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1 Properties ofquotients
Ref PV Sec 3.0
Ourmain question in this section is suppose a variety
has some algebrageometricproperty normality smoothness

etc Does thequotient X G inherit thisproperty
Theproof of thefollowing lemma is an exercise

Lemma 1 Let A be a commutative algebra Tbe a groupacting
on A by automorphisms

1 If A is reduced no nonzeronilpotents then A is so
2 If A is a domain then A is so
3 If A is normal a domain integrally closed in its

field of fractions then A is so

Before weproceedto furtherproperties we will discuss a
moral application of 3 to computingthe categoricalquotients
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Suppose F as we'll see later everythingworks if F is a
general algebraically closedchar 0 field Let Xbe a normal
affine variety acted on by a reductivegroup C Let Ybe
anothernormalvariety y X Y be a Cinvariantmorphism

By Lemma in Sec 1.3 of Lec 3 for 7affine or Prob2 inHWI

y factorizes as yet
where JT X XIG is the natural

morphism XG Y

Lemma2 Suppose that everyfiberof y contains a unique
closed Gorbit inparticular nonempty y is surjective
Then is an isomorphism

Proof is basedon thefollowing fact that followsfromthe
Fariskimaintheorem forquasifinite morphisms Lemma37.43.3
in Stacksproject
Fact Let F bealgebraicallyclosed char 0 Let YY

be varieties Y isnormal y Y Y be a bijectivemorphism Then

y is an isomorphism

Exercise 1 Deducethe claimofthe lemmafrom Fact hint
use resultsfromLec 3 that say that XGparameterizesthe
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Zariski closedorbits in X

We will apply Lemma to compute X G in a verybasic case

Suppose that G is a Zariski closedsubgroup in an algebraic
group G By 53.1.7 in or GG admits a structure
of a quasiprojectivevariety st the natural actionof G
on CG is algebraic In fact it's unique w conditions that
I acts transitively thestabilizerof apoint is G this
can also be deducedfrom Fact
On theotherhand if G is reductive we can formthe

categoricalquotient CillGfor theaction ofGen Cby right
translations

Corollary Wehave an isomorphism ofvarieties GIG GIG
Proof

In thesettingof lemma take X G Y G GG g gG
Every fiber of y is a single orbit automatically closed And
as anyvariety E G has a smoothpoint Thx tothetransitive
Gaction everypoint is smooth henceClc is normalConditions
of the lemma are satisfiedimplying the corollary
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In particular in the settingof Corollary CG is affine
Later on we will see that if G is reductive GG is
affine then G is reductive We will showthiswhen F

using connections to Symplecticgeometry

Weget back to our maintopic

Exercise 2 Suppose X is factorial i.e F is a UFO

G is irreducible wo nontrivial homomorphisms to themultiplicativegroup Then F X is a UFD

Example The smoothness is generally notpreserved The

simplest example is when X C 13actsbyscaling
Then x xyy CC xy is isomorphic to abc 6 ac
the algebra of functions on a singular surface

Bonus remark Here's a nicepropertyof singularities inherited
by categoricalquotients Suppose F is an algebraicallyclosed

field of characteristic 0 A normalaffinevariety X issaidto
have rational singularities if resolutionofsingularitiesx ̅ of X w Hi xO̅p o iso By a theoremof
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Boutat 19877 if G is a reductivegroupacting on a
normal affine variety X w rational singularities then X G
has rational singularities

2 Move on reductivegroups
We definedreductivegroups over Thegoalof thissection

is to do this over an arbitrary algebraically closedfield F
We will also clarify a connection with completereducibility

averaging operators discussthebehaviorofcategoricalquotients

21 Unipotentgroups OV 53.3.6 Hu Sec175

Let denote an algebraicgroup
Recall that for a finitedimensional vectorspace V a linear

operator A V V is called unipotent if A it isnilpotent

Proposition TFAE
1 representation p GL V pG consistsofunipotent

elements

2 faithful representation p GL V st pG consists

ofunipotent elements
3 normalsubgroups GG G Gp Go 13 s t GiaGi
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is isomorphic to the additivegroup F it K

Example G f Gln F is unipotent it

manifestlysatisfies 2 and is easily seen to satisfy 3

Lemmadefinition OV 56.4 Hu Sec64
Let G be an algebraicgroup maximal w r t 5 normal

unipotent subgroup of G calledtheunipotent radical ofG
denotedby Rula

Example Let G bethe subgroupofblockuppertriangular
matrices G ThenRuhl 1

2 2 Reductivegroups Hu Secs 8 10 OV Sec42
Here is themostcommon definition of a reductivegroupthat

works in any
characteristic

Def Wesay an algebraicgroup G is reductive ifRuG 13

One can showthat G is reductive iff the connected
component of 1 is reductive Wealso have a characterization
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of connectedreductivegroups as follows

Definition A connectedreductivegroup is calledsimple
if all of its normal subgroups are finite it's nonabelian
A connected algebraicgroup is calledsemisimple if it's

a not necessarilydirect product ofsimplenormalsubgroups

By a terus we mean thedirectproduct ofseveralcopies
of themultiplicativegroup F

Proposition Let C be a connectedalgebraicgroup TFAE
1 G is reductive
2 G is isomorphic to a not necessarily direct productof
a semisimple group and a torus

Example thegroups SL F Span F are simplefor all n
Thegroups Son F are simple for n 3 or na 5 For 1 2
SO F F while SO F is theproductoftwo copiesof
SL F intersecting at their centers 13 Thegroup Gln F
is theproduct of Sln F and the subgroup ofscalarmatrices
Lieg Z t 2 ZE F



Using theproposition andother classification resultsone
shows that over the definitionof a reductivegroup in this
section is equivalent to onegiven in Sec1.3 ofLec2

23 Complete reducibility N

Definition Let F be an algebraically closedfieldand be

an algebraicgroupover F Wesaythat C is linearlyreductive
if any finitedimensional equivalently arbitrary rationalrepresentationof G is completely reducible

Exercise 1 Show that the following are equivalent
a Anyfinitedimensionalrational representation is completely

reducible

6 The class of finitedimensional rationalrepresentations
admits an averaging operator
Further show that if a holds then C equivariant

averagingoperator

Hints 6 a for a representation V2 a subrepresentation

UCV look at Hemg.LVU Home UU

A connection betweenthe twokindsofreductivity is as follows
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Theorem Assume F is of characteristic0 TFAE
i G is reductive
ii G is linearly reductive

For F I wehave briefly discussedthat i impliesour
initial definition ofreductivewhich implies linearly reductive thx
to Exercise1 In thegeneral case an argument is trickier the

most essential ingredient is thecomplete reducibilityoffinite
dimensional representations of semisimple Liealgebras
The implication ii i works wo restrictions on charF

follows from thenext exercise

Exercise 2 1 Showthat anyalgebraicgroup Gadmits a
faithfulfinitedimensional rational representation if we remove
finitedimensional thenthe claim is easier look at theregular
representation F 3

2 Ru G acts by 1 on any completely
reduciblerational

representation hintyou need an algebraic analog of Engel's
thm

Noticethat Theorem Exercise 1 imply that if char f e
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then Propositions 122 from Sec 1.0 in Lec 3 as well as
Proposition in Sec 1.4 of Lec 3 still held An interesting
fact is that we can remove the condition of char 5 0

more on this in thenextsection

Bonus remark Here is anothercharacterization ofreductive

groups due to VPopov 1970 TFAE
G is reductive
R is finitelygenerated finitelygeneratedcommutative

algebra R equipped w rational Grepresentationbyautomorphisms

24 Bonus geometrically reductivegroups
Here we explain what happens in characteristic p A

reference for this section is MF Appendix to Chapter1
A C Below F is an algebraically closedfield G is
an algebraicgroup over F
A problem with char F p is that

there are too few line

arly reductivegroups according to Nagata 1961 thoseare
exactly G st the connected component is a toruswhile

GG a finitegroup has order coprime to p
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Here's a condition weakerthanthe linearreductivity

Definition C is geometrically reductive if forany
finite dimensional rational representation V andany vev
fe F V39 for is a st flu to

Note that the condition of being linearlyreductive is
equivalent to the existence of f in V i e for is 1
The following is a result of Haboush from 1975

Theorem G is reductive G is geometrically reductive

It turns out see MF C in Appendix toChapter t
that results ofLec 3 regarding thefinitegeneration of
F1 7 properties of it X XIG still holdfor

geometricallyreductivegroups
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