Lecture 75 4/21/25
7) /%M 5/762663 0/ vector &ma//w COM&Z(/)"/O/)
2) Invariants for non-redudtive s
fefs: [We], Sec 5.3

7) /%M' )’/aées 0/ vector &mz//ej: COM[/w/oﬂ
n the /}’ez/iauy lecture we hove seen that Hhe Fwo notions
0/ /semz 5{4,5/52‘3/ comao/a /or vetor Jum//es o/ rkr Z(o/e o( 20
£ for Pamzfs of U Luit scheme A= ﬁu«ﬂf " here we wﬂS/O/e;f
e CIT 51‘&/51‘3, by He ation of /O[K/V) 2 Onearned
bne bundl. L = ?/@/V (w. 0720). S we can construct modili
Spacy of (semi) stakble Gundfes aS (1T quitients
Denste B (IT gustent Q) “PLLO) & H6d) By whot
WRS ex/o{aunco( in See 2.1 of Lec 22, A aznfx of N 6’0() are

(n /Jecz‘/on v e closed ordits in gf ’

- Tl orbt 01[7=[I/®Q —T ] s p%;fea/ H T i
/o%Sfa/g’é, [ﬁm’ff use 'é[( o/escr[/yfzon a/ ZWI/LZS i Sec 72 0/
lec 134 lovollary in Sec 13 of Lec 13)
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Se M0 A) /oammm‘c//w (5o classes of /@%sz‘ajﬁ bundlos.
Lt M ;ﬁjo/) donite He louss i Ml d) corrcy)ona/m} to fe stabls
bundfes.
B’Dposi‘flon-' () ‘/(’/S& o/) is Zansei gpen cn /t{rj[f)’a/)
Zl’) /%/em/a; Q 4 /fL lows 0/ stabts /00/}7‘55) s a /n'noi—
pal PCLO)-bundlle over MGyl
LSlccfoA o/ ﬁ/’oa/’:
(): fosllowss Hom
: Zf/f a /’eoéwf/z/c j/w/o [) act on an Q/%u Va//f/'ig, X
Cnsider Y= {xe X [ dom S’f%[mo}. Thon Y is a closed ( stabte
subst & K\ 97 (5(9) is the toews of closed C-orbits of oom
=dm ( in X hooe 70 K =X i He guotient ”/0%//)’}11.

i): Kecall thitt of T ic stable, thn Staky, o, 9(F ) i
fn’ymf. /VDW é) /oﬁom fomﬂ/&wg’ 0/ ZZZL /umz J‘ZIQ ‘fAeo/em 7
Sec 14 o/ Lec 19 0

Using See 1.2 of Lec 27 one Shows that 14 A) is smost]
of dimension rz[j»:)H. /%/eo:/e}; one cen show Thot /llj/{o/) u
a coarse moduli space of stabte bundfes ser eg. Theorem 5.8
in [Ned and references in 4o proof

2]



2) Invarionts for yion- reluctive Jrops
2.0) Setup
7Ze base /@// is C
nmagéouf Lhis class ow ceatrel ﬁ/ozc WaS  (nyariants /7449751«3/12‘5
for actons of redutive 3roups. For non- redutove grops ot much
con be seid in jenem/f-‘ varients mey fo; to be ffm'{e@, e
wated (e Bonus remare in See 7.2 0/ Lec 9) So) we a/e joinao,
% consioler o move restnctive situetion.
Led [ be a reduikive 4104 2 H b i a%yémjc ﬂ//ﬁ/’W/o.
We wort 4y consider actons of H restnited from (
In Lec 4 Sec !, we introduced He éomajeneaa: spac (A
Tts o Va/)f/fg_ 671,{1}0/060/ w., & (’«aﬁflon s.t. S‘qu (1H)=H 15

cm/'?w; W. -1,%} /}’opof?, .sz Coﬂneo’floh ‘fo ‘L% J&’fu/o Az/m/e £ a5

ows.

Eo/oosi‘fzon 1: Lok A b a Commitatve a/;,eém c’yuip/ae/ w. a
rafional /{ykamz‘a/f/on o/ f é‘ cwz‘amoyoéu)m, % we Agu/a a

a,éj)yg/a_ /5'0”70//7115)413
(CLe1ed)" —=> A" 5 Loa > 54 aheg;

Lrom 2his & Hilbets Hm (Frop 1 in Sec 1.0 of Lec 3) we gk

—

3|



/()))’0%60/?: 7 CLC/n] s ﬂm'ffg ac;enc/wfw( '54% /fﬁ s,

2.1) Stwctwe of CLCN]
We wite prove f/e /}bpaS/iz/on after some //efawé/on. (ons dler
{Ze, f-(ifuim//a//zf /}’a\/’cyflon P [)—"C’/H, ?HSH TZL ’0* 0:[5//‘/]
s 4:[6] is (- Z?uil/czlfi&wl‘; w /payz‘/mﬁz/ Clem] i a mtionad
(- Kepresen tation,

Lewme: Let V b o fonite domensionad, yetionel [ -;@/J/esmfa-é/on_
Then /L/omc (v €Lc/)) -"%(\/*).H

9’0071)-'

Nite thet  Hom, (Y CLMT) =2 fow, g, (S CLChT) =
LS0)= €3] Homy gy (€13, CLaHT) = P (05 V)
Yere %L Last teym 15 a set 0/ f—(fai Veliant /m//’o//:ms (7l —
l/* — (A/A)M I }MJfWa.L%/ 2 Vey’for )‘/yace o//c V* s 7Zc /mzz [0~
/%/pé/sm 5 & conseﬁaence o/ ’L% /a@(bwiné; jmelfd 0/5er(/zz;£/on :
Zo que a /war/)/)sm Y — )() where X is affine is £l some a5 %o
qve o abgebre hemomomphsm  CLx] — CLYI. Consider e mep
Mor, (CH V) 22>V" of evellucstion ot 1H, e image bes én (V)]
Eyy LS a_/ewé njetive & 1 vemains 4a Show f[e c'maje is (U x7//
Lt se (V) Then Stad, (GH)~H (or Ca CHxV"). 5o

7]
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We jf/‘f an /SNMOV/MU’M [)/// > ['/’l/éfo() /Ma/p/omg 7/L/ fo [7//{4)
& hence a Molya%}w (IH = (C(1H ) (M= V> — ™
£CMO/I//5, 1H 4 & 0

- Track e constmction & show it e
/somo;pé)sm is qven % jew/moq, §ﬂé/%m (V, CL/AT) 4 VP,
where ev,: CLON]—C, f = F(H)

[omfﬁzl/}f As o ﬂ/@oyejwfd/ow, @[C/H]ﬁa??l/@ (v*)" where
flz Sum s OVer ‘de /SDMO’}D//VM &[QSSES o/ Mea/aa’!ﬁ K'Maa/ajeg_

EXamp&: Led H o a comeded redudte group embesliloo! dia-
j@ﬁﬂ(@ (to [=H*H Th imeduibl lzl’gorgfenz‘af/pm are of ah
fom VB, where V-eTir(H). W hove (V@Y= Hom (V)
whed is 1~ dmensioned if Y = Vf wd s 0 else. S

ClHl=, B Vol

HxH VeIv(H)

P Cl) > CIGY idoatfes €L with €L

Note Lhat Hlore are dher Ways 4o estalish Phis dentifeetion,
€. @ Using, bt [ —(/H is a /ﬂ//m/'pnj H-bundte.
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).2) Foof of /%/0051'1[/0/4 1

,@CR,U [C/ Lyercise 7 in Sec /7) ‘L% mep €, Cf[[///]‘ﬁd:
7‘71’*7[)[’//‘/), its an A,/S&gm /meai;nﬂ/um £ its //-fyt{iwwafizz It
/m/uwj an A,Zcf{’/;}"a /omam();vé/rm ey, - f[(/#/]@/f —A /Wy)
ping ( (f[f/H]@A) t A W (//&m 1%: restrction is on (somor-
/ohnm ﬁluo/, A ic a amon of Fnite dimensional retioned Vep-
resentations, V. So it eﬁwgé to Show Fhot

ey, oid: (Climioy)" —= V7

7%)5 foffam %/pm Zem/m_ COiMé/yleo/ W/iz/ Exevese 1 9 Sec

71

2.2) Lase H=U
5£oyfma¢ rom now we witl conantrete on £h special ease
of H=U whee U s o mevimel unipatent subprop of (-t
Um'pafwf radical o/ 2 Borl, B) Lt T be a maximed torus
in B, 5o thet B=TAU N
(u comes an action of C:KXTV/Q [5,{), 510{:
94"l 50 et Stabp ()= Ui={lyt )] £eT wetif

Semme: As (> T}Moa/uﬁ ClLu]= @Vﬁ)@f}‘“ where e
Sum Is fa}cen over fé 0/omman'lf aémmis 0/ 3’ [T) X V(/l ﬂ/eﬂovft
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the mredusible modile w. Jighest weicht ) and 7% donotes 4
ég/&lf Wajﬁz‘ a/ V[/U

Froof:

/9/0/0051221014 1/ cmp{«ts

clom-c[lfl- @ (e, oll1hs g, 111 Howe #h
Summedion is Taken aver dammwf 265{/7)5 LY/4 /465{/ 7) Mite
£hot Ucll ads trvially on @ £ (VO Y= v)F)4=

(e Aglerzz Waééf juésyaace) as a modibe over T< .

We e S
[(WA)M)*J [m*)@c] f* {”

) 4/(56
75 lmpﬁfs l%. &/um O

Exampte: Suppose Yot (- SL, . lonsider e Coaction or
@j e SpRce 0/ column vectors. 7Z¢ stabitiver of €, = [5] s
U end so Gl C Tl c}%age /s fZHO}\ T Allows theit
clcil= Clx yj . gveroxt (e ducible /e//esenz‘d/on of 5L, occurs
in Clx 33 with mu/%//'oﬁf‘a'f} 7 Tk acton of C=T commutes w,
S[a aud e have T € = fJe,. Hena [ is given %, f;y—:fdu-,
se O I Hllows Yot o e jmo(w/ component C&,SJ,;—' Vin)
jt s é»l £ ¢ (’aﬁ/ﬂ’/ﬂq/@ o conchesion of He lemma.
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Tn o next lecture we will see thet CLCHT is ﬂm'{e§

gmemﬁeoz for all
@mﬂ/@/;, in Sect0 £ Exmp{i give o /a/(owénoa cbsssical
¥esult.

Theorem (Weitzenbicr, 1932) 7L a.,é,mf/q o iwarionts of any
éie_a_/ Q&'f/on ﬂ/ LZZL Qo/ﬂé"l[/w ﬂf’ou/o fq s /%hizegt 36/76}’4;560/

Froof:

Led 5= SZZ 50 f/a/é U= @ Tt enou% %o S'Zaw f/e]f
QMO»L 4%0/14070415714 U—>C/ (V) extends +o — /), FHor we
have €LV => (C[CIBCLVI)™ = CLCBVI™> Ts
j/z/e A Aomamo}p/zsm 0/ ﬁ,/g&gfojc 3}’0%/95 gp; I; — [Z/ 74 )
amounts s ;/ea‘;{ymé; o nitpotent element of g[( V) (=4 Pr)
El/erat such elemunt can be includedd into an ﬁéi"fn)aﬁ =
tis fsllows Hom He JacoBson- Moneor Heorem fom Sec. 731
of Lec 70 (or Hom Ho TVE Lheorem combined w. £b cboss-
/?cu‘/en o/ £4/ ‘/%OVfSBMZZﬁ/f/OﬂS), 774 c@é f}’yyé j/)/es J/5€ % s
extension of P to Y4 75)1/54»7} A /)’007./ a0



