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1 Cartanspaces for A groups
1.0 Reminder fromLec 5

Thebasefield is C Let Gbe a connectedreductivegroup
t an order α automorphism of G g Lie G If we fix aprimitive4 then t gives rise to a 721272grading g Fungi
As we have seen in Sec 1.2 of Lec 5 is a reductive

group ofpositive dimension if GG 13 Let C betheconnected
component of 1 in Gt wehaveG Go if C is simplyconnected
We are interested in the representationof Go ingo It turns
out that thisfamily of representations hasmany featuresof
theirspecial case adjoint representationsofsemisimplegroups
Forexample in Sec2.2 we haveintroducedCartansubspacesin g maximal w r t subspaces consisting ofpairwise

commuting semisimple elements
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11 Conjugacy of Cartan subspaces
Anytwo Cartan subalgebras in g are conjugate by an

elementofG Thisgeneralizes to thegradedsetup

Thm Vinberg Anytwo Cartan subspaces ing are conjugate

by an elementof Go
Proof Let aa'be Cartan subspaces in g set

3 xeg I ai o 1 1,2
We will generalizetheusualargument for theadjoint
representationsinparticular show that Goz is Zariskidenseingo

Step1 Weemit the superscript in this step set a aiz z
Take a Zariskigeneric xea inparticular

Ker adx Ng 3
Weclaim that
1 3 go g
Notethat since is semisimple Coy is the sum ofeigen
spaces for with nonzero eigenvalues So
2 Kevadx log og
We note that gi gin hence
3 Ker adx Ker ad x Ng g gi

Combining 2 and 3 yields 1
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Note that o implies that G3 contains a Zariskiopensub
set in g
Step2 Ourgoal in this andfurthersteps is to recover a

from a Zariskigenericelement of 3 Weagain emitthe superscript
Notethat all semisimple elements inz are in a bythe

maximality condition So a can be recovered as the setof
semisimple elements in Ker adx ng for a Zariskigeneric
element Xea Our question is therefore how to recover a

Zarisiageneric element of a from that of3 We'llseethat
the answer is as thesemisimplepart

Step 3 We claim that z eat zez
Considerthe

subgroup Z a geGlg x x xea It's an algebraic
subgroup w Liealgebra 3 a yeg y a

o Notethat

3 Zog or ng Then Zse39101 exercise Z Eog by
Corollary in Sec 2.1 ofLec 5 Hence Zsey Zge a

Step4 Let N denote the subset of all nilpotent elements
in 3 a closedsubvariety Considerthemorphism

4 a xD 3 xy toNy
Weclaim that 4 is ise Since z is normal it's sufficient
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to prove 4 is bijective see fact in Sect ofLec4 By
Step3 z tn eaxJV zez Then z t Zn is an inverse

of 4 exercise

Step5 Since 4 is an isomorphism Z oz 3 a is a

morphism It follows from hereand that

zez ker ad Ng 3
is Zariski dense andopen in 3
By Step 1 C31 1,2 containdenseopensubsetsofg
G j nC5 Replacing a with g a for suitablegeG

we can assume ze3 Aj Wethen recover a from Z as
explained in Step2 get a a

2 Weylgroups for Agroups
Consider the subgroups

Nala geGolga a Ea a geNa a gx x xea
Notethat Zala Nc or is normal Similarly weget
subgroups Za or ΔNa or
ThequotientNa1077 Zc.la to bedenotedby Woacts

a by linear transformations It's calledthe Weylgroup of
G acting on g
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Lemma We is finite
Proof Note that We Na a Za.la Na or Zalon

So it's enough to show Nalor Z or is finite Thisclaim
reducesto semisimple G details are an exercise In this case note

that the weights of the representation of a inof span atAnd
Naloil preserves this finite set An elementfixingeachindividual

weight must act trivially on a hence on a hence is inZalar
Nelor Z lol embeds into thepermutations ofa finiteset so isfinit

Ourfirst important result re We is a generalization ofthe
Chevalley restrictiontheorem

Thm Chevalley Vinberg Let acog denote a Cartansub

space and C a g be the inclusion The restriction of
it log a to clog gives log clan

Exercise Clog cala

Theproof tobegiven inLec7 follows that of theusual
Chevalleyrestriction theorem for Gboybut is more involved
In Sec 3 we will start developingtoolsfortheproof
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3 Vinberg's lemma applications
3 1 Statement proof
Let G be a connectedalgebraicgroup HCG aconnectedalgebraic subgroup V a finitedimensional rational G

representation UCV an H subrepresentation Suppose we can
find H subrepresentations b'cg U'cvs.to

i 505 g U U V
ii xu ell xeb well

Examples i is always achievablewhen H is reductive In
addition we can achieve ii in thefollowingtwosituations

a V og 5 U is some H stable complement of5
6 g a as before H Go Ugo

Here we can take

5 Gi U gi To check ii is an exercise

Theorem Underassumptions i ii abovethefollowingholds

well the intersection Guru is reduced every connected
in Zariski topology component ofCuru is a single Horbit
Proof

weG.MU To CaAU GoGu g on U 5wellgive
U 5.0 ToHer Hequivariance To Guru Twitter wetter
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Since He is a smooth irreducible scheme thisshowsHe isopen
in Guru v is a reducedpoint This implies our claim I

3 2 Applications
We will apply Theorem to studyG orbitsof semisimple

nilpotent elements in g to becalled semisimple nilpotent
orbits

Proposition 1 Let xeg be semisimple ThenGx is closed
Proposition 2 Thenumberofnilpotent G orbits in g isfinite

The ideasofproets forbothpropositions are similar for GGln
acting on of bothclaims are known oreasy Thenweapply
Theorem in Example a with G becoming H there Glnbecoming
G to deducetheclaims for theadjoint representationofan

arbitraryconnectedreductive G Then we deduce thegeneral case

by applying Theorem in Example 6

Remarks 1 Prep 2 fortheadjoint representation is usuallyproved
using the Jacobson Morozovtheory

2 The converse of Proposition 1 is alsotrue if Gx is
closed then x is semisimple this will be deducedfromProp2



Proofof Prop 1
Step Gln g n It's easy to deducefromtheJNF

theorem that Gtx Gln x xegln todothis is an
exercise To deducethe claim fromthisfact is also an

exerciseSo Gln Xshas minimaldimension in IT T x for
it g n gCallGln thequotientmorphismhenceGln s isclosed

Step2 GAog ByExercise 2 in Sec2.3 in LeedGadmits
a faithful finite dimensional rational representation V By 53.1.4
in OV the image of an algebraicgrouphomomorphism is closed
So we can view as analgebraic subgroupofGLV
Apply theorem in Example a to CCC V We see thatfor

semisimple eg GLN x is closed GLV7xdog isclosed

But Gx is a connected component in the closedsubvariety
GLVI Mog hence is closed
Step3 Weargue as in thepreviousparagraphbutapplying

Thm in Example 6 This finishes theproof details are left as
an exercise

Proofof Prop 2 By the JNF theorem there are finitely

many nilpotent V orbits in g V Weargueas in theproofof
A



Prep 1 but use that a varietyhas onlyfinitelymanyconnectedcomponents Details are left as an exercise
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