F X 5 7 F
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The other implications are hard they require a boundedness

argument cf Fact in Sec 1.1.2ofLec23 and a bound on
h J for F c F w small slope See HL Thm4.4.1
for details

13 Proofof Thm
We take αg r as in Sec1.2 assume 272g r then
take dg r as in Sec 1.1 For exedg r theHe semi

stability is controlledby Proposition in Sec1.1 Semi stability
of F will bestudiedusingPreposition in Sec1.2
Step1 We show a 61assuming geh IVOct 5 I

tilylis iso F is vectorbundle Notethat here Vg H F l
himVe h F So 6 he f r s rN a h f P KNP
The leading coefficients of half P NP are h F'Ird Nride So
a 6 andif h f r r N then he F P NP yieldingthe

stable case of 161 a For the semistablepart it remains
to consider the case h F r r N whichby Proposition in See 1.2

means jul 5 ju F So I is semistable h 511 815
5 71 P P r r h F P NP

Inparticular 6 geh as we've seenalready in Lec21
So 6 a
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Step2 Toshow 6 a it remains to show a e ca
Assume q V00 F E L e 1h Let E F ter F We

can find a subsheat E C F m EC Ro containing I
of deg d ark r Our firstgoal is to show E is semistable
Let E be a quotient of E of rank r Let F bethekernel

of F E E Passing to leading coefficients in inequality
him V PFPhim V P anddividingbyd weget
3 N r himVfi r
Now we have thefollowing inequalities

h É o F F E h J h 5177 VVI H F H F
N dimV 1373 N FN N ThenapplyingProposition inSec

1 2 we see that E is s stable v11 v2degd It follows that
4 h E N
Let c denote the composition F E E sothat wehave

Ker c ter F By II H.ly V H F Furthermore we

claim imH.ly Aton F 40 Otherwise take F forthis
intersectiondimVF.toQr e contradicting 3 It follows that

H ay V H E Combiningthiswith 4 we seethat
H cetily 1May is ise
We have the following commutativediagram

a




