Invariant fAfWaL ) 4 1/24/2075
7) /D/o/aen‘/es of 7@75/&465
2) Moye on redudive roups.

Pefs: see fbolow

7) P/’o/aekfles of fudf/emfs

Ref: [PV] Sec 3.9

Dor main guestion in this section s Sugpose a Van’ez‘g
K has some ﬂ/geél/a- jeama‘wc /a/aloerz‘ét [ ﬂaWajfz‘&( / smoothness,
efe. )- Does the 7(40&%% X// A inherit his /070/9,3/&‘31,?

The /mo/ o /wf/awiﬂé lemme. is oo

Jemme 1. LA 4 bo 2 commutative ajgaém £ &« Jroap ad‘/n}
m A {O,L Mfam0704z':m;.

1) If A is reduced (= no nonzer ﬁ/{}o@%ﬂf;l f/én A s 0.

2) 1 A s o domain, Hen A is 5o

3 If A s normal (= 2 domain meejmf@ closed in its
el of fractions) then A" is s

gﬂ%m we /706&0/ 'fg 74;91‘/0 /)bﬂf/z‘/eg we with a/j:c«s; a
(mora ) d/a/u&cwf/on of 3) 4 compaﬁné e cmfegclo//"cd fﬂo?f/enfs_
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Sq/oposc F=C (25 well se leter fVa/dvﬁMé’_ wores f F is a
56/104[ m/@eéfax’c% chosed char O feldl) Led X e a nomal
Qzéfme l/krief} acted on /&1 & tedlgchie Jraup L Led Y e
MofoU normal VR}’)V%/ £ - X =Y b a (ipariat /Moyoﬁum-
/% Lewmma in Sec. 13 of Lec 3 /7{2»/ 74///;«) or 5ol 1 in W1
w Factorizes as e where 9= X = J¢ is to natuwal
/myﬁrm £y X — Y

Lemma 2 SM//MS& Yok every Hber of 1z Contains a anigut
hosed (-orbit (in /ayzfiw/[ar) /70M€m/07.(} & (s ﬂ/y'fﬁf/ye)
Thon wis an (hjomolyoﬁ;sm

Fost: s brsed on s /ax%wing/ Lact (Pt Follows ﬂ/m A
Zansi Main theorem For 7u@si«ﬁm‘fe monphisms (Lemme 37433
i Stacts py(a/%fof):

Fact: Lot [F ée ﬂ{iog/o/‘w% &/o:eo/X thay O Lt Z%
be variefies, Z (5 M/ma/ £ (]ﬂ-' V,"’Z b a @'ec?fn/c /740704/5}14, 7 hen

¥ 5 an /so»mr/o/um_

. Deduce ‘LZA Luim of ‘fé lemme Hom Lact Oynt:
use resulls Fom Lfec 2 that sy Gt X /ox/wvfa/%a o
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Zarsci clised orbits in X) 0

We wild 6}0/9% Lemma. 1o Com/owfc /{///f m 4 vey basic case.
SMP/DOSCN’L%GZZ ( js o Zaristi closed su {jm@ﬂ o an a/j%ﬂu’c
group . 5} §31F in [oV], Z;J/J admts a structare 5
of &Nc;uasi-//o(/'cﬁ/ﬂ/c (/Wiyf& st. Yo natavel action a/ C
on C/ C /s 4/5%/&/@ _@ /ﬂdﬁ) /'LZ’S am'?ue /h/ C’oha,/iz//ms f/df
Z ALK f/MS/'fﬂ/&% A 'fé stabitizer 0/ A /oéhf i f fz%”:
can s be otduced Fom Fact).

On o ober hand, if [ bc redactive, we Can,\]é/’m £ cote-
joric@/l 7&(0@‘/0/11‘ Zy/[ Sr oy action o Lon C /dq //JH‘
Zranslations

/omé(mdq W hove an /Somayoé sm of varieties f 10~ 0/,
Feof
I H. 5,0/:,‘7,‘/;7} of émm:z) Zake K- f& ;V' 6”4675, gs—egf
El/f}’y ;géer 0/ ;y /'va a 5/}7552 0}’{/'7.‘,4(4@/%@&‘/&(% (//Ofeo/. 4/10/,
25 Any vazfif/fJ, 5/ C Jas a smodt), /ﬂafz;nf\ Thx £o 2o Bonsitive
(-ackion, every poc'mf /s smodtl, hence ﬁ/[ is novmel. Condytions
of o lemme. ove satisles z)u/o%[nj, o CO)’OKZD/J, (7

—
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In particalar, in He setdo 0/ (ovolllan,, f/[ s a//}m.
P F 7 J "
wacr on we wtl ser —féwf Ljf [ is reductive 5\ 5/5 /s
afhne, Yhen § is reductive. We mtl shw ths when [F=C
using comedtions o 55, mplectic OgeaMVf/a,

M ﬂﬁf back o aur mein ‘fzp/c.

: Suppo&e N is factonal (e FIX] 55 a ﬁ/:.@)zf
G v rreducible wlo nontrivial /omamo/p////sms 4 He mu/&‘i/of/l
cotive group. Tha FIX i a UFD

Emm/oé : ﬂe S)Mom,%mss / gem:mf{} Hott //@ferVEa/. 72;
Sc’mpﬁm‘ f)(mu/;é s when N=C% & (=113 ats /Oq 5@&4}
Tler CIx1"=Clx}xy, 4] < Cliy1 s momaphe o CBEcY/5a

H, A/%&/m a/ fanctions on a S/Mjuﬁr surtoce.

g()%us remare: /%/’e S a N //’aloenzg 0/ S/./Qﬂw/a//'zzles ch/cn%f/
%t fazfego//cd faaz‘/wfs. Slpg/a.re: F is an a,%%f/w'@,@ chhseol
belol of chanctenstic 0 J nomd affm Vw/ﬂ“} X is said 2o
howe m/ﬁ/omaf sig whovibes if T () wsobidion of 975 wa-
nties X o X w /L/Z//VTO),(»)=0 # (50. Z%L 2 Yeorem of
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Boafof [ 79577)/ i/ ( is 2 redutive jma/o ﬂﬂflﬁé on a
sormel. 4//»7@ VW/VfO\L X w. retionet Sm&o/faw’f/ﬁs, {n/cn X//f
Aw yetioned S/ﬂjn/ar/zz/es,

2) More on reductive grogps.

We O/B/Mtd /ea/upf/mz greps. over - T jaﬁ,/ of Gy section
is to dv Hhs aer an W&’z‘mr} ﬂ,%%i’w’cﬂ/@ closed Frelol .
We wmitl also z:/cw'yg 2 comecton with complete /eo/ua'{fﬁiéL 4
Mcmgm} a/oe/afors £ discuss the behavior of faz’ejo/[cd ?(/azllmfi

24) Unipotent roaps ([ov] §336- [Hua] Gec 17.5)
Let K /Maﬂfﬂ ’s K/Sf’/gi’ajc Jro4p.
Keeall f/af, for o poite dimensional vector pRce V & neer
a/em;foy A: V=V ic called 0/7400{{/)1& if A-id, i /fx'éofemf.

Roposition: TFAE

1) ¥ replesentation p: C—GlW), pl () consists of wnpotent
£émanf5,

2) _:_] fcuf/ﬂ‘l’ /ep/cSw'faf/om f)-‘ Cﬁfl[l/) S.f. f)[g) fow/f/stz)’
of am}a otent elements

3) 3 normd juéjraufs (- [,,95436:3..-35,31//3 st 5;_,/1-
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s 6'501770};041(_ o flz @M(’Z‘/t/ﬁ j”WP F 47/ i=/, K

'/4 %
Eromplec (=f( 1-2)5< CLlE) i awiptent i menitot:
6 satishes 2) and is @Si% sten o Sa/fiS/gL 3)

Lemma/definition  ([OV] §6 ¢ [Hul Sec £4)
Zﬁ/‘f A be an a/g&gfw‘c j}'aa/ﬂ 3/ Maximzv// (w.rt. g)/lo//m[

unipstent JU%)’%{/O of [ [called Ho unipotent ndicid of [ 4
dﬂ”dﬂﬂ/% R.(()).

Emmpé_-‘ Lot [ be £, SHAJVOMP s flock « per f/’[an;a/ar
maetrices: (= {(;ig)f Tl fJ[F/(;??ﬁ

2.2) Reductive goups [[Hul Secs 8-10; [0V Sec 4.2)

towe is 4l most common dedinition of 2 Jedutie rogp ot

WOYES N M% p/amaz‘emf/c,

Def: e Say @ ﬂ,{?{’/fmk o 0 5 redatie if £ (()-1/F

One con show Hhat ( is reductive G e comectod
famlooﬁmz" 07[ ! is /’ea/uﬁf/ye. M 4/50 ARJ/{: 2 b/a//zyferiea;fc'an
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07/ 50/7/7»2(71{60/ /’CO/L{(/Z(/W, (ﬁl/oa/as Qs /y%w;_

Detinition: + A comected reauctive g9 i colled S/mlgﬁ
4'/ 2l of its pormad Su/j/ou/o; wre fnite £ 1t's nonakelion.

A conpected Mgcéfm’c group s cotlbed semismpte i its
a (nt ﬂecesmri% olifwf) /)'oﬂé«% of smple noimed JL/{;/OM/OS.

: /%L o Torus we mean Z% dper? //po&w?,[ 0/ severaf coples
of 4l mwﬂ‘fz)pﬁc otive ra, -

/%posifzon: Lot O Le 2 comecded a«é&graja j/w/o. TFAE:
(1) (s reduckive
(2) 67 (s /jomw}yém fo a It ﬁeceSSaw’gL o/uxedf ) /}’ooluyf o/
2. Sems/m/o& Gloup and 2 torus.

Exenple: #he grops SL,(F) & Sp,, (F) are smple Ay 22
TL. greups S0, (F) ase Szmpé, 7%}' N=3 or N3 5. for /=2,
SO (F) <[, wht S0, (F) is ¢k ﬁm&,j of Hu e of
S, (F) [/nff/se(/fm; it their conters (213) T /4P e, (F)
is He praoémé of SL(F) and 2o 3 @/au/a of sceller matnes,
{a/ia? é,%,,__,%)/%é 5
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Msmog 4 /0}’%0{/1‘/0/4 wndd other ofossification resbls one

Séows 'L%z]t over C 7{4 oéfgm‘{lon o/ ] wﬁ/Ve j}’w/; (h 1%;
section Is @u[l/a/mf t one 4 i Sec 13 0/ Lec X.

23) Conplete reducibitiy, (IN1)

Definition: LA F b an ﬂ%&émjm%«, closed freld and [ b
an M’g%/aic jmup over . We 50? f/ﬁqf C s ﬂﬂawld\t /eaé«ﬂ‘/:/c
4 any (Prite dimensions, eyaiwz/cm‘%, @r{/fm?) 2t conal reple-
Seatation of [ is com/a/fyfeé VedlucibLe.

- Show et He /aﬂom‘nf are efuir/a/ﬁ%f:
[n.) Aﬂ} ﬁnl-ZZc dmensionel rationad /t?/ﬁ)’esemfaz‘/on s Co/u/o/a{e%
re O/uc{g@_
() The thhss of fmte dimensined yational /y/ejméaf/om
Ao/mz fs on Me}’aj/ﬂé alpe///zfo/,

/:Jﬂé/lﬂ/, 5/00\/ f/qf Z/ /R) /oja/s, ’L%h :]I C’ e?ac'l/tzl/[ahf aleye.-

j/ﬂé, Wafol’
Hiuts: (£) = (2): for a represuteton /& a sué/.ﬂ?p/emz‘a;é/oh

U<V loor at //omr(ZU) — Hom ()

A connection betwieen z% Lulo k/ho/s o/ /edéafil//é;, [S A4S /«/low;.
8]



Theorem : Assume F is a/ c/mwfemz‘/c g TFAE:

(v) 5 (s i’ea/u&‘f/z/e
/53) C LS {/Memé /ea/u&fn/e-

for F=C, e have 5///'67/6/ discussed et ) /m/ofes our
itiad olefinton of vedackive wheh implies ﬁnemé weduite Hhx
& Exercse 1. Ly fA 3&”6}/% case an ﬂ/j,qmm{: is Trwier : He
st essentiad anre»/zenf A comp lede /eﬂéa‘{f@’f} of Dnite
0( imensioned. /ep/eserrém‘/ans 0/ Semisnupé Loe A/joéms.

The c’m/)&' cation i) =) wors wh restrictions on chav £
/0Z/mu5 /yom f/e ﬂ@(f exeresse.

) Show that any ﬂ/(/jog;/aic g [ adwits a
/wﬂ/aj //ni‘fc a/wens;’ond /afla}wj /e/?/eSeﬂfw‘flon //// we. yemlove
» bnite dimensional ’ Hon the cloinm is easier: loor at the /eja/a/
ﬂep/esenfaf/on [F [[ j).
Z) ﬁ[m acts }/7 1 on w? compﬁcg /’eﬂdm’éé I/R/Z//ma/
//vatmfailon (hnt: ou need an a,{;ogrm’c aﬂﬂ//o} of E/g ‘s
Thn).

Nt Hat Theorem 8 Exeruse 1 Z/Mp@ f/«;é i ches [F=o0,
3]



thn Bopositions 182 from Sec 10 in Lec 3 (as well as
ﬁ’op&yz’f/bn in Sec 1.9 of Lec 3) sl hold A c'm‘ﬁ/effm}
bt is Yot we cor remore o condition of char IF =0,
more on this in th ned section

Bonus remore: Here is andther chiracterizaton of reductive
gre4ps due %o U 6,001/ (19723): TFAE

- L is redactive

¢+ f ‘ is 7/[/’1/1[6%, jene/ze;fﬁo/ ¥ 75”/526 (78/76/4/5&/ commutative
algebre 4 ffut/)/oeq/ w. ratiomd [ -/e/o/fsmzéubon 09 automopphisns.

24) Bonus: geo/w’/frica/%} tesluctive groaps.

Heve we L)(/a/ax'n whet éaf/aens i chaadteristic i A
rferene for this section is [MF] Agpendix. £ Chapter 1
ALC. Below [F is an Mg%fw‘é% cLosed feddl £ is
an Mg&g/w'c 5/014/) over [F.

A /}’agfém with chor [F “p is Y thore are 0 fow Cne-
arg //eﬂ/uyfn/c j/W/OS : Rccoro/mj, Zo Mjafe /ZS’M) 'f/os’e are
zmwfé f st. ﬂz comected [om%aﬂem‘ K ) AR z[o/w/ a//lﬁ
(/0 (= Pnite j/oup) fes onder Coprime o P

7



Kore's a condition wearer Han Ho Cnenr Veo/aﬁfc'w%%

_De/[mi[)on: Cj (s jfom%‘r/c% Vea/uﬂfn/e c'/ 7@ an
Lnite dmensioned Vationed tepresentation |/ and aty V€ Al
q fe [/‘—[l/]f Lo (20 St Ftr) #0.

/Volze féué ‘é[a comé'zz/on m/ p/eing /jma/fg }’eo&mfn/e /<
fguiva/en% 'fo fL CXijfeme 0/ 7/ n (V*)C//'.f- 7@/ c=1
Tl /wf/awmér is 2 reslt of Heboush Hom 1955

Theovem: L s /’eaé«ﬂf/z/e < (s ﬁeom/fr/ca,% vedluctive.

If tuns out /Ja [MF]; C in /4/9/0€M[fx % ﬂwffer 7)
’Z{Allif yesutts 0/ /a 3 /’cégﬂm/)/l} f/é(. %ﬂ/%ﬁ 5046/’275[% 07[
ZF[X]C { p}/aperf/eg o/ e X — /f///( Stll poty J‘g’jeommf-

//'ca,%t Ve duct e Groups.



