
 

Algebraicgroupsand all in characteristicp
e Reminder

F charp field Galggroup It
g Lie Gl U Vlog

Last time we introduced the p Ithpowermap
Xen g g w followingproperties

i definingproperty under identification g Veit G G Vector

Da in Jay's notation XCP XPas map fEG FCC
ii functionality if P G H is alggrouphomomorphism

g d
P g g then gGYM glam

Exercise for G Glen have XCP XPas amatrix
iii ii Exercise for CcGLn XP XPas a matrix
iv adXCP adG P
V easy fax

CM aPxcm Hae F
Fact inthefreealgebra Fexy the

element CityPxpy
P is

a Liepolynomial in xy Denote it by LGyl
Vi Fact xtyYP xcmycm LG.gl
Definition A p Liealgebra over f is a Liealgebra
together w a pmap.CMsatisfyingproperties iv Cui
Example An associative algebra A together w ah AP is
a p Lie algebra
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4 Center central reductions of 2kg7
Consider Lig U 4 1 XP XP

9
filtration degp deg1

Exercise UseCiniElvis to show thatd
UxIscentral
clay1 4 71Kyl

t L is semilinear Vax aPdx Assumefromnow on
F isperfect Can twist Fmultin en g ly automata

P

of F so c becomes F linear Resulting space is denoted

by g Frobenius twist
Sohave F linear c g center of U

l
SCgay

T

Exercise on PBW c is injective makes U into free
Slog tmodule w basis XltXin w dieto p i here

Xn is a basis in g

Define 45cg t is calledthe p center

Restricted universalenveloping
UKg Ug sagato Vlog XPx4Yxeg

basis xpxpdiHopB sightmoduleen F w ga noby a
Universalproperty If A is assocalgebra hencep kealgebra

q
then

any p Liealgebra
homom g A uniquely factors



through assoc.alg homom.in Vlog A

Remark full center Galt vs subalgebra U cud
which isthe center U is called HarishChandracenter
Ua f g YW Under modestrestrictionsonp on G
have Veltkamp's thm

center of U T U S gaScoginG

2 Distribution algebra
Motivation for why we care care about rate rep'sofG
Have forgetful functor Rat G UlglmodeA

findimrationalreps
But over F alg closedcharp field1 thisfunctor is farfrom
equivalence It is neither essentially surjective one canshow
we land in Wcg mode nor full
e.g G Gm repn V F t v the the correspg

g module is trivial
Goal replace Ulg w a diff't algebra Dist G

W forgetful functor Rat G Dist Clmed which
is closer to being an equivalence In fact
U g DistCC the functor Rat G Distalmode
lifts Rat G Vlog Meda
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2A Definition of Dist G
Setting R commve Noetherianring G affinegroupscheme
over R i.e REG is fingenidComm've Hopfalgebra
M KerEa f cRC I fake
VER Med V Home VR
care about R 7LQ F
Assume REGI is free ever R
REG is assoc algebra w r t 0 where O REGI REG RCC

Definition 1 For me define Dist G as REG1h
CRC the modules ofdistributionsoforder en

Note Distsn G a Disten G
2 Dist G UnDist G

Claim Dist G is a Hopfalgebra
Exercise Dist G CRC is a subalgebra

Coproduct on Dist G multingy RC REGI RCC u

u R aVenn RCC31M REG31hm

gift Dist G Dist G Dist G
vs coproduct Dist G Dist a Dist Gl

Exercise Define antipode on Dist G andshow it's a

gtfopf algebra



Exercise functionality 92 G H alggrip homom'm
u 9 REHI RIG u 9 Dist Gl Dist H is a
Hopfalgebra homom'm

Exercise basechange if R is Ralgebra then

Dist Gr R Dist Gr

Connection between Ulg Dist Gl
Ug left invariant differential operators on G
End REGI

Define a map Vlog REG a c 2kg7
12cal f a f r imya Dist G k y Ngl Dist G
respects filtrations Moreover 2 isalg homem'm

Facts if R is charo field then 2 Ngl Dist Gl
if r is char p field then y factors through

Vlog DistCGI

22 t dimensional examples
G Ga RC Rct OH text 11 t M t

For r en YEKCC Vr th Spn so HEDistsr G
So Yohe Hr form abasis in Dist Ct
Vr Vs th 808Colt71 8 Vs E 7 ti th

i

nr if arts
51 o else



so 8r K 5 8ms 8 n K

Dist Ga Span Yline CSpanalki Dist Ga
infinitelygenerated

G Gm REG Rct's M H i Oltl text
Defineg3rERCG3 by for ft 1 I Snr
fi Ino form R basis in Dist C

Br th Y
Exercise th ng3n g3Cp it Cp In ill soIn

Bh

So Dist Ga Span Bi line cQg3 Dist Ga

23 Dist G for skimple G
Assume also 6 is simply connected want Dist Gq c

Dist Ga Uga
Notation 1794 simple positiveroots
N T NAG Mex unipotents Max torus

depths lGad N BE 17ns IGE T

T.plnlGPm as an alggroup N'tL Gtaas a scheme

Open Bruhat all
Feds pennant.at Ga N xtxNfGc

contains 1
GT



CitesG Dist ft DiestGa
E T e

Cima Gm Dist Bma Dist Gd
p T F

CH a tensorproductCover decompin of Dist Gd
Theorem Dist Gdc UCga hasfollowingadditivebasis
someorder
t

t t7im
e

where RanaMPE

Notation dj's eIq dividedpower

3 Frobenius

3 1 Frobenius homomorphism Fperfectcharpfield
A fingenid comm've F algebra is XsSpec A

Basic observation f fP A A ringendomorphism Can
make it F linear if we twist Fmultin on source by
a a P AEF Denote resulting algebra 6g A So

f fP A A is an F algebra homomorphism

qf
Fr X X Fr f fr



Exercise if A is definedoverFp then A A isomic as
F algebras

Suppose A is Hopfalgebra Then f t fPisHopfalgebra
homomim Let GSpeech algagroup Then
Fr G G is an alggrouphomemim

Example G Glen G 64 Fr Glen an
Fr CaiD adj

3 2 Fr vs distribution algebra
Fr C G n Fr Dist C Dist Gm

Example1 G ChatG Dist Gg Spang ti
w ti th Sin
Fr 18D th f Fr th fifth so

Fr fi tip if i divisiblebyp
e else

Example2 G Gm f G t Dist Gg Span 93il w
Pi ftDh Sin
Then frgzip

Bilp if i is divisible byp
e else

gffample3 C is semisimple simply connected



IG G Dist Gta Dist G
Frf b Fr ng 1Er fFr
IG G Dist la Dist K t
SI SI
Gia G

Se Fr l intnlEnplL di
Me 17 mtgp Med ifp

dividesalt Kampna
l else

3 3 Frobeniuskernels

Fr G G not isomorphism If hes kernel
Definition rth Frobeniuskernel G Ker Fr f Gc
nonreducedgroupscheme w singlept M
Exampled G Ga FCGI FAT Fr t est P

So Gr Spec FCTVTMI for coproduct 0 FAI FEET
have 0ft Pt t it p tPr so tr is GialgeGrace
Hopf ideal So Flt Ht is Hopfquotient of Fct
Dist Gr FlGH Dist G last time

defined f c Dist G by Vi ft Sin theseformbasis in
Dist G Then Dist Cr SpangNo 8pm

General case FCGT isHopfquotient of fEG Dist G

g his
a Hopfsubalgebraof Dist G



Exercise G Gm FCcn Flt t.is ftPr i
Dist Gr SpanCpo Ppr

where
pi pi ft 11 Sin

For G semisimple I simply conn'd
PropositionDAs a subalgebra of Dist G Dist Cr is
spanned by

Id pl im 1 eimiosis.mp.naepr

2 Vlog Darst G

Helgi List.la

Not really aproof d for the sameprice as Theoremabove
2 2kg DistCC e e g a e e Dist Kl

g3 Subalg in Dist C gen d 6g these elements is
Dist Cy see that efa P

gu o in Dist G
so Ucgl Dist CC factors through U9g
Dist G Q dimensions are bothequal topdmosso this
is Is A

4 Rational reps ofG vs Dist G modules
Careabout Ratp C finitedimensional rate rep's

DistCC Moda findim Dist G modules
What's a connection Assume F is alg closed ofcharp o

I



49 Action of DistCC on a rationalrepn
M cRat G comedules over FCC a M ECG M
For deDist G define dm via Aml ai Mi
d m E dlaitmi

EF
Exercise Showthis equips M w Dist G module strive
hint revisit definition of theproduct on Dist GM

Example GGa alg.grp homem Ga GUM hasform
t It Aiti finite sum Easy to see that Yi actsby
Ai Then relations in Dist G 8i8j titi8ijt It Ait is agroup homem'm So rational repin
of G is the same thing as findim Dist G module
where onlyfinitelymany ri actby nonzerooperators

Exercise howabout M F all Yi's ti e act asmultiplesof
foil

42 Some collection ofresults
G Gm

Proposition tEvery rational Crep tdimereps
H t dimrep isgiven by tats je 7L
Whatabout Dist G Spang Pitino where

q
3i Bil Therelations in Dist Ca are those of



binomial coeffis
For X c Tlp have homem'm Dist Ca Ip

Bi Hi ns Dist G Fp F

Proposition2 Every fin dim l Dist G module tdim.es
H 9dime repin comesfrom anelementof Ip as above

Theorem For C is semisimple simply conndthen ourfunctor
Ratp G Dist G mode is an equivalence

43 Sketches ofproofs
Sketch ofproof of Proposition t
The subgroup z eGlEe A for some lcoprimetop cGm is

Zariski dense and acts by diagonolizable operators onevery
module This implies thedecomposition into 1dimereps
Classifin of t dimensional is classical I

Sketch ofproof ofProposition 2
Note that pigsn yes Cp in ppp o in Dist Gl So on

everyDistler module acts by a diagonalizable operator
W eigenvalues 0,4 p t Take thedirectsummand

correspondingto ie lo r p B Let Fi be the 1
dimensional

Gmrep corresponding to the character test We can view
Fi as a Dist G module Sina Dist G is a Hopfalgebra

T2



it makes sense to tensormodules Take the summand
call it M Replacing M with M F i we can assume
actsby 0
Recall the Frobeniusepimorphism Fr Dist G Dist G

Biagip if i is divisible byp and to 0else
Thecondition

thatp actsby 0 is equivalent to amodule beingpulled
under Fr say M fFr Mil

Then we can argueby
induction A

Sketch ofproofofTheorem Weill showevery finite dimensional
Dist G module M comes from a rational Grep Wehave the

weight decomposition w rt Dist CT Ms 14 where X
are p adicweights Wecan talk abouthighest weight fest
toy isnot a weight H nonnegative linear combinationµ of
positive roots By standard5hconsiderationsdo is integral
dominant So all weights are integral so theaction of
Dist T comes from an action of T
Since we have theweightdecomposition theactions

of Dist Ga satisfy the finiteness conditions discussed

in Example fromSection t t So they comefromGa
actions

Ontheotherhand Dist G action on M restricts to
Dist Gr Thisgives a coaction of FCarl M FIG30M
The actions are compatible w inclusions Cr Gr so the
31




