
 

Algebraicgroupsand all in characteristicp
e Reminder

F charp field Galggroup It
g Lie Gl U Vlog

Last time we introduced the p Ithpowermap
Xen g g w followingproperties

i definingproperty under identification g Veit G G Vector

Da in Jay's notation XCP XPas map fEG FCC
ii functionality if P G H is alggrouphomomorphism

g d
P g g then gGYM glam

Exercise for G Glen have XCP XPas amatrix
iii ii Exercise for CcGLn XP XPas a matrix
iv adXCP adG P
V easy fax

CM aPxcm Hae F
Fact inthefreealgebra Fexy the

element CityPxpy
P is

a Liepolynomial in xy Denote it by LGyl
Vi Fact xtyYP xcmycm LG.gl
Definition A p Liealgebra over f is a Liealgebra
together w a pmap.CMsatisfyingproperties iv Cui
Example An associative algebra A together w ah AP is
a p Lie algebra

I



4 Center central reductions of 2kg7
Consider Lig U 4 1 XP XP

9
filtration degp deg1

Exercise UseCiniElvis to show thatd
UxIscentral
clay1 4 71Kyl

t L is semilinear Vax aPdx Assumefromnow on
F isperfect Can twist Fmultin en g ly automata

P

of F so c becomes F linear Resulting space is denoted

by g Frobenius twist
Sohave F linear c g center of U

l
SCgay

T

Exercise on PBW c is injective makes U into free
Slog tmodule w basis XltXin w dieto p i here

Xn is a basis in g

Define 45cg t is calledthe p center

Restricted universalenveloping
UKg Ug gegen to Vlog XPx4Yxeg

basis xpxpdiHopB sightmoduleon F w ga noby a
Universalproperty If A is assocalgebra hencep kealgebra

q
then

any p Liealgebra
homom g A uniquely factors



through assoc.alg homom.in Vlog A

Remark full center Galt vs subalgebra U cud
which isthe center U is called HarishChandracenter
Ua f g YW Under modestrestrictionsonp on G
have Veltkamp's thm

center of U T U SginScoginG

2 Distribution algebra
Motivation for why we care care about rate rep'sofG
Have forgetful functor Rat G UlglmedA

findimrationalreps
But over F alg closedcharp field1 thisfunctor is farfrom
equivalence It is neither essentially surjective one canshow
we land in Wcg mode nor full
e.g G Gm repn V F t v the the correspg

g module is trivial
Goal replace Ulg w a diff't algebra Dist G

W forgetful functor Rat G Dist Clmed which
is closer to being an equivalence In fact
U g DistCC the functor Rat G Distalmedia
lifts Rat G Vlog Meda
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2A Definition of Dist G
Setting R commve Noetherianring G affinegroupscheme
over R i.e REG is fingenidComm've Hopfalgebra
M KerEa f cRC I fake
VER Med V Home VR
care about R 7LQ F
Assume REGI is free ever R
REG is assoc algebra w r t D where O REGI REG RCC

Definition 1 For me define Dist G as REG1h
CRC the modules ofdistributionsoforder en

Note Distsn G a Disten G
2 Dist G UnDist G

Claim Dist G is a Hopfalgebra
Exercise Dist G CREA is a subalgebra

Coproduct on Dist G multingy RC REGI RCC u

u R aVenn R CVM REGHm

gift Dist G Dist G Dist G
vs coproduct Dist G Dist a Dist Gl

Exercise Define antipode on Dist G andshow it's a

gtfopf algebra



Exercise functionality 92 G H alggrip homom'm
u 9 REHI RIG u 9 Dist Gl Dist H is a
Hopfalgebra homom'm

Exercise basechange if R is Ralgebra then

Dist Gr R Dist Gr

Connection between Ulg Dist Gl
Ug left invariant differential operators on G
End REGI

Define a map Vlog REaft a c 2kg7
12cal f a f r imya Dist G k y Ngl Dist G
respects filtrations Moreover 2 isalg homem'm

Facts if R is charo field then 2 Ngl Dist Gl
if r is char p field then y factors through

U4g DistCGI

22 t dimensional examples
G Ga RC Rct Oltl text 11 t M t

For r en YEKCC Vr th Srn se ke Dist G
So Yohe Hr form abasis in Dist Ct

4 8 th 888Colt41 8 Vs E 7 text
Y if arts

5 I 0 else



so 8r K 5 8ms 8 n 8

Dist Ga Span Yline CSpanalki Dist Ga
infinitelygenerated

G Gm REG Rct's M H i Oltl text
Defineg3ERCG3 by for ft 1 I Snr
fi Ino form R basis in Dist C

Br th Y
Exercise th ng3n g3Cp it Cp In ill so Ei

So Dist Ga Span Bi line cQg3 Dist Ga

23 Dist G for skimple G
Assume also 6 is simply connected want Dist Gq c

Dist Ga Uga
Notation 1794 simple positiveroots
N T NAG mex unipotents Max torus

depths IG N PE Mns IGP T

T.plnlGPm as an alggroup N L Gtaas a scheme

Open Bruhat all
Feds pennant.at Ga N xtxNfGc

contains t



CitiesG Dist ft Dist GaW

I T e

Cima Gm Dist Bma Delft Gd
p T F

CH a tensorproductCover decompin of Dist Ga
Theorem Dist Gdc UCga hasfollowingadditivebasis
someorder
to

Me EMMA n

where RanaMPE

Notation econ eIq dividedpower

3 Frobenius

3 1 Frobenius homomorphism Fperfectcharp field
A fingenid comm've F algebra is XsSpec A

Basic observation f of P A A ringendomorphism Can
make it F linear if we twist Fmultin on source by
a a P AEF Denote resulting algebra 6g A So

f fP A A is an F algebra homomorphism
Fr X X Fr f fr



Exercise if A is definedoverFp then A A isomic as
F algebras

Suppose A is Hopfalgebra Then f t fPisHopfalgebra
homomim Let GSpeech algagroup Then
Fr G G is an alggrouphomemim

Example G Glen G 64 Fr Glen an
Fr Caijl adj

3 2 Fr vs distribution algebra
Fr C G n Fr Dist C Dist Gm

Example1 G ChatG Dist Gg Spang ti
w f th Sin
Fr 18D th f Fr th fifth so

Fr fi tip if i divisiblebyp
e else

Example2 G Gm f G t Dist Gg Span 93il w
Pi ftDh Sin
Then frgzip

Bilp if i is divisible byp
e else

Example 3 C is semisimple simply connected



Chad G DistCG Distal
Fry b Fr ng jFr fFr
IG G Distaff Distle t
Sl Sl
Gia G

sofrxi.lt e.inpI.nlEnplaEke4

Me.FM 7 mBpYpll7ejmHifpdmdesallis.mp.na
0 else


