
Quantum Groups at a
Jantzen 's Book

Root of unity • v an inch . I ¢
• k = ① Lv) field of fine . of ①Lyv ']

So far studied Uqlg ) a b- algebra with gek× .

. Uk=UkLg) the b- only with gens .

If q not a root of unity then Ed
,
Fa

,
KE KEI)

.

Roy ( Ugfgl ) 4W Replay" in Chai 0
.

Roughly , DeConcini - Kac study the
when q is a root of unity then Repluqlg) ) QG,v

-Y - subalgebra of Uk gen . by
behaves more like Ref LUIGI ) in chat if > 0

Ea
,
Fa
,
KE
,
Ka -ki

'

Gett ) .

V -V
- 1

What is Uqlgl when q is
a root of unity ? Lusztig constructs akari aly . by using

divided powers of the gens .

✓ ↳
Analogous to kostant 's 2- form of Mlg ) .

↳ Concini - Kae

}
Lustig

first
, we recap the char . P stay .



Affine Algebraic Groups The usual group axioms make KCGI into a
Hopf algebra .

R any commutative Luni tall ring
k - algebras are commutative and associative .

ma
'

- GXG → G tho OG : KLG] → KG3④KG3

Ig : * → G o_O Eg : KLGI→ K
K -

group scheme is a representable functor ig : G → G One of :b → KLGI

G- Homing LK43 , → :{Katy ? → Egress Examples

We assume it's algebraic so we have • G- Game KLGI =KLTJ
me OGLT) = 1×07+7×01

KET . . . -Ts ] → KLGI
-

poly . ring
• G-- Gim me KLGI = KELTY

up OGLTI = T⑦T .

Example
VEK" a free b-module

.

Have a functor 1st . Base Change
Suppose we have a ring hom k → k

'

.

Then we get
ItA) =µ⑤kA , t) E (Ah , t) . a K

'
-

group scheme

KL13 =SlV*) I KLT. . . ,Tn ]
. Special case : Gri = Homlk'④kkLGI

,
-1

.

Gia = E with KLQAI =kfD
.



Derivations It is easily checked that if 0,0 'e8• are
left invariant then

Let A be a b-only . and Man A- mad . Say
D: A→ M is a K -derivation if it is b- linear 0010,0

'] = (Id⑦0,07 ) 00g
and

so G.O ') is also left invariant .

DLfgt-f.olgtg.to Definition

for all f.ge A .

Let Dermot,M) be the set The lie algebra is the subalgebra
of all k -derivations

.

Lie C8G of left invariant derivations .

Exercise : Dennett ,A) is a Lie algebra with Translation Actions
Lie bracket The

group GLK) acts on itself via
left

translations
.

This determines a ham

[0,0 ' ] = Doo
'
- O

'

o 0
.

Let DG = Dera LKLGI , KG3) .

A derivation
× : Elk) → GLLKLGI )

0 E8G is called left invariant if as follows
.

DG00 = (Id④ D) 00g



Firstly , for each b-alg .

A and fe KLGI To see the connection we apply this
we get a

horn discussion to GXG to get

fa : GLA ) → A k[G)④KG3E Nat LGXG
,
A)

.

g t gtf ) -

In this way we
have

This is natural in A and gives an
identification

(off )µLx,y) =fALxy)KG7E Not④ A ' )
.

For each ge GCK) and fek we define
for a" b-alg .

A and
aye

GLA) .

Hoff EKCGI by setting Another Interpretation

( tbf f)Also) = falg.sc) Let be be the I.dim KLGJ -mod defined

byfor all see GLA) .

f- a = Elf)a fekGI , aek .

The left invariant derivations satisfy
The following gives another interpretation

Hg)o D= Do Ng) yeah .
of Lie LGI

.



Proposition gives a group homomorphism
The natural map Lie LG1 → Oernlk kg ) given
by 0h Ego is an isomorphism . 0* : GLK 3) → GLKI

.

Proof : If DE Lie LG) then We want to identify Lieb) with kel0*)

D= LID④ E) 0000 = LID⑦doted⑦ 0700 Now ge GLKLS] ) is in the kernel iff
= (Id⑦ EO0 ) 00

so the map is injective . On the other hand one
EG = KL9 ↳ KL83 0TK .

checks that if Other LKLGI , ke) then Let me =Her LEG)=Efe KLGI I FC11 3

be the augmentation ideal . Then g
factors

(Id⑦ D) ow E8G through
is left invariant

. 0 kLGI/wf EK1 ⑦ 7mF

One More Identification because KLGI =kI⑤M .
Hence

,
we have

let KL83 be the dual numbers with 82=0 . The
a my 0g : 7mi → k such that

natural map 0 :b → k given by 0181=0 g : Lab )
t Elastoglb )S



Now
,
for
any ai , biek we

have 04ft ' ) = £0 (f) 0410"Lf ')
(a,tb ,

8) laztbzst-aiaztlaibztaa.bz/S = fOHf
'

) t f
'

04ft .

It follows that we have a map Henge Of E8G .

The map ON0
'
on %

Her#
*) → Day (k kg)

restricts to a map
"? Lie (G) → Lie (G)

.

g
N 0g Proposition

Any h -alg A is a Lie algebra with Lie
and this is an isomorphism .

Hence bracket La
,
6) = ab - ba .

Moreover
,

Lie (G) I Homntmrtmt,K) lit ad late adlae ) for all aeA
.

til Catt)
'
= a't be to£

,
slab)

The p -map on Lie
LG)

where srla
, b) is a funoteriwl combination of Lie

Assume now that char LK1 =p > 0 .

If monanials involving a and b
-

DENG is a derivation then by Leibniz 's
formula we have Exercise : show Li )

.



This shows that
any

b-alg .

is a p - restricted on

f- Lie algebra, which is a lie algebra g with
a mug X H X

'"
such that :

lis ad LX
" ) = adlx) '

til 6×9" = DX" ' all cek

Liii ) ( XTY )
"'

= X
"'t Y

'"
t §q SIX,Y ) .

Examples
• G-- Gia

.

As KG1 = KE13 then

Do = Ifhe If EKLGJI

The k - span of %7 gives Lie (G) . We have
X
"'
:O because %)% 0 .

• G = Em
.

Get Lie (G) is the b- span of
X -

-T7H
.

We have X
" '

= X.



The Enveloping Algebra GL6P .

Let g= Lie LG) and let Mlg) be the universal enveloping By the universal property Ad extends uniquely
algebra .

We fix an embedding to a homomorphism

(a) gas Mlg) Ad : Gta→ Anthony LUIGI)

once and for all .
The fixed points ULgf

"
E HIGH give a central

subalgebra at the enveloping algebra called
We're interested in the centre 2=2191911 at the universal the Harish - Chandru centre

.

enveloping algebra .

Let ad : Hoyt→ GLTKLGII be the
usual adjoint reg .

of Mlg) .

Then g acts on Mlg) via The f- centre

this reg and we have Assume chalk) =p > 0 .

Recall we have two lie algebra
embeddings

2 =Hoyt . ¢

Ulgl ← g- Do
The Harish - Chandra Centre

As for the translations we have a linear action Recall that for Xeg we have X Eg is the unique element

(
: God → GLLKCGII given by conjugation .

This satisfying 01×44=01×1
'

.
We let XP be the pth

defines a linear action Act : God→ GLLGI , the power as an element of Mlg) . In general X%Xl .
adjoint representation .

Its differential is ad : g →



Moreover X
"'
- X' e ZCULG) ) because til The natural product map

ad - XD = adLXK ad '
= 0 Zp ,UlgT

"
Is 2

We call 2p=2pLUIGI ) =
'
-XP I XE g) the is an isomorphism .

f- centre of high .

Iii ) 2 is a free G- module of rank pads!
Veldkamp 's Theorem where rk (g) is the dimension of a maximal teal
We now assume k=E is a field with chalk) =p>0 . subalgebra .

In addition we assume G is connected reductive .

Recall

that G satisfies the standard hyotheses if '
- Remark : This is proved in several places .

For details see :

• IT
.
A

.

Brown and I. Gordon ,
"
The ramification of centres :

IH11 the derived subgray Gder EG is simply connected, Lie algebras in positive characteristic and quantised
LH21 p is good for G,

.
,enveloping algebras

"

,

Math 2. 12387
,
733-779120011

.LH3) there exists a nondegenerate GLK) - invariant 2.Tange,
"
The Zassenhaus Variety of a reductive

bilinear form on g. Lie algebra in positive characteristic , Adv .

Math

(2241
,
340 -354 120107 .

Theorem Also the included references .

This result is false
H G is con

.

red
.
and satisfies the standard hypotheses when G- Sten and pln . See a paper by A. Braun,

than the following hold : J
.

of Atg .

Gold
,
217-290 12018) .



One can actually give a basis of 2 as a U (G) = HLgY2p .

Zp - module .

Fix TEG a max .

tones and let

1- = Lie (7)
.

It is known that we have an isomorphism This is universal with respect to homomorphisms

g→A of p - Lie algebras , where A is a

Io : U (g)
""
→ 5th)W

.

K -alg . equipped with its natural f-restricted
structure

.

If ridin (f) then choose U
" . . . ,
it s.t.IN

. . . . ,
Io Luv )

are atg. independent homogeneous generators . Then The algebra
"

(g) has a K - basis given
( ni ' .

. -UI 1 of a , g)
by I and the monomins

gives a basis of 2 as a freeze -module .

Xi ' -
- -XI

,

with iii. -air and ocaiq ,

where (Xp jes is a totally ordered k - basis
The p - enveloping algebra of g.
Continue to assume pso . The f-

restricted structure
on g remembers information about G. For instance as
lie algebras we have LieLa Elie Lem ) but these
are not isomorphic as p

- restricted Lie algebras .

The p - enveloping algebra of G is defined to be :



The Distribution Algebra Exercise
show that DistLG) is a subalgebra of kLG3*
equipped with the product

The lie algebra is a first order approximation µ④u
of G. More generally the distribution algebra KG3 ④ KLGI→ k④k

takes into account higher order approximations 9

of G. One can consider distributions as a generalisation 0 / µ
of derivations to more general differential operators . µ

KLGJ - -
- - - -→ K

For a b-module V let VE Hanna,b) be the dual .

Example
As before M=Ker(Eg)=ffek[G) I flit -03 is G- Game KLGI - KG3
the augmentation ideal .

The distributions of me W4T) in

order En are no KG4M, = ksi with S⇒tm" '

Distin (G) =Eµ : KLGI → kIµtmi
"

) = 03 Let 8rekGI* be such that 8179=5, the
= (Kashmiri )* Kronecker delta)

.

Then

We call Dist (G) = Un, Distin (G) the distribution
Dist k8r and Oistrakh K8

, .

algebra of G. For the product recall that OL7)=T④ It 1×07 . So,



017
"
) = (7)Tr④T"

-r

.

It follows that There is a unique pre Dist LG) with

8n8m=fI ) 8am ⇒ 8i=n!8n . fifths ) = Srs

Expanding T
"

= LTHIH )n we get forth)
= (1)

Assume k=7L
.

If IT is another ring them KL6H )
= for all ne k and re IN .

K⑦zkLG] and

Honk LKLGEI ,K) I kxqttomlkf.gg , b) .
If k=0 we get

One similarly checks that oistlqjzkxqq.sk) .

Dist =okBr and Dist (G) = kpr .

Now Dist tra ) EQLKJ is a poly . ring and we As 061=7×07 we get that
can identify Dist (G) with the lattice

Seanz{In ! I no, I } E Uist (Ga ) .

OH - 1) = EH )④tH)t G- 1)④ it I ⑦ te - i )
.

From this we can show that

Example minus
G=Qm me KLGI = KITTY pips = 2 tts - it ! pas . i.

up IN = (T - 1) E- 0 t.is ! Is - it ! i !

mt
k
him =

.

KS with 5=7- Itm
" '



As a special case Apr = THIS, trpn Let TEG be a split max . terms and Iocxte)
so Lp , -4ps , = lrtbprti.by induction the roots

.

To each root LE10 we fix a root

r ! pr =p .
(p .

- it . . . If , - rti )
ham

.

'k : Baie→ G. We have :

• two E
'
= Kakheti c) for all 2-alg .

A
,

TETCH
,

so far = II ) .

Thus Dist LG7E k is and ce A
,

again a poly . ring .

. 24 is an iso
.

onto its image HE G , the functor

Ual A) = soda !
Now assume KEK .

For any ring
K we have . Lielua) = Lieth the root space of the lie alg .

Dist I K④q0istLG) and we can identify
Dist (G) with the lattice For a Elo we let

Sean,{ Pk ) In> 03 E O ist Lee ) .
X
,
= ldsca) LIIE Lie (G)

a .

The Reductive Case Choose a basis 9
. . . . . ,9r of EU) and set

Now let G be a split con .

red
. dig . 2-group

scheme
.
We will assume K is a field (or more Hi = LD9;) (1) E Lie (7) .

generally an integral domain ) . The base change
Gk is con .

red .

Lemma
We have ( Hi

,
Xal Kier and aEE) is a basis

of Lie (G) .



Remark form a basis d-
We have Lichen) EKXO.fielf) so their canonical

images give a basis of Lie (Gk ) . Moreover
,
let Dist (7) C O ist te) .

Hilda ILII
.

We get the following PBW type result for
Dist

.

Then Ha=LXaX -a] .

If G is adjoint then the
elements Ha

,

Xa fama Chevalley basis of Liebig) . Proposition
Fix a system of positive roots 7k¥ .

Then all
For the distribution algebra we have terms

0isHGn)Ek⑦z0isHG) . II*X!
" III I '

The discussion of 0h shows that the divided form a basis of Dist (Gn) .

powers XE'=Xj In ! form a basis of

Remark
Vistula) C Dist (Uae) . If G is semisimple and simply connected then

one gets that Dist (G) is Kostant 's 2-fam of
similarly we have all Allie lad) .

Kit - I



Modules The G- modules are equivalent to the Comodu les
of the Hopf algebra KLGI .

These are pairs LM0M
K
any ring and Gary b- group scheme . with Ma K -module and On : M→M⑦kG3 a

K - linear map at .

So far we have looked at linear actions of GL4 .

on
Nov we discuss G- modules in earnest . M→ M④ KLGJ M→ M④kG

Let V be a b-mod . Recall I is the functor HAI =
On fId④OG II D fId④Eo

X④nA
,
t)

.

We
say
V is a G-module if we have m¥hq

,→ m④k ⑦blog M It M⑦k

a natural transformation On④Id

(associativity ) (identity)
Gx I → I

such that for each b-alg .
A the map * µ , →µ)

A my 0
: M→M

'

is a horn of G-modules iff

defines a K - linear action of GTA) on HATE V⑦A
. 0mi 00=60⑦ Id ) own

Exercise ! Consider the morphism GxG→G such that Dist (G) - Modules
GIAIXGIA ) → GLA) is left translations . Using this If M is a G-module then this becomes a
make KLGJ into a G-module . Dist (G) -module by letting MeDist (G) act

as the map



On Id⑦µ ~

M→ MXOKLGI→ M④k → M On (m) =§ Unm)⑦ Th
.

It is obvious that we have Hence the Dist LG) -mod structure uniquely
determines the G-mod structure in this case

.

Hong (MM
'

) C Homo
istalkin

'

)
Not all too

.

finite Dist (G) -modules come from
but this inclusion may be strict in general . Via G-modules

.

For example, if charlie =p so then
the embedding Lie LG)↳ Dist (G) we have the K

'
becomes a DishG) -module by letting

G- module M also becomes a LieG) -module .

em if i =p
"

some → 0

How much of the representation theory of G 8im= { m if i -- o

does Dist (G) see? 0 otherwise
.

Example where e- to'd
.

G- Ga
.

Recall Dist LG)=%k8r .

Assume M is

a G-module
.

For meM we have Remark

similar calculations can be performed in the case

↳ Im) = §omi⑦Ti almost all mi = 0 .
G - Qin

.

Here one gets again that the Distort - mod
structure determines the G-mod structure but not all

Certainly 8mm = mn so that toe
.

finite Dist (G) - modules come from G-modules .



The Reductive Case Proof (sketch) : suppose M is a Distant-7mod
.

Now assume G is a split can .

reel . alg . grp, Given meM there is a fin . gon
k - submodule MCM

k is a field
,

and TEG is a split max . tons . containing m .

We have M'=④µµ ,MI as a Tnmod

We want to know when Dist 41 -modules come from
and only fin . many MI are nonzero .

G-modules
.

We have just remarked that there are Hence
,
for each men and tete there exists an

Ioc
.

finite Pistol -modules that don't come from integer nalm) St . XI'm = 0 for all n > nalini .
G- modules when G- Em

.

The following corrects for this . Define a Ha- mod structure on M by setting

Definition On link ?oXEm ④ X
"

Assume M is a DistG) -module then it is also

naturally a Distal - module .
We say M is a where Xekfila) is defined by X. Gerald ) = c.

Dist (G) -T-module if it is too . finite as a Oisttt) -mod This induces the Dist LUN - mod structure
.

and the Dist th - mod structure is induced by aT-mod
structure

. By assumption we have a T-mod structure inducing
the Dist th - mod structure

.
Thus we have horns

Theorem 1-→GUN and Ua→GL1M .

A generates and
If M is a projective K-module then there is a reels

. argument says we can glue these to get a
bijective correspondence between possible G-mod horn G→GL1M)

.

This produces the desired
structures and Distal -7-mod structures on M .

G-mod structure
.

D



Remark

If G is semisimple and simply connected then
Dist LGH-modules are the same as loc .

finite
Dist (G) -modules .



The Frobenius morphism .

K a perfect field with chalk) =p > 0 . Suppose now that G = Gan is base changed
from an Ep -

group scheme Go .

Then we have

If A is a K -alg .

and mek then A
'" denotes the KG3E b④µEpLG. ] and an isomorphism

K -alg . equal to A as a ring
but with

KL9
"
→ KL63

6.x = be"x for all be k
,
seeA
" '

.
c ⑦f N d

'

⑦f.

Remark Hence G
"
E G and we can view F as an

This amounts to twisting the embedding k → 21A) by end
. of G. In this case we have two natural

the corresponding automatism of k . maps

We define G
"'
= Hom(blog"

,

-7
.

Note we have has → KLGI KL63 →has
a K -why .

ham oxo f N c
' ④f c④f ↳ c④f

'

Arithmetic Frobenius Geometric Frobenius

KLGJ
"
→ has

a N air As an endomoyhism of G we have EF
'

is the

morphism whose comoyhism is the geometric Frobenius .

The Frobenius Fr : G → G
"

is the corresponding



Frobenius kernels We have In CW2M so

Let G
,

= Karl F) be the kernel of F : G→G
"

.

Recall the augmentation ideal FYI, )/(M%] I wYmf
Mr = Ker CEG) =L f. . . . .fm )

which implies Lie (Gr ) = Lie (G) .

is fin
. gen .

We have
Now we can choose the generators fi . . . ..fm

In = KID . (F)
*

tmf = If KLGI fit of my s.t.f.HN, . . . ,fmtM gives a K - basis
of MINE

.

The images
is the ideal defining Gr .

Note that we have

mint c In ami
.

At the level of the distribution fi ' -
-
- ff" tJr with 01 nip

"

algebra we get

OISHG) =¥ DistCfr)
gem KIGRJ as a b-module so

dink LKLG,] ) E prelim lol
because

Dist E{µe Distort 1µL = of
.

and equality holds if G is reduced
.



Distribution us
. Enveloping Algebra If chalk)=0 then is an isomorphism .

Characteristic p
k any commutative ring . Recall that Now assume chalks =p> 0 .

We have Dist LG)

has a natural p - restricted structure and the
PistilG) Elk"Ymt)* . above embedding is an embedding of e- restricted

Lie algebras . Hence It factors throughAs has = know we have an embedding
IT : µ (Lie → Dist LG1

.

Lie (G) to Distil (G)

Proposition
with the image being those distributions vanishing at I. The

mug IT is injective .

Moreover
,
if k is

Being an associative algebra Dist LG) has a natural a perfect field then the image of TE is
Lie algebra structure and we get an embedding DistLG

,
)

.

of Lie algebras
Proof : Count dimensions

.

0

Lie LG) as Dist LG1 .

This implies that the representation theory
By universality this gives a horn

.

d- b-algebras of G
,
is equivalent to the representation

theory of Lie to) as a p - restricted Lie
It :U4ieloD → OISHG)

, algebra .


