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1 U invariants
1.0 Recap

Let G be a connectedreductivegroup over UCGbe a
maximal unipotent subgroupofC TCGbe a maximaltorus

normalizing U Consider thehomogeneousspace CU sometimes

called the principalaffinespace even though it's not affine
It's acted on by GT by Sec 2.3 in Lec 25
1 G u VX Ex
where we writeJE Erthemonoidofdominantweights in Jf T
We further know Preposition in Sec2.0ofLec25 that
for every commutative algebre A equippedwith a rationalrepresentationof Gby automorphisms we have an algebra iso

A ILCUS A 9

In particular if Glu is finitelygenerated we will
see below that this is the case then A is also finitely
generated
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Rem 1 equips Glu w a H grading It comesfromthe
Tectionandhence is a Cstablealgebragrading So A comes

equipped w an algebragrading by Ht a highestvector in UX
A lives in degree

1 1 Finitegeneration
Theorem For A as above TFAE
a A is finitelygenerated
6 A is finitelygenerated

The schemeof theproof is as follows Wefirstprove 6
a Then weprove thefollowingclaimof independent interest

Proposition Cu It themenoidalgebraof It

Using thisproposition 6 a weprove a 161

Proofof 6 a Let f ficeA begenerators Any finite
collection of elements ofA inch f f is containedin a finite
dimensional C subrepresentation say V Let A CA bethesub

algebrageneratedby V hencefinitelygenerated It's Gstable
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contains A i e all highest vectors in A Since A is a

completelyreducible Gmodule we have A A

Proof of Proposition First considerthe case when is

semisimple simply connectedHere It is a freemonoidgene
vetedby fundamental weights w Wr Recallthat I Glu
is gradedbyOttvia the Tactionandthegrading ispreserved
by C So Cus c C Glu is a gradedsubalgebra o

CUSE if Xe 103else Note that
Cu C GUTCELL

are domains G is connectedhence irreducible Pick fieealuh.de
We claim that Glu f fr Indeedfordie7 wehave

11f GUY w X ΣLiwi All thesemonomials are

linearlyindependent as they are in different degrees yieldingtheclaim

To prove a Gt inthis case notethat at
f fr via wit fi
Nowconsiderthegeneral case We canpresent G as 7 61 5

where Z is e towns C is semisimple simply connected is

finite central Then U G as max unip subgroup Glu
Clu Clu Z G u
Z C u Z CE exercise It

dominantwts for G



Proofof a 6 It is a finitelygeneratedmonoid so CI
Clu is a finitelygeneratedalgebre Applying 6 a

to Glu we see that Glu is finitelygenerated It follows

that A CUS A is finitelygenerated

1 2 Preservation of normality
Theorem Let A be a finitelygenerateddomain equippedw
rational representation of Cbyalgebraautomorphisms TFAE
i A is normal
ii A is normal
Proof
i ii is a generalphenomenon that works foranyauto

morphism group Lemma 1 in Sect ofLec4 Theproofof ii i

s in several steps

Step1 Let Adenote theintegral closure of A in FreeA
It's finitelygenerated Cstable in FracAllWeclaimthatthe
action nA is rational
Let X Spec A x ̅ Spec A Thenthe natural dominant

morphism it I X has thefollowinguniversalpropertydominantmorphism y Y X from a affine variety Y

uniquelyfactors through x ̅
A



Note that theproductofnormalvarieties is normal see
Stecks Project Lemme33.10.5 So take Y Gxx ̅ the

compositionGx I xx X where a is theactionmorphism

It factors as x ̅ IX Thefollowingexerciseimplies
the claimof this step thx to Proposition in Sec 1.1 ofLec3

Exercise E x ̅ x ̅ is an actionmorphism

Step2 Suppose we know A A Since ACA is G stable
contains A wegetA Ayielding i Since A is normal it
remains to show

a A C Free A
6 A is integral over A

Step 3 Weprove a Let fe A c Frac A Ourjob is to
find f eA with ff eA Let I f eAlffeA This is a nonzero

deal it's U stable Therepresentationof U is rational so on

everyfinitedimensional subrepresentation UactsbyunipotentoperatorsBy an algebraicgroupversionofEngel's theorem nonzero

U fixed vector f e I Then f fcA autom U invariantproving a

Step4 Let B Glu A B Glu A Then B isinteg
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ral over B We reduce 6 to thefollowing
Claim
Let B Bbealgebras equippedw rational Crepresentations

by automorphisms Let B Bbe a C equivariantalgebra home
morphism If B is integral over B then B is integral over B

Proofof Claim Let feB f 6,7 t boo w 6 EB

Applying theaveragingoperators α weget f 216if t 6 0

use that 216 EB

Remark There are otherproperties that A A share Forexample
we leave it as an exercise to showthat for a finitelygenerated
A equipped w a rationalrepresentation ofGbyautomorphisms A is
a domain resp reduced iff so is A

13 Application normalityofdeterminantalvariety
Theorem from Sec 1.2 can beusedto provethenormality of

some varieties a keypoint is that thealgebra A is ofteneasy
to understand As an example takemine7 vsminm.nl Consider

the determinantal variety X A MatmantricAsr ofProblem2
W3



Theorem X is normal
Proof

The
group G Glm Gln acts on X via ghA gAh Let
U CG maximal unipotent

Let F A i i r.be the miner of size I in thetop left corner
ofA Matman so Fie Xr
Exercise F is U invariant

Weclaim that F F are algebraically independent generate

X
For this consider the subvariety Y 8 lyi.ee CX

UsingGaussian elimination one can show that theactionmap
UxY X is dominant exercise So

at F a Fly X Cly gr
In particular X is a domain so Xr is a domain

see Remark in Sec 1.2
Note that a Fil G yo yi algebraically independent It

remains to show that a f G Gr fe X Note

that Cy y.sc C C
Recall that I X isgradedby H T We will only

care aboutthegradingby H Tm 7mfor Tm diag I Glm
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Note that Tacts on Y by diagto fm yo yr Hy tryr
a is equivariant Let E EmeH Tm be the standardbasis
sends diagto tn to ti Then y hasdegree Ei

So it's enough to consider a homogeneous element f a f
is Laurent mammal in G Gr bc different monomialshavedifferentdegrees But if a Laurent monomial F F e X then

we musthave Lizo in orderto seethis we evaluate themonomial
of where Si is atranspositionmatrix where

Fj 1 for jti Fit on jog
where Fj 1 forjor Free Weseethat the monomials in the

image of at are exactly C Gtw dize whichshows
at X G G finishing theproof
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