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1 groups motivation basicdefinitions

Recall that in Sec 2 of Lect we have considered the
following nice example of a rational representation thegroup
G Gln C acts on G g n C by conjugations g A gAg
We have mentioned that

a Thealgebra V is free VIC is an affinespace
6 fiber of v9 V V16 containsfinitelymanyGorbits

Informally the categoricalquotient is easy Cal does a

goodjob parameterizingorbits 161One can ask aboutmore
general rational representations satisfying a 6 Thegoal
of this part of the course is to present a generalization of
this example satisfying a 2161 Vinberg's Agroups

Rem Here are otherfavorableproperties Themorphism it is

A



flat Moreover it has a section C VAC V thematrix
has characteristicpolynomial xtan.it a

117Adjoint representation
It turns out that for an arbitrary connectedreductive

in particular ssimple algebraicgroup G the adjointrepresentationof G in g has properties a 6 moreover

himg1C ricog It alsohasproperties in the remark
There are several reasons to care about theadjoint

representations coming from Representation theory other

subjects such as the study of integrablesystems or Algebraic
geometry The role in Representation theory is asfollows

The study of various aspects of this action is
important for thegeometric construction of representations of
Weylgroups affineHeckealgebras CG is aboutthis

Theclosely relatedadjoint action ofG on itself
plays an important role in understanding of representations
of finitegroups of Lie type

The adjoint representationplays a crucialrole inthe

study of certain infinite dimensional representations ofof
a



such as category 0 G

12 Automorphismsgradings
Let G be a connectedreductivealgebraicgroup over and

I be its lie algebra Fix 2 1 consider an order αautomorphism

of G It gives rise to an order α automorphism ofof Once we
fix a primitive rest of 1 e e.g E exp atFild the data of
can be interpreted as a lie algebregrading g 74229

meaning oz of of j g Ker E Conversely given agrading

g gi we can produce an automorphismofg We can uniquely
lift to an order α automorphism of the simply connected
automatically algebraic semisimplegroupG w ie algebrag
Note that the restriction of A2 GLog to Gefixes all

gi exercise

Definition By a t group we mean with its linear
action of g

Examples 1 Let G be a connectedreductive algebraic
group set ExG Consider C Ggivenby g g
g Then G embeddeddiagonally g x x e g



viewed as a representation ofG So theadjoint representation
is a special case

2 Let Gln 2 2 Alg g Then GOn g symmetric

matrices S an

Similarly we can get G Spn for even n g A C

3 Let G Gln dbearbitrary A isgivenby conjugationwit
an order α element in Inguitable basis such an

element

g takes theform diag 1 1 E E et et Let V denote
the eigenspace forg with eigenvalue

Then

6 1 GUV
g Hem ViVia where V2 V In otherwords weget the

representation space for affineDynkinquiverInwithcyclicquiver

Note CCG is an algebraicsubgroupwith lie algebra g
Here are furtherproperties

Proposition 1 G is reductive
2 If G is not a torus then him9 31

p3
If G is semisimple simplyconnectedG is connected



Sketchofproof 2 forsemisimpleG is Thm2 in 54.4.2 OV
In general CG is an algebraic subgroupof G it's semisimple
connected It's preservedby If GG 13then G is atorus
3 is Thm 9 in 54.4.8 OU

Weprove 1 Assume the contrary Ru G 13 Notethat
G GG is a commutative connectedreductivegrouphence a torus
It admits no nontrivial homomorphisms from a unipotentgroup So
Ru G C GG We replace Gw GG assume G is semisimple
Let h be the Lie algebra ofRu G SinceRu C G

isnormal he is an ideal in ofgo SinceRu Ge is unipotent
it actsby unipotent operators on g So ad x g og is

nilpotent xeh Nowwe are doneby the following two claims

that are left as exercises

1 For the killing form onog wehave logiof o for
it jte In particular G g is nondegenerate

2 Let g cg be a subalgebraandhcg be an ideal st
ad x of og is nilpotent xeg Then h og o hint
Engel's thm

So in our situation h 03 Ru G 13

I



Let's explain somemotivations to consider t groups The

case 2 2 is very classical andgoes back to thework of E
Cartan in the 1920s Variousfeatures of this case are closely
related to the studyofseveralaspects of real semisimpleLie
groups cfDavid Nadler's talk at the UMinnesota relative
Langlands workshop Another related motivation is the study
of symmetric spaces whose algebraic incarnations are thehomogeneousspaces

f Andthecase of 2 2 allows to understand
some very classical examples of linearactions Forexample SL

acting on 53E3 studiedfirstby Poincare in 1880s arises
from an order 3 automorphism

As a spoiler we will see thatmany invariant theoretic
features of groupsmirror themore familiar storyofadjoint
representations Cartan spaces Weylgroupsetc Some new

featuresappear for 2 2 mostnotably theWeylgroup issometimesa complexreflectiongroup not a crystallographic a k a
rational one as in the usual one

Remark The caseofaction of G on gi for ite
reducesto 1 1

for e GCD i21 We replace G w G A w its suitablepower
coprime to d
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2 Some structural results
2 1 Semisimple nilpotent elements

A reference OV 53.3.7 Let Cbe a connected algebraic
group over of be its lie algebra Abusingthe terminology
by a rational representation of g we mean thedifferential
of a finite dimensional rational representation of G

Definition Fact Let xeog TFAE
1 rationalrepresentation p g g V the element

p x is semisimpleÉ diagonalizable respnilpotent
2 the same for some faithful representation
In this case we call semisimple respnilpotent

Thm Jordan decomposition

xey xs.tn thesemisimple nilpotentpartsof x st
1 Xs is semisimple Xn is nilpotent

2 x XstXn
3 xs.tn 0

Example Let g Sln xeg basis s.t x isgivenby
a Jordanmatrix Then is the diagonalpart n is thepart
above thediagonal



Exercise Let P G H be an algebraicgrouphomomorphism

and4 2,9
Then qXs p x s q x n pXn

Corollary Let g pygi be a grading eg forsome i
thatcomesfrom an order 2 automorphism of C this isthecase
when g is semisimpleforexample Then XsXnegi

Proof Applyingexercise to weget f x texts But
f x Ex fly six geg neg D

22 Cartansubspace

Definition Certan Vinberg By a Cartan subspace in g we
mean a maximal w v t subspace consisting ofpairwisecommu

ing semisimple elements

Example 1 For Boy x x xeg we recover a

definitionof a Cartan subalgebra

2 Let g 81 A Addiag z z where z is aprimitive3rd
root of 1 Then 2 3 Gt is thediagonalmatrices g 88
In particular the Cartanspacehere is zero
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