
The
Enveloping Algebra GL6P .

Let
g= Lie

LG) and let Mlg) be the universal enveloping By the universal property
Ad extends

uniquely
algebra .

We fix an embedding to a homomorphism

(a) gas Mlg) Ad : Gta →
Anthony LUIGI

)

once and for all .
The fixed

points ULgf
"

E HIGH give a central

subalgebra
at the

enveloping algebra
called

We're interested in the centre 2=2191911 at the universal the Harish - Chandru centre
.

enveloping algebra .

Let ad :

Hoyt→ GLTKLGII be the

usual
adjoint reg

.

of Mlg) . Then g
acts
on Mlg

) via The
f- centre

this
reg
and we have Assume chalk) =p> 0 .

Recall
we have two lie algebra

embeddings
2 = Hoyt . ¢

Ulgl
←

g- Do
The Harish - Chandra Centre

As for the translations we have a linear action Recall that for Xeg we
have X Eg

is the
unique

element

(
: God →GLLKCGII

given by conjugation
.

This satisfying 01×44=01×1
'

.

We let XP be the pth

defines a linear action Act : God→ GLLGI, the power as an
element of Mlg) . In

general
X%Xl

.

adjoint representation .

Its differential is ad :

g
→



Moreover X
"'
- X' e ZCULG) ) because til The natural product map

ad - XD = adLXK ad
'
= 0 Zp ,UlgT

"

Is 2

We call
2p=2pLUIGI )

=

'

-XP I XE g)
the is an isomorphism .

f-
centre of

high
.

Iii ) 2 is a free G- module of rank pads!

Veldkamp
's Theorem where rk

(g)
is the dimension of a maximal teal

We
now assume k=E is a field with chalk) =p>0 .

subalgebra .

In addition we assume G is connected reductive .

Recall

that G satisfies the standard hyotheses if
'

- Remark : This is proved in several places .

For details see :

• IT
.

A
.

Brown and I. Gordon
,

"

The ramification of centres :

IH11 the derived sub
gray

Gder EG is simply
connected

,
Lie algebras

in
positive characteristic and quantised

LH21
p
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.

,enveloping algebras
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.
LH3) there exists a nondegenerate GLK

) -invariant 2.
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"
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Lie
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.
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Theorem Also the included references .

This result is false

H G is con
.

red
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and satisfies the standard
hypotheses

when G- Sten and pln . See a
paper by

A. Braun
,

than the
following

hold : J
.

of
Atg.

Gold
,
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One can actually give
a basis of 2 as a U (G) = HLgY2p .

Zp - module .

Fix TEG a max .

tones and let

1- = Lie (7)
.

It is known that we have an isomorphism This is universal with respect to homomorphisms

g
→ A of

p
- Lie

algebras ,
where A is a

Io : U (g)
""

→ 5th)W
.

K -
alg

. equipped with its natural f-restricted

structure
.

If ridin (f) then choose U
"

. . .

,
it s.t.IN

.. . .

,

Io Luv )

are at
g.
independent homogeneous generators . Then The algebra

"

(g) has a K- basis given

( ni
'

.
.
- UI 1 of a , g)

by
I and the monomins

gives
a basis of 2

as a freeze-module .

Xi
'

-

-

- XI
,

with iii. - air and ocaiq
,

where (Xp jes is a totally ordered
k - basis

The
p
-

enveloping algebra of

g.
Continue to assume

pso
.

The
f-
restricted structure

on

g
remembers information about G. For instance as

lie
algebras we

have LieLa Elie Lem ) but these

are not isomorphic as
p
- restricted Lie

algebras
.

The
p
-

enveloping algebra
of
G
is defined to be :



The Distribution Algebra Exercise

show that DistLG) is a subalgebra
of kLG3*

equipped with the product
The lie algebra is a first order approximation µ④u

of G. More
generally the

distribution algebra KG3 ④ KLGI → k④k

takes into account
higher

order
approximations 9

of G. One can consider distributions as a generalisation
0 / µ

of derivations to more general differential operators . µ

KLGJ - - - - - - → K

For a b-module V let VE Hanna,b) be the dual .

Example

As before M=Ker(Eg)=ffek[G) I flit -03 is G- Game KLGI - KG3

the
augmentation

ideal
.

The distributions of me W4T) in

order En are no

KG4M,
= ksi with S⇒tm

" '

Distin (G) =Eµ : KLGI → kIµtmi
"

) = 03 Let 8rekGI* be such that 8179=5
,
the

= (Kashmiri)*
Kronecker delta)

.

Then

We call Dist (G) = Un
,
Distin (G) the distribution

Dist k8r and Oistrakh K8
,

.

algebra
of G. For the product recall that OL7)=T④ It 1×07 . So

,



017
"

) = (7)Tr④T
"
-r

.

It follows that There is a unique pre
Dist LG) with

8n8m=fI )
8am ⇒ 8i=n!8n . fifths ) = Srs

Expanding
T
"

= LTHIH )n we

get forth
) = (1)

Assume k=7L
.

If IT is another ring
them KL6H ) = for all ne k and re IN

.

K⑦zkLG] and

Honk LKLGEI
,

K) I kxqttomlkf.gg , b)
.

If k=0 we get

One similarly checks
that oistlqjzkxqq.sk) .

Dist =

okBr and Dist (G) = kpr .

Now Dist tra ) EQLKJ is a
poly

.

ring
and we As 061=7×07 we

get
that

can identify
Dist (G) with the lattice

Seanz{In ! I no, I } E Uist(Ga ) .

OH - 1) = EH )④tH)t G-1)④ it I ⑦ te- i )
.

From this we can show that

Example minus

G=Qm me KLGI = KITTY
pips

= 2 tts - it !
pas . i.
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= (T - 1)
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t.is ! Is - it ! i !
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k
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=

.
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As a special case Apr
=

THIS, trpn Let TEG be a split max. terms and Iocxte)

so Lp , -4ps,
=

lrtbprti.by induction
the roots

.

To each root LE10 we fix a root

r !
pr =p .

(p .

- it . . .

If ,
- rti )

ham
.

'k
: Baie → G. We have :

• two E
'

= Kakheti c) for all 2-alg .
A
,

TETCH
,

so far
= II )

.

Thus Dist LG7E k is and ce A
,

again
a poly

.

ring
.

.

24 is an iso
.

onto its
image

HE G
,

the functor

Ual A) = soda !

Now assume KEK
.

For
any ring

K
we have . Lielua) = Lieth the root

space
of the lie

alg.

Dist I K④q0istLG) and we can identify
Dist (G) with the lattice For a Elo we let

Sean
,

{ Pk ) In> 03 E O ist Lee ) . X
,

= ldsca) LIIE Lie (G)
a .

The Reductive Case Choose a basis 9
. .
. . . ,9r of EU) and set

Now let G be a split con .
red

. dig .
2-

group
scheme

.

We will assume K is a field (or more Hi = LD9;) (1) E Lie (7) .

generally an integral
domain )

.
The base change

Gk is con .

red
.

Lemma

We have ( Hi
,
Xal Kier and aEE) is a basis

of Lie (G) .



Remark form a basis d-

We have Lichen) EKXO.fielf) so their canonical

images give
a basis of Lie (Gk ) . Moreover

,

let Dist (7) C O ist te)
.

Hilda ILII
.

We
get
the following PBW type result

for

Dist
.

Then Ha=LXaX-a]
.

If G is adjoint then the

elements Ha
,

Xa fama Cheval
ley

basis of Liebig) . Proposition
Fix a system

of
positive

roots 7k¥
.

Then all

For the distribution algebra we
have terms

0isHGn)Ek⑦z0isHG) . II*X!
"

III I
'

The discussion of 0h shows that the divided form a basis of Dist (Gn) .

powers XE'=Xj In ! form a basis of

Remark

Vistula) C Dist (Uae) . If G is semisimple and simply connected
then

one
gets

that Dist (G) is Kostant 's 2-fam of

similarly we have all Allie lad) .

Kit
- I


