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1) [afegmcd 70,07&/@/41‘5

He/&/ences-' [PVJ/ Sees 4.3 4.4; 12.

10) /@zcaf b4 gaa/s

TIn Sec 13 of Lec 2 we have introduced wductive a/{njeé-
fadc Jroaps (over f)/' (¢, (C) S (C) Sa, (€),Sp, () /}’omé
exam/oés- We have sen that For e thass of Ghmte dimensy-
onel) vetional /ﬁf/o%fsmfa/fmns there s an averag c'nooL gpera-
tor in e sense a/ Sec 11 of Lec Z it a colleddion («,),
where V' rans over 4o rationed fepresentations st.

(a1): (m o, C Vﬁ)

(a2): o, ()= ¥ vell”

(a3): o (s ﬂmofon’d: ﬁo"df/:dw”f #?E%MC/KV').

Tl existonce o/ o ém/oﬁts:

7%}14 //L//%e/{)-‘ /e;f [ be lfeozzﬂz/ve X Vée a /Az;f/omj
hmte dmensional represent ation of  Then Cly 1% 4
#h/ize%_ g&/ff/a/‘éeo/.
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In ths tectue we mtl e concomd w. 2 more generad
Situation. Lot [ be pn a,%f/é/ajcwﬂ} losed [7%/ )”//14/0507%1)
75&&/ £ X be an 4//}Me variety over [F. 5470/0055 f/d( on
A[jcémjc greqp { acts on X in an x/(g%/m"c Wesy, (ie. He
2t ion Map & [xX =KX is a /Mp//'o/llIM). The gy‘g/on /5 {51,
/aufa)ﬂ’lo}}nézsms 0/ X , 46/16@ /'f j}Ves /ise z‘o an ﬂo‘f/rm a/ f on
Flx] 55( &/fj&{/a MfOIMO//)//SWIS.

/D/’c}nosz'zzion 1: Sa/p/yose [7: =C 4 [ (s l’eo/qu/e. 7707 FZ;(] :
/s ;gmizfg gwe/afeM

As discusseol in Sec 3 of Lec 1, we can form the Van‘dg,

/G the cat e(ﬁor/ca[ gqa?ffaﬂ?f for G AX = bater o this
@afu/e we witl (/'USLZ/'%;L 1%; Heme — ﬁzﬁ(yﬁer W/‘f/ A aé/ﬂ[ﬂuf
mw/)ézsm ¥ X =X We howe stated:

lg/opo 5}‘{/0/7 Z 29 i ;u{/'fﬂ[{(/f; X CVel’éL %({er C’OMZZQMS a
g chosed (" bt

ﬁe Mash jaaj o/ —{//s /édu/e /s 'Lzo p}’oye /917005;'1‘/0/7_( 7/ X 2
£ related /0}’0/06)%/6&
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11) [énemj vationad //{//escnfwf/oﬂs.
Let C be an w{zjwémjc group over (F~ We Con jﬁﬂf/ﬂ/gliﬂ e

notion of retinal s nst ﬁecesmn‘d} fnite dimensioned ¥epre-
seitations as Follows:

Defintion: LA V b a /e/oreseﬁfa,f/on of C W say Yo V
is ratond f ¥ well 3 fute dmensionad fa{/e/oresmz‘af/on
Yl w well which is nbond (as a (~representation),

Exmpfe: LtV be a fnte dmensiond ritioned /e/wffem‘a,z"/on,

Step 3 of e /01/00/ o Thm in Sec 12 of Lec 2 shows
thet FLV1 s radioned.

The /,yfzm@ ﬁwe/di@cuf/on of Lhs E}Mfﬂ, s a cruosl
Mﬁreo&'emf n /mw'nj, He /}fa/osi Lions fom Sec 10

/?/oposﬂllon: LeA X be an a///ﬂc Vzmkfg ﬂ;r a /M/izc ‘ij/oc
otpne scheme over ) w o Caction. Then [FIx] is o nadioned
(- l’cfﬂ)’fsenfafmﬂ

Froof: The action /Morpﬂzsm a: (X —X quves ., putléeck.
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2 Flx]— Flexx) = FL6I1@FIXT. Tare £ L], Then
We Can Z/M/ ﬁnemé ino/e/)wo/wf z‘f;{é F/x ] /4 4,<€ZF[ Gl w
a*f = L,=Z,{.®AL- & /(jx)= é{&)é;[jJ #jéf/ xeX In particdas,
for MCLI( g, we Nove g'.'rpé SFMJ__@[;) [b/c [ji'/Jﬁ()'-‘f/jx)). So
£ tes in a finike dmensionad 5u5/e/0reswz‘a/f/m. We nesd 4o show
ites ratignal. Sed Vo-' ’\S‘panﬂ__[{)

First, we claim S,Dan [;//ﬁe [):Vo Indeed, simce };4,.,,,}1,46
FICT ave fmwy% W/e/ocm/mf | - C st e yectors
(b, b GV F, i1k, ase bnearly, indbpenduat Fiom hen we
see Lhet I/ - ‘9/&”[;: (j" / ) j’e%”é‘ o claim

Mo we meed <5 show V i a ntoned %Z/oyereh{a;f/oﬁ, €7az'w<-
/m{-@, melrix cocffiuent [go (/B,j.frﬂé FLT ¥ pelf; wel,
We can PICk Z;,/ K/c féa}f funaf/on WARS z‘/osm an{/fmy/%. 7Zw

BIT? " Z B174 G
jm'ﬁdq aQ /p%mmml /imuffon on g X 74/4/541}7;, 7.(4 /}’oa/) d

e will nud e /ﬂam'n} /}’f%m}. yes v: U=l is
Aammoy%sm 07/ /ﬂ/‘flaﬂaz /’c/vfeswz‘wi‘/ons 5 f/cn 70 /fﬂz//Vl[S ’léo
2. Uneor /Maf Z/[‘—’ V,C

Lemma: Assume [ is reductive (wnd [F=C). If “ (s Sa\/]'ed[/Vc)
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Yoo U= V"

Froof: If UV are finite dimensionad Hon this follows
Bom e etistena of w/ﬁ/ajing goemz‘or — (ase (22) 4 (23))
Iy the jenm/ case, pice Ve Al £ ue(f”[z;—)_ @ /oﬁm'z‘mh,
= /mi‘fe dmensionad. retional Ul w. ue L/o Mow ase Z‘L
fnite dwmensionald case for (7%/ U — 6/((//0) fo see thet
se ) O

/%Vc s o aofuafé 51,%/450 cAiim

: 5179/09: 7,%75 [ is an a/j%mjc K over [F <%
e thass of (Fnite dmensional) radionat /.%ﬂ)’me'fa,f/MS admits
an Memg/nj ope/a;(fo/, A S%W ‘f%ajg 24 aﬁffa 61{6140/5 %o
2l rationnl /@/Veﬁmfaitmm so et (21)- (a3 ) contime 4o holi

12) [Foof of /0/0/005/'1.‘/;;” 1

Me wtl use B’oporff/o/) f’%m Sec 11 4 pealize CLXT 4
2 §~€7ui\/arianf a/jegm 7c/oz‘/wf of ClV] 7@, sutabte
(nite dimensional) rationad [ r\%aresmfa,f/m V and then wse
Lemma, tn Sec 12 § Hlkertss thm 4o ﬂnisg Ze ﬁ}/po/.
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Sfc/g 1: /vf {{G (E[)(] {e a{j&éﬂz jmg/quo/j. % /%;0’/7
m Sec 11 3 Fn dm K/a/?{loﬂd f’Sué/’%oVefmfdfon V' ClX]
w £l Set V- L,ZZI_V./ T inclusion Vs @[ij/ves
vise % a f eyac’ Variont ali?f/gm Aoﬁﬂomoyéim
(1) Clv*1= S(v) — A

Since {7,{6%/ (1) is Sw‘//'c&fn/a. /m/ V' is rationad (es a
7uo7ffem‘ o o rtionl /e/)’e:mz‘aiton ? V:) Now Core V=V ”

Sfﬁlb e App% Lomma. From Sec 17 to 7& Clv]— Y]
ﬁ’am Sfep’/ 7ze festriction ﬁp: [(/:(C—*-»[E[)C]C 5 sttt an
ﬂz{j@g}’a éomamw;bélsm_ % Hitbert's thm From Sec 12 in Lec Z
Clv] “ s jgnﬂ&c% 5@/46/&%@/ Henee s0 is s ?aa%/emf Clx1* n

r@m-‘ \S:ffp 1 /7.‘/&,{ jeomr/'ém% meens - )( — V [’-ffuiz/an'anf-
%) O/Desn'lZ /%w/ [ %o be KZ&/MVZZ/VE.

13) Universed /}’o/acrf}
@nsi/er f[c /Mo}/'pélfm r: )( —?A///C ﬂL /aﬂawin} lemma.
Jusfz‘fiﬁs flz Neme ”Cdejoric’af 70/97&(/.977,[.”

Lemma: Lt £ be a veductive 904 azifm; oh an afime
6|



I/ﬂ/h%lg X Lt S be another 47////% l/anl'/*fg & ;u X =Y 6
a [-invariont mo;f/dsm. Then 3! #{f XN —Y
(2) = eI

Fodt:

Y) (s [— ovariont < /;oiué d:[X]C ‘# Aé Ccly] [fo See <&
et [44,.._4,,)-’ V< A" and use Ar%g,&z.,_n) = im 7)"‘6 CC[XJ.C
Set P W —Y 4 Le Hho dudd mm;oﬁism to 70*—' ([’[VI—eCC[X].C
Then 90*—57*%2* =) Tk an/?wmess o/_;_u SMfU{yin} (2) is

an : Al

C L X )/ K be twn atbme varieties w. (2 actions.
Let p: Y [‘ffaivaricwf MO//’Uélfm. Then 3!
9 XVC — XIC Mﬂﬁ/hﬂq_ e /o%w[ﬂj ﬁé&; ram commutative:
' —r— x
(x) E IR
/S
/%/aovar, gﬂ*: f[)(]c—% df[)(’]c s ’L‘ZL }’enzrio‘flan o/ 90*

14) /q/rf/er /}/o/oerf/a of &
lfs !e/ore, v 1%'5 section f s & /eﬂé(Jf/Ve j}’oa/ﬂ 40‘5}75 on Al
wtfme mn’af& X Tl /Mowﬂg c'm/oﬂ'as /%/0 2 pom Sec 1].
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B’oloos;f/on: [ ) J s 5uy'edf/Ve

i)l XeX be a closed (-stobts Sué;/uida, X (,ﬂ:X/L—?X
0/07@2‘& ZZ/{L éﬂ%sjm_ 7—/{0; _f[ 74’0;14 é}erasc 7 w Sec 13 js g
cLosed inclusion £ it ideatites XV w a(X')

i) Let X KK be (- stabls closed subuarieties w X K4
Then (1) (13 (X)) =

Froo: ) Led xe X)L & e (C[)(](Ke s maximal ideed T,
Lrim That T )EP s €7u£f/a{mf o
() ClmE Sonc; (m)) + C€[x].
Suppo&a k/3) fails: 3 7{,{657 £ é,...ékéfﬁ(j st
(3) > tihi =1
We wat 4o apply, o areraging sperator 4o (3) - bit
brst we nud o construd it Dhoose a retional representation
V as in Sec 172 <o f/ﬂf Clv] — €Lx] C”ffuz,'m//m{%,
Let f[VJSL- be 7,‘4 S/UQLL of elemerits of 0/63 < 4 (C’[X]ﬂ-
be 1ts Zmegc w C[X] So f/a/‘f f[)(j ’(é// I[XL[. Now we
Can &g AS o 5{90 2 of A /aroo/ 0;[ Hr lhert's Lheorem
(Sec 12 of Lec 2): C[x1,; is a rationd /@/Ul’cffnfﬂflon So
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comes W/'LLA MZ/%*M a/)emior, oy 7Zw we o/e e ol (f[)(]—'?df[)(]
{7-' dlf)=d: (1) Hr fe €K,

/f/p/olét L 1o [3°). A’:jum& as (n 5%6/05 75 of 4 /i’oo/ of
Hithert's +thm, we jMf

1= (2 1£4;) = Z/i L0 ). Sina o/(/[)é Clx1" Hs /}41/0523
1€ M Zeaa/m} b contraoi ction.

() ﬁ/* Clx1 — CLx7] is f-eyu[t/azfz-anf. Bg Lemma in
Sec 11, (f‘ restnds 4o CLX]" — CLx15 S, % X7¢
—> )(//5 (s a closed fméeo/a/z'né. In é’agrm (%), a’is JM\Ich_
twe 4y (), s0 (X)= im ¢ <= X6 provin He cLoim.

iit) Set X=X Mot tht €LX3= C[fI@ CIXT w1 dlngoned
(action = CLx1%=Clx' 1 @ €[X 1 e X1 =1 Ukt
Now iit) Follows Hom ) (appllied o o melusins & X X'X)
0
Loro K/arj: E/arg Koy of T cmtains a whigue (Zaysed)
&ésgﬂ/ J‘ 0/4/'{.

/Di’ao/-' # xe X//[} Ik) s e ﬂaﬂ-em/mg Uy i) & (-stall
é/osea/ Saévak/dd»l, 414? 0//1'1Z 07/ /Wm'maj aﬁﬂension ) o/%)sco/)
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so Zthere's af teast one. If Lheve ave 2w distnt closed arbits
KAK, the LOK/=f. Tho 3°0) 1 cntredictg ici) D

In pa/f/a,/w’, X /ﬂﬂZL@o/ /Oa/am."/fe)’/zes Ho losed (-orbits
n X

: ny 5 (s f’z'ﬂ/}fe/ m%q Bw_)} 76?{(.’_)' 0/37’ s A S/ﬂéé
[‘0/4/%.
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