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1.0 Recap goals
In Sec 1.3 of Lec 2 we have introducedreductive

algebraicgroups over C GL C Sln C Sen C Span C provide

examples We have seen that for the class of finitedimensionalrational representations there is an averagingoperatorin the sense of Sec 1.1 ofLec 2 ie a collection du
where V runs over the rational representations s.t
at im α CVC
a2 α to o veVG
a3 α is functorial year duey yeHoma VV

Theexistence of α implies

Thm Hilbert Let Gbe reductive Vbe a rational
finitedimensional representation of G Then V3 is

finitelygenerated
A



In this lecture we will be concernedw a moregeneral
situation Let F be an algebraically closed forsimplicity
field Xbe an affine variety over F Suppose that an
algebraic group acts on X in an algebraicway i.e the
actionmap a xx X is a morphism Theaction is by
automorphisms ofX hence it gives rise to an actionof Gen
F by algebra automorphisms

Proposition 1 Suppose F C C is reductive Then FX3
is finitely generated

As discussed in Sec 3 ofLec we can form thevariety
XIIG the categoricalquotient for GRX later in this
lecture we will justify the name togetherwith a dominant
morphism X XIIG Wehave stated

Proposition 2 M is surjective everyfiber contains a

unique closed Corbit

Themaingoal of this lecture is toprove Prepositions 122
relatedproperties
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1 1 General rational representations
Let G be an algebraicgroup ever F We cangeneralize the

notion of rational to not necessarilyfinite dimensional
representationsas follows

Definition Let Jbe a representation of G Wesay that I
s rational if vet finitedimensional subrepresentation
V Ct w we V which is rational as a Grepresentation

Example Let Vbe a finite dimensional rational representation

Step 3 of theproofofThm in Sec 1.2 of Lec 2 shows
that F V3 is rational

Thefollowinggeneralization of this Example is a crucial
ingredient in proving thepropositions from Sec1.0

Proposition Let X be an affinevariety or a finitetype
affine scheme over F w a Gaction Then F x is a rational
G representation

Proof Theactionmorphism a xx X gives thepullback



at F F X F G F X Take fe F X Then

we can find linearly independent to fee F X he he F G w

aff Efi hi fgx fixhig geGxeX In particular
for any g we have g f Span fi bc g f x fgx So

f lies in a finite dimensional subrepresentation Weneedto show
it's rational Set V Span If
First we claim Spang fIgeG V Indeed since he he

F G are linearly independent go.geC sit the vectors
hilgo higk E F i t K are linearly independent Fromhere we
seethat V Span gi f yieldingtheclaim
Now weneed to show V is a rational representation

equivalentlymatrix coefficient go βg a Je F G pett we V
We can pick 0 f b c that function was chosenarbitrarily Then

cp.g.us ap.fi hilg
giving apolynomialfunction on G finishingtheproof

We will needthe followingproperty If y U V is a
homomorphism of rational representations then y

restricts to

a linearmap 64 V

Lemma Assume G is reductive and F C If q is surjective
I



then q us V9

Proof If UV are finitedimensional then this follows
fromthe existence ofaveraging operator exercise use a2 as

In the general case pick re V uey v By definition

finitedimensional rational U.EU w.ae U Now use the
finite dimensional case for flu U y U to see that

req U

Here's an actually strongerclaim

Exercise Supposethat C is an algebraicgroupover F s.t
theclassof finitedimensional rational representations admit
an averaging operator α Showthat α uniquelyextends to
all rational representations so that all a31continuetohold

12 Proofof Proposition 1
We will use Proposition from Sec 1.1 to realize X as

a Gequivariant algebra quotient of V3forsuitable
finitedimensional rational Crepresentation Vand then use
Lemma in Sec 1.2 Hilbert'sthm to finishtheproof
51



Step1 Let f fee bealgebragenerators ByPrepin
n Sect 1 findim rational Gsubrepresentation Vic
w fievi Set V V The inclusion V's X gives
rise to a Cequivariant algebra homomorphism
1 V S Vi
Since f f EV t is surjective And V is rational as a

quotient of a rational representation V Nowtake V V

Step2 Apply Lemma fromSec1.2 to y V3 CX
fromStep1 The restriction q V3 is still an

algebra homomorphism By Hilbert's thm fromSec1.2 inLech
V3 is finitelygeneratedHenceso is its quotient s

Rem Step 1 thatgeometricallymeans X VGequivariant

ly doesn't need 6 to be reductive

13 Universalproperty
Consider themorphism ST X XVG Thefollowing lemma

justifies the name categoricalquotient

Lemma Let G be a reductivegroupactingon an affine
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variety X Let Ybeanotheraffine variety y X Ybe

a Ginvariant morphism Then XG Y w
2 y fast
Proof

y is G invariant hope he Y to see

let h hn Y A and use hi hi i n imp c

Set NG Y to bethedualmorphism to y 4 13
Then y 2 Theuniqueness of satisfying 2 is

an exercise

Exercise 2 Let X X be twoaffinevarieties w Cactions
Let y X X be a Cequivariant morphism Then
XAG NG making thefollowing diagram commutative

X
7 1st 1st

AUG XIC
Moreover X is the restrictionofy

14 Furtherproperties of it
As before in this section G is a reductivegroupacting on an

affine variety X The following implies Prep 2 from Sec 1.2
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Proposition i it is surjective

ii Let X'cXbe a closedCstablesubvariety q X
denote the inclusion Then from Exercise 2 in Sec 1.3 is a
closedinclusion it identifies X G w o X

iii Let Xp Xcx be Gstable closedsubvarieties wXinXi
Then it X Nst Xi

Proof i Let ENG Mc CX be itsmaximal ideal The
claimthat it x is equivalent to

3 m Spaney m X

Suppose 3 fails f firein hm he x set
3 Effih 1

Wewant to apply the averagingoperator to 3 but
first we need to construct it Choose a rational representation
V as in Sec 1.2 so that V3 X Gequivariantly
Let V si be the space of elementsof deg s i X i

be its image in C so that X si Now we

can argue as in Step 3 of theproofofHilbert's theorem
Sec 1.2ofLec2 si is a rational representation so
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comeswith averagingoperator di Then we define α C x CX
by a f di f for fe x si

Apply α to 3 Arguing as in Steps4,5oftheproofof
Hilbert's thm weget
1 2 Ʃfihil Ef achi Since αChile 39this implies

rem leading to contradiction

ii 4 X is Gequivariant ByLemma in
Sec 1.1 q restricts to CX So XAG
X G is a closedembedding In diagram IT is

surjectiveby i so a X imy X G proving theclaim

iii set X XiIlXi Notethat CX X X w diagonal

Gaction CX's elx CX X'll XilleUxilla
Now iii follows from it appliedto the inclusionsXiXiX X

Corollary Everyfiber of it contains a unique Zariski
closed G orbit

Proof xe XG P x is a nonempty by i Cstable
closedsubvariety Anyorbit ofminimaldimension isclosed

a



so there's at least one If there are twodistinct closedorbits

XI Xi then nXi Then st Xi x contradicting iii

In particularXIIC indeedparameterizes theclosedGorbits
in X

Exercise If G is finite theneveryfiberof it is a single
Gorbit
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