Lecture U, 4/16/25
7) /ompﬂrin& stabilities
Pels: [HL] Sec 4.4

/) [0»1/)4/’[/)& stakitities.

1.0) Zcmino/er ngls_

Lid C be o smodth /}’o/'eaf/vc curve gver C of genus 4. ur
Jad ic Fo ozasmg (semi ) stalle vector bundles of /’K}’X\a/ejO/.
Via fensoyinég w a suitable One éuno/&/ we can assume o is as
lorse as we wont, in /aré/ca/a/, d (5= for semistabte F we
40\4/& cﬁm /7/75?) =J([f)=/(/-’=0/+ (7~5)K Fix « vector spac a/z%x
a//mwjzon, V' An idbutification ¢ V=H(F) reaties F as o
fgozf/emf of /B0 gung Nz ‘o a /)pc‘mf ?(IL)éQ He Lust
Scheme lpa/maz‘ff/z'amat e 5&4975/@%&‘; F of VOO wth rane v &
O(eﬁ d, equivelently Hithert /aoiamolmd Pi)= N+ rd 2, 04:0/@02[7)_

7Z(_j}’0(4/b PLLV) acts on 2 In Sec 1.7 of Lec 73 we have
constructed | v an anejaf 4 5)‘31 emuéé él,/r?awa/o’l& o1 e oot of
e /Oro/g{cm: 3,0/&}’) an SLWV)-Cnearizeo 1/6?, wt///a& line Bund-
le i/f We hawe oﬁamep( ZZ[L /g/ﬂ/owlng, (Sec 13 of Lec 73):
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I) /{/ocnf 9= [[/090 ’”gjéﬁ [s 77/ [Rmt))’faj& (// #
nontrivial ,vués/yzzces VsV we Acwﬁ Ly 4o (Mage FL @0
(semz)s{al/e
) B0 (513 Y ppe)
Here @_, a(enmfes Ho Hithert /oa%nomm/ of F
I) If g=[veq “>3F ] i V- seuisteble, then HlopV <
HF)
Dur main jaa/ﬁ 7 ‘L%'f leAure i o /)’oz/c 7,[4 /wgfowin i f/eo/em.

Thm: A 0/{3,;’)67/70 4 hor each, o> a/@,r) also /[O,/j,r)ezo
st ¥ dzdgr), (2 (0 4), ¥4 TFAE:

(a)7 is V- (semi) stabh

(6) g=9(F 1) for (Sem)stakl F

ZﬁSS 7%*’/%&% 7/}' D/KZ /wgf 6170&9-/ Z/ /Jem: Jfﬁ///glz} s eyua-
vilent 4o Y asuet ﬁemz)ﬂ‘ﬂ/)ﬁfét

7.7) A version of (I) fov 570
For £tt)=a+6t, a,b:€@ (=12 we wnte 7f</ itf ethe <6, or

Z

éﬁéz Af g<az,e§uiva/wf§, 75{5)<7§/() /oy 4,/7>0.
/‘/cVe 5 fow %’5 s Ko/e;/wz‘ 76 our /wpofzs-'

R
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o FEGAL), T ¢ T = Fe<fr.

-

let o-[VO, ¥~ TI0 L FF bk wnte Vi oo o pr-
image of H(F)HUT) in V unchr HTp):V — H'(F)

I%pos;f/om = f[o/j r)67/70 5.t + ZZf(o/j r) 7€£ /s ?/“K@mi)
stall. L#
(2) oom \/- @_[7/) > ghm Ve - /;, ¥ nonseve 3/;432_

In # p}/oo/ we with need:
éfo/eﬁ (F) | ?2?-} /s ({ouna/w/ Bom above . Hint: induction
on Ye(F) 4 note “hat elery vekor bundle contams a red subbundte.

Foof of /D/’opasfz‘/on: Niote thed | (0/9 f,r/c ¥ /)IQW—»? <> f
is fmite : indeed ofsene thet re 3 F'e 1/0 NE & ﬂ/f& (F')20 &c
Uéaw/: semijzlﬂzgfe,fﬁm use Exeruse. S f/> 0 _a>j¢_,3—”}
is finite. Pocadl Yhet 7Z7 f”<—?/// L) v £ fajga 010054 (aépena/m&
on/J/)) So, for €0 we con %eféza 1) i I) /2,

(1) B2 L2 UL Y iages F'of V80, —F.

Mow nstice 1%’;5 7170% sucd F we pove V' Vi So c'/ )

Jollds o
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m '/ 7
(7/) > 0/0,) TP 2 [Phas /00)”//% Coezgffaenfs] 0/””:; p

fmp@m; (7). /MVSF/Q bt I he tlo image of Y0 in T,
v E’c F>/ ] Pf/\(%‘"/’ o (17) implaes (2), a

12) (vitenon of (semi) 5{4{}[{{5[_

Some. more notation: for M (bh(C) we wnte h(M) Br dm H{K)
so 4het Y(H)=ho (M) -H(M).

B/O/JOS/'LZ/OM: S A Feloh(C) have ve ¥ & 0/69 oA Then 3 0/6,7)
st 4/0/7/0/{3,;») TEAE

() F is Gemi)stelt,

(6) # we[m & all subsheawes {05 F € F of re v’ we
fove h(F7) ()< £

(c) Y r 6[0}’] & ol aof(w‘f sheaves F 0/?04//&/3«4{
Hom 0 8 F we houe /[f}(>>>1/r/

Moreover, if F s J@m;ﬂ‘zu%,z‘[en = b) (resp. c)) Zm/pgre:
HF ) il (F) lresp, pt(F?)=pu(F))

Ldeas of p/oo/: B) = @)= () £llow fom T easy oser-

vetigns :

(1) he(M)» (M) ¥ Meloh(C)
(2) F i [Semz)!fazgfu<=}’f(3:> (<)< VJ((O‘)<“7J((3_)(7/)7 J[/?)
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7ZL 07,[4&}’ émpfica]fzons Qe Aﬂ/ﬁ/ : f/(&? /’67&4//6 R z{owro/eﬂ/ﬂfﬂ
&{Sumeml [c/ Fad in Sec 7.120/ Lec Zf) anol 2 I(Duho{ on
(F) fr FeF w sml stope. See [HLT Thm ¢4.1

Lo detaits. s,

13) Foof of Thm

We fave "(/j»’) as ty Sec 12 £ &ssume 0/7/0/(,}")_ Thes
tare //aj/ﬁ)r) as in Sec 11 for fzfé{j,r}/ . # - Gemt)
Stability is contyolledd /y, Froposition in Sec 1.1 (&mi)ﬂ‘aﬂf%}
of F ot be studed using B’O/Mﬂ'é/on i Sec 12,

Sﬁzp/r We Show (2)e (6] assumins, ?641[[(/@0&—1’\?/
F/a(y) is 1508 F is vector bumdle 5. N that feve V?,/L/"[g‘/) =
dn Vo2 J(F). So (6) p(F)r ()< rW; fo)s A"[J’)P(sk/f/@r
Th leadimg coefficieats of N(F)P & NP, ave K*(F)rd, & Nrd,. So
(2)=(8); and if K(F)r<rV Lon J(F)P< A/pg., J/ffﬂ(ﬂ’lf, £y
stable case of ()= (). Fu th semistable part, it Femains
o consider Hhe case N (EW=r' N, whih /OL[ /Dm/aon'ﬁon m Sec 17
meaps p(F)p(F) So I "is semistobl = A(F)-X(F) &
X(F)/XF) - £ /P =yl = A (F)P =N

In /ﬂaif/a,(/{a./) () = 76&25 lWe'le Seew /z//ezw% i Lec 71
So ()= ().

—
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Sf-(/) 2 To show (6)=>(a) i remains 2o Show 4?‘/('52 Q.,
Assume ?=[V@0C’£” fjég%-ss‘g.’ Lot f = gf/fwfér). We
con fnd o subsheed EcFOm " (xeC £»0) cmz‘u'nmg F &
0/ 0/65 o/([fl/ﬁ: v). Our /)/51‘ ﬁpn/[ is to 5401,1/ E s semistabls.

et E be a gwfcafl{lemZ of E of rene v’ Lok F b #e kerntl
of F—E—&" /Dasmg, £ KQQO//M} coetycients i zhzyga/&iz}
dim [1/)'@_,7/ 0//m/V’)/D /&Mo/ﬂfzwa//ng, "21 d.) we et

(3) A v > om ey

Mow we hauwe % Mﬂwing éhefm/&'fzeg:

J(E)2 (0T '=F="1 K(F)-K(F)2 LW, — HEWHF)
N = dom [{? 2[(3)] N - %//V=7I,:///V, 77|.w 4/7/?{7/'@ /3’0/9051%/% i Sec.
12 we see Yot E is s/stadte (v V&o(ego(), F Bllows thet
4) h(E)=M.
[ ¢ donte 4L Com,wy/'zl/ojy F— FE s Ehat we hose
ker ¢ =tor(F). g} J[), /L/D[YJ) VQHD(?). F[wl‘/m/mo/e) we
oim  Im /7£ [Mﬁ “or (F) =4 0f ﬂt%/wm,’fake S By G intorsec-
bon = dim lé_ﬂbO £r=0, C’Mfl/zzo&'(/fma{ (3). Tt Sollows that
//o/£° ): [/ e—> H(E) [o'mﬁfﬂm} 4his with () we se ot
H"Q}OH"[W):,Q/"/[OW is150.
We hawe e /DZZOWMJ commatative aéajmm:
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Vo 0. T [[1F)e0,— H{(€)e0),

)
\ | | — & sptatt
F >z

$o 754 commf/z‘/on V®0C——>57 —> & s m (:'/w'mwyyé/sm, Awa

?*—»é’_ SMQ fK?=/KE&0é}?:J§E¢?%E£
]

7=7(5,H°/f°§u))=7 3@47

7.4 ) Bonus — gcnemﬁzd/on: (semi) stable  sheaves

Th construction of moduli spa.ces of stakl vetor bundles
on Smooﬂ @ra‘/'cofn/a) curves con fe 3@06/@&'2@( % 4g/w dmen-
Stons M% 2 smiter (bt mon ‘L‘e%ﬂ/k% é}'h/o{vea( ) a,opl’oa%

(expllined in [H01)
/\/e ZXPL/&[V) ’L[A Se/ffmé_ Zexf )( D/e ’ ﬁ}’p‘/'e&‘tz/l/c SV%eMr,

W.a Very am/yﬁ; e bundle Q1) ot ollws us to odefme o H-
bert Pa@ﬂﬂmzd %(f) o/ Q 5/?4/ 32" I{)- O/EJ/ee 15 o//m Sup}o (&)

We consiclr e reoluce] Hllert /a%nomzd pelt): o mome /pg,

nomiak proportionad £o Fr 1

We call pure if F fas no nonzero subs w 51?@/90;%
of dim < dhm S\l/o)o (). A pure sheef & ic clled [Sem[)Sfa{{e
if f:}_/ (<) <fs # 059—/$5L-, wheve Ll ordew s similer o

one &\/a/}m:a( in Sec 17 ﬂ</)z /// ﬁ/—f}<z/{) %)y {cca
¥



