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1 Computation of Geg
1 1 Inner case examplesofautomorphisms
Let g be a simpleLiealgebra ever Gsc Gad Adlog

be simply connected adjointgroups w Liealgebraof Weconsideredthe situation when is an order αelementofCax We
chose a lift EeGscandassumed that I is in a maximal
torus Tc C Let P denote the coweight lattice in 5 Lie T
Let β pre5 be a systemofsimple reets Po be theminimal
root i maximalroot noticethechange ofnotation from
Lecture8 Consider the fundamental alcove

A xe RO Pl pi 770 Cpo 1

Example a 31s ThenB p tβ βi PA is as follows

Last time we explainedthatwe canreducethe case ofgeneral
A



ET w Ad E oforder α to E exp 2mF t w.deAN IP
Twoquestions arise

How to describe I more combinatorially
How to recover C kg fromthisdescription

Here is a combinatorial way to
encode an elementof

An IP Consider the extended bytheroot B Dynkindiagram

ofg an untwistedaffineDynkin diagram Let co 1 e hr
be uniquepositive integers s.t.E.aip.se

Exercise There is a bijection betweenthepoints of ANIP
and tuples no hr 72 w Egaini d sending t to

2 1 sports sports prits
Moreover I corresponds to an orderαautomorphism thevector

nor he is primitive

The tuples no hr are convenient to depict on theextended

affine Dynkin diagram sometimes this is referredto as a Kac
diagram

Example Here's a diagramgiving an
order 3 automorphism

I



of Eo we mark at's in redand n s in blue weonlymarknon
zero entries

g g 9 9 59

Remark One can talk about semisimple elements inalgebraicgroups similarly to theirLiealgebras finiteorder implies
semisimple Andevery semisimple element is contained in
somemaximal torus Fromhere one canestablish a bijectionbetween

theGs conjugacy classes ofelementsEEGs.s.t.AE id
andpoints of AA P

12 Inner case computation of Gkg
Here we explain how to fully compute G partlycompute

g starting from the Kacdiagram Let wi ci denotethefundamentalcoweights so that E wi

Exercise 1 For É exp an Fit the element Ad é acts on by
1 on a root space gp by exp 219 Flat p

So g is thedirect sum of5 all gps.tt
hat ps E nicwi.pt 2



For g we have thedirect sum of all gpw.dat.pt 1
divisible by 1
One cangive a more explicit description ofgo

Lemma go is thedirect sum of
The annihilator of pilnio in

The semisimple algebra whose simpleroots are β W

nie i e theDynkin diagram consists of the nodesof
Kac's diagram labelled 0

Proof Set 1 50ftp.y.ogp Since t is dominant theroots
piw.io ni e are a systemof simple rootsfor 1,13 The

following claims imply the lemma b c gpbl
a if n.to then got
6 if not then g U 1gp.EUCg β

where UCC is

the universalenvelopingalgebra acting onof via adly
Since t is dominant pos at ps at β rootsβ

Ontheotherhand at Be 1 So if n.to then atpsec
p D and a follows

Assume nee t.pe 1 Then atpe7 atpre 10,1
Assume t p 1 Thenpop EMip W Miso Since

I



4 ftp O It isdominant weget mi o if nize Note that
g is an irreducible g module via ad β is a highest weight
From β PotEe MiPi W Miso we deducegpcUCgp
The case Ctβ 7 1 is handledsimilarly exercise

Todetermineg as a G representation one can use the

followingobservation

Exercise2 Let nize Then β is an anti dominant weight
forgo andg p is annihilatedby n cg themaximalnilpotentsubalgebra corresponding to negative roots so UgoGp is
the irreducible gomodule Vp with lowest weightβ

In some cases this exerciseand an easy
dimension countsuffice

to fully determine g one can determine g in thegeneralcase
but we won't needthis

Example We return to theEgexamplefrombefore Lemma
shows that g is of typeAq i e g Slo As a weight ofshe

β w hi 1 is we ler w depending on thenumbering So V1Wo
A is a direct summand in g by Exercise2 Sincethe

killing form on g restricts to a non degeneratepairing
9 i C we have g E 9 Then we note that



dimgathimVlw dimVWo 80 84 84 248 Limo

g Ac
Inparticular we see thattheaction ofGSL on V Act has

nice invariant theoreticproperties It turnsout that the degrees
offreehomogeneousgenerators are 12,1824 30 in particularthat
theWeylgroup is not a real reflectiongroup bonus exercise

explain why

13 General case lot f
We continue to assume g is simple Let TCB be a maximal

torus Borelsubgroups in Gsc they determine a system of simple
reats in5 Let 17denotethe Dynkindiagram ofg AutM
denote the automorphisms of 17 S3forDg SeforAnDn w n 4
E trivial else Then Aut M can be viewed as thegroupof
automorphisms of Gsc preserving B T Wehave

Autog Aut M K Gad

Pick te Aut M and let ee 12,3 denote its order Letbe
xe T x x We are lookingforautomorphisms oftheform t

Adé for t exp 2T Fit where t is a rationalpointofGt
Notethat I exp 29 Fit commute so hasfiniteorder Similarly
to the inner case one can showthatany finiteorderelementof
51



103 Gsc Aut A KGsc is conjugate to one ofthisform
In the inner case t 1 we then reduced to thecasewhen t

lies in a fundamentalalcovefor theaffineWeylgroupSomethingsimilar happens in thegeneralcase but the affine root
system is twisted for t 1
In thegeneral case theaffinerootsystem we needis a

subset of 5 72 consisting of all elements α n 0,0 s.t α
is a weight ofbe in gin Ker t e e exp 24File e ordet
We are notgoing toprovethis is an affine rootsystem see OV

Sec4.4 forthis and K Secs 6 8 foraffine rootsystems but
willgive an example

Example We consider g 30 and its order 3 diagramsauto
morphism t We label thesimpleroots as follows
Then I fixes 2 andpermutes 2.4.2 cyclically Ta
The T orbits in the set ofpositiveroots are as follows
111 4 En di 22 α are singletons

121 dj je 12,331
131 2 dj je 12,3 2

permutedcyclically

1 E di dj je 12,33
basis inbe is formed byhi α he α aug25 Theweights



ofgo are 0 the restrictions of 1 4 andtheirnegatives
tobe Theyform a root system of type G with 7 givingthe

longpositiveroots o 3 givingtheshortpositiveroots w

short simple root β beingthe restriction of di i 12,3 andthe

É min
longsimpleroot β beingtherestriction
of 2

Po
Usingthis one shows that gas is Gz
The weights in gun are 0 forgo.mnb andtherestrictionsof 1 3 all w multiplicity 1 forexample theweight

space corresponding to β is the e eigenspaceof t in9299agap
Fromhere we see that both go are isomorphic to the 7

dimensionalirreducible representation of G
The resulting affine root system is known as D is

Dynkin diagram is weadjoin the antidominantshort

reet β corresponding to the lowestweightofgas Then

Pot2Pa Pie

In the remaining cases where I has order 2 we seethe
samepicture we take theDynkindiagram of gco andadjoin
the lowestweight ofgas



The classification offiniteorder automorphisms in terms ofthe
Kac diagramsproceeds like in the innercase but theprocedure
is more tricky We will only consider an example

Example cont'd Herewe consider corresponding to theKac

diagramg It itself corresponds to q TheKac

diagramjustmeans that acts ofgasp Genβ trivially
and on Grosip by Then E T exp 24 Fit wherecpp.to o

puts s this t is uniquelydefined 6c β β form a basis in
5 Thefixedpoint subalgebrago.ge is 8 dimensional it's
thedirectsum ofbe the 1 dimensionalwt_spacesgas β 9amβ
9e is pop As one canguess

from theKacdiagram and infact
prove g 8h Thegosubrepresentation Ulg gpcg isirreduciblew lowest weight β which is 3W or 3W depending onthe

numbering ofsimpleroots forgo 3 here is ppis in the Groot
system Thedimension count similar to Sec 12 showsgo V3W
53 03

2 Example of SL A 53 C
In theprecedingexample we haveseen that this arises

as a group Wewant to compute a Cartan space a indetail



n this lecture We a sketch in thenext lecture

Lemma him a 2
Proof Wefirst showhim a 72
We can choose a containinggon5 gang spannedby
α editEdsThe roots ofof that vanish on are exactly

roots in 1 and their opposites So thesemisimplepart M of
3 x is isomorphic to 813 The corresponding root spaces lie in

gas by the 1stpart ofExample in Sec1.3 the rootspaces
for thelong roots β β 3β 2pct3β so acts on them

by exp 2T V7adt Since cpp.to 0 spits we see that
ad t acts on 9cosβ 9cmpaspby so by addiag 0

on M Inparticular mng contains a ssimple element y
So we can choose a w yea Sinceyou tea himor 2

Now we show that dim as 2 Note that the centralizerof

y in m is diagonalizable theeigenvalues arepairwise distinct
It follows that5 3 xy is a Cartansubalgebra ing Since ye
g 5 is stable Notethat acting on preservesthe reat

ystem Hence fly is definedoverQ and therefore themultiplicitiesof eigenvalues E E are the same

I


