
 Lecture25 421 25
1 Modulispaces of vectorbundles conclusion
2 Invariants for non reductivegroups
Refs Ne Sec 5.3

1 Modulispaces of vectorbundles conclusion
In theprevious lecture we have seen thatthe twonotions

of semistability coincide for vectorbundles of her Leg270
forpoints of theQuotscheme h Quot where we consider

the GIT stability fortheaction of PGL V the linearized

line bundle 71 w exe So we can constructmoduli

spaces of semi stable bundles as GITquotients
Denotethe CITquotient 41 PCLN by 54 rd Bywhat

was explained in Sec 2.1 ofLec22 thepoints of 14 r2 are
in bijection w the closed orbits in 9

Exercise 1 Theorbitofg V Dc F is closed if F is
polystable hint use the description of limits in Sec 1.2 of
Lec23 Corollary in Sec 1.3 ofLec23
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So 14 v2 parameterizes iso classes ofpolystable bundles
Let 1454,2 denote the loans in 54 r d corresponding to thestable

bundles

Proposition i M rd is Zariskiopen in 14 rd
ii Moreover L

s
the lows ofstablepoints is a

principalPCLV bundle ever 14 r2
Sketch ofproof
i fellows from

Exercise Let a reductivegroup act on an affinevariety X
Consider Y xeX him Stabax170 Then Y is a closedCstable
subset XIST I Y is thelocus of closedGorbitsofdim
dimG in X here IT X XG isthequotientmorphism

ii Recall that if F is stable then Stabpalevg F c is
trivial Now i follows CorollaryoftheLunaslice theorem in
Sec1.4ofLec14

Using Sec 1.2 ofLec22 one shows that54sr21 issmooth
of dimension r g 1 1 Moreover one can show that 1454,2 is
a coarsemoduli space of stable bundles see eg Theorem5.8
in Ne andreferences in theproof
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2 Invariants for non reductivegroups
2.0 Setup
Thebasefield is C
Throughout this class our centraltopic was invariantsquotients

foractions of reductivegroups Fornon reductivegroups notmuch
can be said ingeneral invariantsmay fail to be finitelygeneratedseeBonus remark in Sec 2.3 ofLec4 So we aregoing
to consider a more restrictive situation
Let Gbe a reductivegroup Hbe its algebraicsubgroup

Wewent to consideractionsofH restrictedfromG
In Lec 4 Sec we introducedthe homogeneous space GH

It's a variety equipped w e Caction set Stab 10111 H it's
unique w thisproperty Its connection to thesetupabove is as
follows

Proposition 1 Let A be e commutativealgebraequippedw a

rational representation of G by automorphisms Then we have an
algebra isomorphism

ILCH A A Ʃ feat Ʃfilathai

From this Hilbert'sthm Prep 1 in Sec 1.0 ofLec3 weget



Corollary If CH isfinitelygeneratedthenA is

2 1 Structureof Q GH
We will prove theproposition aftersomepreparation Consider

the Gequivariant projection p GH gogH
The
p GH

G is Cequivariant inparticular GH is a rational

G representation

Lemma Let Vbe a finite dimensionalrational Grepresentation
Then Homa V C GH v It
Proof
Notethat Hom V.CCH7 Home

neg
SCV GH

SCV v Home
Aeg
Clv GH More CH V

Here the last term is a set of Cequivariantmorphisms IH
V which isnaturally a vector space 6c V is The last

isomorphismis a consequenceofthefollowinggeneral observation
togive a morphism Y X where X is affine is the same as to

give an algebra homomorphism x Y Considerthemap
Mora CH V V ofevaluation at 1H theimage lies in V
Eph is clearlyinjective it remains to showthe image is V7
Let αE V Then Staba OH2 H for Cn GHx V1 So
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weget an isomorphism H 0H2 mapping7H to 011,2
hence a morphism GH Clott2 GHx V V

sending 1H to α

Importantexercise 1 Trackthe construction toshowthatthe
isomorphism isgiven by sending gettom V 611 to every
where even GH C f flatt

Corollary As a G representation CCGH V0 v where

the sum is over the isomorphism classes of irreducible Gmodules

Example Let Hbe a connectedreductivegroupembedded

diagonallyinto G HoH The irreducible Grepresentations are ofthe
form V where VieIrr H Wehave V k Hom V2

which is 1 dimensional if V2 V and is 0 else So
H HH IN

Exercise2 p GH G identifies GH with G

Note thatthere are otherways to establishthis identification
eg byusing that CH is aprincipalHbundle
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2 2 Proofof Proposition
Recall lotExercise 1 inSec 1.1 themap eve 4 643

f a flat it's an algebra homomorphism it's Hequivariant It
induces an algebra homomorphism evapid SH A Amap
ping CH A to At We claim this restriction is an isomer
phism Indeed A is a unionof finitedimensional rational

representationsV So it's enough to show that
evapoid EEGH V7 V1

This follows from Lemma combinedwithExercise 1 in Sec
1.1

2 3 Case H U

Starting from now we will concentrate on the specialcase
of H U where U is a maximalunipotentsubgroup of G the

unipotent redical of a Bevel B Let T be a maximaltorus
in B sothat B TAU

Clu carries an action of G G T via g t g'll
gg t U so that state ou U tu.tl teT ueU

Lemma As Tmodule Glu UX wherethe

sum is taken overthe dominant elementsof E T VX denote
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the irreduciblemodule w highest weightX and denotes the

highest weight of VX
Proof

Proposition implies

CG u C VX Cm VA An Herethe
summation is taken over dominant XeH T all me I T Note

that UCI acts trivially on C VX V1 1 1 x
the highest weight subspace as a module over TCU
We have

UA Cm V1 cm3t Cxim Mi
This implies the claim

Example Supposethat G SL Consider the Caction on
the space of column vectors The stabilizerof e b is

U and so G UG C The image is 0 It follows that
Clu xy Every irreducible representation of SL occurs

in xy with multiplicity 1 Theaction of Tcommutes w
SL and wehave t.ee t e Hence it isgivenby to E's
we It followsthat on thegradedcomponent Q xy EV n
it is by t tot confirming theconclusionofthe lemma
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In thenext lecture we will see that 54 is finitely
generated for all C

Corollary in Sect I Examplegive the followingclassical
result
Theorem Weitzenbock 1932 Thealgebra ofinvariants ofany
bear action of theadditivegroup Ge is finitelygenerated
Proof

Let G SL so that U Ga It's enough to showthat

any homomorphism U GLU extends to GL V then we
have v3 Clu v3 I V Sh To

give a homomorphism ofalgebraicgroups P G GL V
amounts to specifying a nilpotent element of g V 2,911

Every such element can be included into an 34triple
this follows from theJacobsonMovotortheorem from Sec 2.3.1
of Lec 10 or from the JNFtheorem combined w the

classificationof34representations The shetriplegives rise to an
extension of 9 to SL finishing theproof
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