
Quantum Groups at a
Jantzen 's Book

Root of unity • v an inch . I ¢
• k = ①Lv) field of fine. of ①Lyv ']

So far studied Uqlg ) a b-algebra with gek× .

. Uk=UkLg) the b- only with gens.

If q not a root of unity then Ed
,
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,
KE KEI)

.

Roy ( Ugfgl ) 4W Replay" in Chai 0 .

Roughly , DeConcini - Kac study the
when q is a root of unity then Repluqlg) ) QG,v -Y - subalgebra of Uk gen . by
behaves more like Ref LUIGI ) in chat if > 0
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What is Uqlgl when q is
a root of unity ? Lusztig constructs akari aly . by using

divided powers of the gens .

✓ ↳
Analogous to kostant 's 2- form of Mlg ) .

↳ Concini - Kae

}
Lustig

first
, we recap the char . P stay.



Affine Algebraic Groups The usual group axioms make KCGI into a
Hopf algebra .

R any commutative Luni tall ring
k - algebras are commutative and associative .

ma
'

- GXG → G tho OG : KLG] → KG3④KG3

Ig : * → G o_O Eg : KLGI → K
K - group scheme is a representable functor ig : G → G One of :b → KLGI

G- Homing LK43, → :{Katy ? → Egress Examples

We assume it's algebraic so we have • G- Game KLGI = KLTJ
me OGLT) = 1×07+7×01

KET . . . - Ts ] → KLGI
-

poly . ring
• G-- Gim me KLGI = KELTY

up OGLTI = T⑦T .

Example
VEK" a free b-module

.

Have a functor 1st . Base Change
Suppose we have a ring hom k → k

'

.

Then we get
ItA) =µ⑤kA , t) E (Ah , t) . a K

'
-

group scheme

KL13 =SlV*) I KLT. . . ,Tn ]
. Special case : Gri = Homlk'④kkLGI , -1 .

Gia = E with KLQAI =kfD
.



Derivations It is easily checked that if 0,0 'e8• are
left invariant then

Let A be a b-only . and Man A- mad . Say
D: A → M is a K -derivation if it is b- linear 0010,0

' ] = (Id ⑦0,07 ) 00g
and

so G.O ') is also left invariant .

DLfgt-f.olgtg.to Definition

for all f.ge A .

Let Dermot,M) be the set The lie algebra is the subalgebra
of all k -derivations

.

Lie C8G of left invariant derivations .

Exercise : Dennett , A) is a Lie algebra with Translation Actions
Lie bracket The

group GLK) acts on itself via
left

translations
.

This determines a ham

[0,0' ] = Doo
'
- O

'

o 0
.

Let DG = Dera LKLGI , KG3) .

A derivation
× : Elk) → GLLKLGI )

0 E8G is called left invariant if as follows
.

DG00 = (Id④ D) 00g



Firstly , for each b-alg .

A and fe KLGI To see the connection we apply this
we get a

horn discussion to GXG to get

fa : GLA ) → A k[G)④KG3E NatLGXG
,
A)

.

g t gtf ) -
In this way we

have
This is natural in A and gives an

identification

(off )µLx, y) =fALxy)KG7E Not④ A' )
.

For each ge GCK) and fek we define
for a" b-alg.

A and aye
GLA) .

Hoff EKCGI by setting Another Interpretation

( tbf f)Also) = falg.sc) Let be be the I.dim KLGJ-mod defined

byfor all see GLA) .

f- a = Elf)a fekGI , aek .

The left invariant derivations satisfy
The following gives another interpretation

Hg)o D= Do Ng) yeah .
of Lie LGI

.



Proposition gives a group homomorphism
The natural map Lie LG1 → Oernlk kg) given
by 0h Ego is an isomorphism .

0* : GLK 3) → GLKI
.

Proof : If DE Lie LG) then We want to identify Lieb) with kel0*)

D= LID④ E) 0000 = LID⑦doted⑦ 0700 Now ge GLKLS] ) is in the kernel iff
= (Id⑦ EO0 ) 00

so the map is injective . On the other hand one
EG = KL9 ↳ KL83 0TK .

checks that if Other LKLGI , ke) then Let me = Her LEG)=Efe KLGI I FC11 3

be the augmentation ideal . Then g
factors

(Id⑦ D) ow E8G through
is left invariant

. 0 kLGI/wf EK1⑦ 7mF

One More Identification because KLGI =kI⑤M .
Hence

,
we have

let KL83 be the dual numbers with 82=0 . The
a my 0g : 7mi → k such that

natural map 0 :b → k given by 0181=0 g : Lab )
t Elastoglb )S



Now
,
for
any ai , biek we

have 04ft' ) = £0 (f) 0410"Lf ')
(a,tb ,

8) laztbzst-aiaztlaibztaa.bz/S = fOHf
'

) t f
'

04ft .

It follows that we have a map Henge Of E8G .

The map ON0
'
on %

Her#*) → Day (k kg)
restricts to a map

"? Lie(G) → Lie (G)
.

g
N 0g Proposition

Any h -alg A is a Lie algebra with Lie
and this is an isomorphism .

Hence bracket La
,
6) = ab - ba .

Moreover
,

Lie (G) I Homntmrtmt, K) lit ad late adlae ) for all aeA
.

til Catt) ' = a't be to£
,
slab)

The p
-

map on Lie
LG)

where srla
, b) is a funoteriwl combination of Lie

Assume now that char LK1 =p > 0 .

If monanials involving a and b
-

DENG is a derivation then by Leibniz 's
formula we have Exercise : show Li )

.



This shows that any
b-alg .

is a p- restricted on

f- Lie algebra, which is a lie algebra g with
a mug X H X

'"
such that :

lis ad LX
" ) = adlx) '

til 6×9" = DX"' all cek
Liii ) ( XTY )

"'
= X
"'t Y
'"
t §q SIX,Y ) .

Examples
• G-- Gia

.

As KG1 = KE13 then

Do = Ifhe If EKLGJI

The k - span of %7 gives Lie (G) . We have
X
"'
:O because %)% 0 .

• G = Em
.

Get Lie (G) is the b-span of
X --T7H

.

We have X"
'
= X.


