Invariant féam’g, J, 2/10/24
1) [c)m/aufmf/on of (i [013]4)
2) E)(amp& of SL, ) Sg(djz), started
Kefs: [ov] Sec 4.4; [K] Cf 6-8.

1) Lomputation of /[0,34)
1.1) Imer case: examptes of MfOIMo//ﬂA(SWIS_

Lt q fe n simpte Lre a/émfm over C 4. = Gy Aol (o)
be s1mply comected & aaé’wm‘ groqps. W Lie algebye g1 We consi-
o/{l’to/ 'ZA stuation w/uen g is an OVa/er o %ﬂ%ﬂf 07[ [Q,,(- e
Chose o Uift évf 46 and assumed that G is in a maximed
trus T < f LeA on/wo?fc e CoWe/jH letba in 51=Z/’£ (7).
LA /5;,._./;,65* be a 5(')51%/14 of smpte roots & p, be k. minmal
Yoot [ = [—1) maximel root - poltice ‘L%. nge a/’ /Io'fﬂ/f/on ﬂfom
Zedfufe f), fonsia/ey fL /imo/mwllwz a/cm/a

A={xe k@Z Pl <B.,x720, </50,>(72~/JZ

E)(amp/g; g = ;”[} 7107 /go=/5{+/52 F{:a _\xfﬁw

A
& A s as /a%ws: / ﬂ

P70
Last time we @fp/zu'neo( Yat we con redua Yo case of jme/q[
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éVéT W. /40(/67) 0/ 0}'9/0/ 0/ 16) J‘Cxlnﬂi)’/-l—q)) W. ')64/)071[)‘/
7;/4 7ue,rf/ons arlse:
o How o deswribe 3 more Comémaiéor/afg/ £

s How o recover fa £ 9, Bom f/is 0/450//}»2‘/0}7.7

Here is a combinatonel wey to encode an element of
AN O—ZPV [()ms)'a/clf ‘f[e extended //J o voit /80) _@Jmcfn a{/zzjrm
of q (an witwistedd” affne Dyntin o&'agi’m)_ Lt (2,714, .a,)
be unigue /oon'z‘/ye_ anfegers s-T. Léa[-/g;:o

7Zu/c S Q {’i/'eu‘é/on /égh/ew ‘54/004}165 a/ /4/)0’?‘/9'/
wnd tuples (n, n)eZ, 2: 4, = (endng 3 %o
d(1+ folr, <, </9,,wJ>))
/%/eol/er 2| Co//espano(s to an arﬂ&il’ 0/ &ufo/hoy/lm & f»é; Veﬁf’w’

12

,.n)ed s /prim[f/:/e.

7_ZL be/eS //70/__., /7),) e 6'0/4'/171/13%1,Z ‘o oée/mﬂf on 'f’é ZXLZC’M/C/
4////7& %/nkm ﬂ[iQ;}’Rm ( SoM&’L{WES, Yf//r /s }’ef!é’//fﬁ( Zzo aS§ Q /@(c
0[1215}%«).

EXKUM/O&: /%}’C’S a oé'aj/w j/V/léc ar ﬂiﬁé/' f MZZCJMinA)SWI
2|



ﬂ// é; /Wa Meark R;’s n /’eo/ dno/ ﬂ,-’s (n /&6“ We Ohé/ matk Hon-

Z2elo entres) 060 o
7 2 3 4 s ¢ 9 2

o1

3

/Qemw//c: One can tole abodt SMiS/m/oﬁ ﬂ/rflﬂmﬁ 0 ﬂéc/
}/ajc (T’oups 5/)%//:2/? % f/eiy //e 4/5%/&&,' 75/4)%{ OIO/cV Chfloﬁa
Semi S/m/:rﬁ. Anol eVerJ, Semt 5*}»4/94, clemtnt is Confu'neo/ 1%
Some maximel torus. From her one Cay tzz‘d&sé Q «{/)'e&éloh between

Ao - conjugos asses of elbmurs GG, st f(G) il
* and ﬂoinfs o A/l ;?‘PV

12) Imer case: Computation of [ & g,
/%l’e Wt (X/ﬂlﬂa,in Aow % /u[é Cam/au‘fe 6; 4 /ONZ(%L CD/h/paﬁ
9 S'éﬂlfélﬂg_ ;g’om fL /(QC pé'afjrm. Lef &J,,V,... to, donte e %ma/a-

14

ented  Coweights 5o ot 3= 2 F]

: /C;, ét 6Xp/2ﬂ’f:7w1)) 7,‘/4 0/\%041‘ 4//57) act's on}{}
1g on 2 root space T, /} fxp(ﬂrﬁdqgﬁ

So g, /s Z‘[z et sum a/ }' Y/ % 5.t
(1) 0<<7],F7:£§ 7 <a)L~V,/37:'o/

—
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For g, we have He drect sum of all T W ol <4 g7 -1
disibte @ 7

One con e a More aﬁﬁ'a'é pésm‘pf/on of T,

Lemme.: A, s f/c direct sum 0/ :
 Th 40}7%//&%0}’ 07/ {/'6; /ﬂi =0} Zn}
The stmsmple djwm whose simpte 1005 are B w
/=0, e ‘ff[L %ﬁdx’w Mmjrm CONSIsts ﬂ/ 1%_ 170/\44 a/
fac’s olia;l’am é{ﬂe% 0.

ﬁamﬂ- Set [ =5/@Fé€47m glg_ Sinee Vi p/;/m'/mhf, 'fé Wodlls
£ W (208 =0 are a %Sfem of sl woots for [[/] The
/oéfawiné, aims Zm/oé He Lomma (§/c a],2 j ):

() i/ /,#0, 7,%/7 g;[

6) if 10, Ben g,- L@ U)g0 Ul)g , whn ULL) i
Lo cniversed eﬂm%pi}g, a[ja/gm 4@‘/45, on o] vie ad /L’

S/ﬂC& 3 s a/wm'ﬂanf = 4\)//307{ 411/376 <“J) '/507 #/’omfs/é.
On e otler hand, <-pr=1-2% So if nro Hon <prel
& < gr=( and (2) follows

Assume =0 <»’//g°>=—7. %r <w)}/g7e7( & 4}/@6{-{0} 75

Assume <p2 =1 Then grp= 2 mp; w. M;<0. Sme

—
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<ilg+ﬁ°?=o £ is dominant, we gt M =0 il 1:20. Mote Chat

7 & an ireduibl - modute (via 2o() L-B, is a /(/j[zs’f m,igﬁf.

From /@= -—/§o+ C%;o M,—l& W Mp<O we ) I < Z/[[)gﬁo'
Tl rase (q;/g‘w—/ is handlled S/}mzﬁxé [ ) 0

75 o/.o;fc/mine g1 as a [o-/ePVeSe//;fa]f(on one can @se ‘L%. /aﬂ()'

‘*’i"g observation:

St 150 Thon B 5 an aurti ~clominant A/e/j/lz
for T, & and G g s amnihiloted b hcg, (the maximel p1épo-
tent subalgelra 6’0//65/00/76{/[;’]5{ to negadive rots, so Us,) I, /s
fZL ///eoéx&i{& ﬂg'/mw [{ [/6;) Willé /on/fﬂé Waj/)f A

In some cases 1%5 exerdse and an ers dmension count subfee
to /UZZJ/ determine g, lone car determine g, e general case
bt we wont ned +hs).

Examp& © Mo retum 4o y £ 5 exwp@; Loom /%/e. JLemma
shows z%a/f 7, is of fj/)c /43, e. goi’eé’[;. As 2 Waj/ré of oé’é

W W= s -, (or -0, o&fmdmoe o f»ﬁ ﬁumém’»g,),go W’%)
= ABCa js o dwect  summanol in I, o;\z Exervse 7. S 4

/ﬁﬂ/@ Jorm on 7] restncts o o ﬂon-o/ejeﬁem/fe /004;//'15,
gixg; > C, we owe 9. % aq, Then we note thet

4]



o g,,v“a/'m Vlw,) +dm V() = S0+ 84+ 84= 248 =OAmg

= - rc’

I paticaler we see tht e action of (SL, on V=T’ has
nee imariant Hheretic /Wo/e/fus. I turns ot Hhet Yo a/e(jreu
of fre /omgenzaas jme/a;ém are 72,18 24, 30, in particudar hait
e A/?/ jm”/D i not a reed vetloction §1op (bomus exeruse:
exploin wly ).

13) Lleneral cose (of 9)

We continue o assume aq is smple. Let TcB be 2 maximed
Forus £ Borel subgroaps in (e, 15/%1 deftermne « System of simple
pocts in 8 [t 1] donste #he Dypin disgrem of g & Aut (1)
dendte 4o Mz‘o/m?yéums o [1{( S for D5 /or A, D w n#d
E,; triial else). Then Aut (11) can e viewed as 4y group of
Mfomw/néums a/ [;C Fresayiﬂcj_ B&T We have

Aut @) = Aut ([T) < (.

Fee 7e fut [/7), ond G4 eefr175} denite (Cs oviler /e/fjt-'r
={X65{T(x)=x}_ We are /oo,ez'n} 7/0// M?famoi}o/lsm of He form &=
Al(6) 74/ =t exp &5”’7’1}), ty/&)t 3 i a retional poc'nf o/Jf;.

MoAe —é/a;f T X exp (29 1) commte so 4 4&5 7%/ e om/ck Slm'fuﬁ,
to the inmner cose, on tan Show thet any uite order element of
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[Z‘]X l;ccl(uf/ﬂ)yac s [a‘ﬂ/'aja)fe ‘o one 0/ ‘f//j 74)}’}14.

Tn £l inmer case (T=1) we fZM Weduca! 2o Hlo case when
les in o fondomentol aleve for t affine Wogl qroup. Some-
L%”(F similar 4@/0075 in tle j{/}@/@( case — but Mo 2ffne ot
Sjséﬂl/h is Cwisted for T#1

_Z;; '/f[a jwemj case 'f/a 4///»1:. /oaf J(‘]ﬂ(am we /L@U//'s a
subset of K:XZ consisfmé, of 2l lements («n)#(90) st. o
i a WJA% of boin gl =ker (z-€) (€ =exp(27 (T fe ), e-0nd ).

We are not joz}')} “o /ﬂl’aVa s is an 4//71% A jjjfem ~ Jee [01/],

Sec 4.9 for this [end [/(j, Secs 6-8 for atfme wot {ySLZCMS) — but
witl qive an cxam/oé.

Emmp&: We consifer 9] = 89 ond [ts order 3 pd’ajmm: auto-
I%O/PA/)’M T W laked 4o S/m/a& voots as follows ;"__{;/" ds
Tlew T Fixes d, Mo/ /e/mafes o, dy, ol @p&c% \“L
The T-orbits in 4, set of /ofzi‘/z/e wots are as llows:

() «, 24‘7 oA & 2, éo(c. we singletons

() O(J' ,Jefzggf

(3) 014: J/J‘E [{Z)gfe__/_,oermufeo/ Cyoﬁ'c%.

) (2 ;). j€11253

A basis in jf /5 7%}%&0/ {0\1 /4::0/0'/& né:: 0(4'1012'/7“0(;_ 7:4 h/eﬁélzf
6|



of ﬂ[oj are 0 X o restrictions of (1)-(4) (end Lheir ﬁzfjﬁ]flyes)
. 71? fom 2 root f(‘yj‘lffm of éyﬂ ¢ with ﬁ)jn/mj,—[fa
fohdq /osi{/w, wots £ (1)-(3) Rz e short /of/'zz/z/e r00ls (W
Short stmple. voof, /84,/einae Ho sestntion of &, =123 and Hhe
. _P gn@t /oné S/m/é Yoot o éemot the restnition

% 5 of A,)
£ S

//)7»75, £hs One SAOWS f/e)ﬁ Iy 15 C;

Tl wa(jﬁfs Ln Ty ¥ J (for ﬂ[m/)j) wnd e pestnc-
Zons of (1)-(3) 20l w méf{uéu’%? 7 (for exam/o(i, Lo W&{jﬁ{
S/mza; con’cspmo/mog to /% 5 z‘/L e—@/g&ns’/ﬂm 07( Z n gdlegdz@ g D(g),
F}—/m éek we See fﬁw\é p/JfA g (2] e /foma»pé/c 1‘0 1%: ?’ 'a{meﬂ-
sionel /r/ca/ua'%. /%/D/eswfazfzom 07[ 5: .

7ZL /em/@f/né a/%ne Voot %Sfem Is hown &S .(D.?(g)lf /s
@gnu'n oliaé}/am s ?——zoféé fz (we a#pm e antidominant shot
/?wf /Bo —-C’on{es/ﬁo}m/mj, fo 'éL /Owes{ u/@r;?% o/ 5[1])' 7701

/5°+ Zp7+/6’z =0.

I th remainimg. Cases /Me/e T has order 2) we see £,

Some /}Vfwe: we Take 5(& .@J%Kiyy o&hjrm o/ gm Mo/ d&'om
Ho Llowest Wt{ﬂf of Ira

'ﬂ



The CZRSS%(aZf/Dn o fne ooy zwfoma'yé/ym; in terms of e
/&c o/iajmms /0)’066?_04 5& % ‘fZL eV (RSE p/uf ‘fé /Vﬂcea/ure_
/s More 'zfr)aky_ A 174 ﬂi&é consider an fxm/ﬁ

Exam/yg; (cont'd) Here we consider & coWes/yon/Mdz % o Lec p[«’zﬁ—
Yo f~g<——=§ / T itsedf CD/%’S}Q&W/j o ;"—gé_:? ). The Kac
o&kqumm JUSf meens that G ats of ﬂfﬂ'ﬂ&gm, 5 fi’wia%
and on gfoJ'ﬁz !5’ e Ty 6-7 exp ﬂw’J—Tw))/ where <B,¥>=0,
<> = 2 [hs I is wﬁ}w% defined 6/ B4 Jorm a fzsis i
5: ). The Fixed point Sutf&b[gp/g/o_ 9,* ga is 8 -dhmensional, jtos
th drect sum of Jff L e 1-dmensionel, w RS Ty sp,0 Ty 2p
Trereuopy As one con uess fom e Kac o/iajmm (eni, in fack,
/myc) , go"—’ 3[3 L go— Suére/msmtdon Z/@]OJgFZCg, s Invedu-
(bt w. lwest wa/(’jﬁ /82/ whid, is -3, (or S, ﬂ/ffcna/m} on e
ﬂumzferiﬂg, of Simpte. 1oots For I, 3 heve is <487 M th ( rit
systom). Tk dmension count smilar 4o Sec 12 Shows 9,2 V34

(= S°(C7))

2) Examp& of SL,AS (C’)
l}; ﬂx, /fecca/mé Zxam/o/e we Aax/& Seep L%f f//s Arises
s a G- J)’au/o. We went: 4o aw,om‘e 2 [arzzm spece ] (in o/pl(aif
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m ths lecure ) £ W, ) (e sveteh in He hoxt Lecture),

Lemmea: dim q=2
/?’ao/—‘ Me /}VYLL Séoh/ 61//)47 a 22

We can %oose a coﬁa/'ﬂ/yg/ g7/)5 \UI[]/); .;wwnea/ og
X=d, + éo(Z + fo( 71 Vootts ﬂ/g féaﬂf (/zzmé on X aqre c,mozlg,,

voots in (1) and e a//ﬂoflfes So 4o semi simple /mzf m, of
5 [X} (s /Somoxfo//c ’fa £[ 7ZL 60/%5/00/40/ n; Vool 5)0QCCJ é'e w
Ty by th 15t part of Exampl in Sec 15 (the ot spnces
Lo e /}1} Yoot 1, ff/g +3/8,) t/;ﬁ +38)) so & acts on Lo
ag,, exP(m?’V 7ad V). Sinee B, 1>=9 </5 nb—— we see Lhot
adll) acts on Goy o Oy png 4 T 2 4 ao/(pdaj (39-%)
on . I /)arc‘rca/a/ miq., c’om‘wm a S/S/m/p{a element: g

017 0
(400 4) So We CM&%DOS—@ a w. X(\7f607 S/na_ JCﬁf X¢m=>a/)ma77z.
00

Now we Show f/a/‘f dim a1¢Z. Nte 4ot —flz centvalizer o/
LR b is jomc& 28l (Lo i em/ze,lues are peirwise distinct).
,Z:f Sollows j '53 /XJ? 5 A ﬁzrzzm fuén,@&gm mj Sonee % y€
T, 5 is @-stabl. Note tht 8 acting on )f Preserves e oot
system Henee 67/ ir detmed aver (D and Hheretore e mudti /)ﬁa

ties of ajmwjms £ Lt ane e same.
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