





























Representationsof Quantum Group at
Roots of Unity

Jize Yu

Notations
my complex semi simple Lie algebra

Arijl Cartan matrix

di coprime integers sit diag is symmetric

fi q
di

A 219 g I

US c A subalgebra of Ugc yl generated
by Ei Fil and ki't

KI En

Uit i D subalgebra of Ucd generated by
Ei Ch I'll 2 h V EAV

a wi
Fu t l s



In

UB I 7

kit and f
k

Igi H

AER theseEa Zf ET E E a

primitivel the root of unity d is
odd I di Vi

Ue UcaEgQCEI

Ei c
di

Reference
A Guide to QuantumGroups Chari Pressley

Repns ofQuantum Algebras Anderson Polo Wen



E Repns of Ue

Let V be a neph of ME
Ivan's talk
Kii i kn arte on via commutingoperators

which are

simultaneously diag
have eigenvalues in I Er r o i ht

Tensoring a I dim Mgm allows us to Testrict our
attention to vegans on which ki arts by 1 Hi
Can such nepns of type 1

Lemme Let be a finite dimensional Ue nepn
of type 1 Then
cis Eike and Fi ll cut nilpotently on V
Cii Iki Iq act on Vdiag W1 integer
eigenvalues
proof Exercise
Hint
f ki J E'j e E

D f ki i E
Sai j g

a f ki if I gjest ffs f
ki tofSmi
s 4 k 2bs r Cri



Eiler Elp's IE is's Ik Is rµeij

Ike e rt III I Ie S1

d Def heat V be a type I ng n We define the

weight space
Va 7 veVI vi v e v f Jeju I IiTei v

i 4 n

for a EA

If V is finite dimensional
chat I dimwa et

NEA

Prof Assume V is a type I nepnofUe Then
V Va
keg

Prof Exercise Hint
hemmed Let C primitive l th root of l L odd Rand

T S C IN Assure r Voter 5 So Si OE ro so al
m s o

III L Ie Ing

Def Let V be a nyan ofUeof type 1 A vector vet
is called primitive if Eio V E EE v O k is l n



v C fm i J v i V i

Cau V is a highest weightmodule if it is generatedby
a primitive weight vectorVa

hemmed If V is a highestweightmodule w highestweighted

then a Vu and Va E un
MEA

Def TheVerma module 0gex isdefined to

Ug Ug
L Ei Ki g't l it in 7 where A id dude

A

Ogex is a freeWI modulegeneratedby Vd and it has a
a uniquearmed quotient LgCN w l highestweightd

het Vocal be the Ua submoduleof44 generated rn

Det Weylmodules bet AEAT define theWeylmodule

weed UsedGG via the homomorphism
A Q i gH E

prop For any HEAT
is dim WECADCN

ch Weeds is givenbytheWeylcharacterformula

Since wech is a highestweightmodule ithas a uniqueinner

quotient Leed



g wit l

care.For anyheat dim Leeds AD

By hetAEAT If it satisfies oneof the following conditions
Ca Wtf N L d A deTet
D alHf lie forsome outhit

then Weck is inned and ch LECH is givenby theWeyl
characterformula

Ttm Every finite dimensional sinned Ue moduleof type 1 is
isomorphic to heed for sure heAt
proof similar to the classical care

V OtVa Let X the mammalweight ThenOFVxEVA
REN

is primitive VA generates V

Remain toshewACAt i e Chidi730
Exercise Hout Ynettu C Yes m

tisJe I's et's

We can also define Leed as follows

Deeb UE
week eEmi Iki Ie F'Je Ei Ei's

ThenOecd is a highestweight UE med and Lead Unique
armed quotient ofOecd ofhighest cut d



Tensor ProductTheorem
For
any A

CAt I I do diEN sit
is A Not ddi
Ciis 0E do ai d t i al n

Tim het d do and d be as above Thereis an isomorphism

of UE modules
LeCA a Le414 FrtLcd

Proof Findiode modules hit to innedUe modules
tinned whosehighestweights are restricted

4D Nf LeeduJ FFLodi
As vectorspares FF kN aHarraefheCdo M Schar'shemara

Hanne Ledo M CHan CLeCho M E UI mod
HanneCLECdo M Home Ledo M Ut

fCHomechecksM 2I f Eez f f CEisthe
covertmapof tee
Home Ledo NY has the streetareofUilgrez qc feat I

LUCY module

Moreover we igenerated by Ei Fi Kit Ei Fiel and
brackets w all of them preserve the small quantumgroup
Leesztig Quantumgroup at rootsof1

Here the key act ran FF kN is thesane as that on Ledo



ID Compare the highest weights

II

Notations

Bi Za n mi Lv l p saw forsome oddprimep
We assure ps3 if Coop has a componentof typeGz

s B Free B cu

lk residuefieldofBftp.Ta B algebra
UB Lusiztig's form
Uob creep UB theB subalgebra generated EY cheep Fi
tho

Specializationsof B
heo f B0T be a specialisation into afield

cis chart P fZI un Dcp.ru T
O f far _I

ftp.uvyetu

Lii charCT 0

Determine fCD It can be
An element which is transcendental IQ



I n
F

algebraic IQ minimalpolynomial of f a belay cp.tv
ice I V divides I nodp
In particular if fan is a rootof1 then it is a pmth

roet of 1 forsae MEIN AU cyclotanie polynomial are divided

by 1 V madp

QuantumWeyl Module

Def QuantumWeylModule
For DEN define the QWM tobe

Ein 1 i i nw

he.finiiqi n.ni.ca.aii

heinmaCisWBCA is a highest wit module w l WBCAunto
MEN

didWBCA is integrable d e f we wBub I r ray cINS't
Ei rue Fuenteao V nz r El n Inparticular the setof
weightsofWood is finite

itisWBCA is fig 1B
Hood Ci Observe WBCA quotientof IB od UBEuggoBA

ii followsfrom
Iii Followsfrancis andCiis



props The specialization UB B BUB is the usual
quantum group TheWeylmoduleWpgh is finitedimensional
and irned

iis We know that Kirk D ist fuk hKil i't in AKE't
and Ki's art by 1 and Wired becomes a Distcand
nodule In fact Wuced Wem where w ca is defined in

the prearaes talk and its character is givenby the
W C F

Case WB CA is free over B

Remarked TheWeylmoduleWe cCA has the desired
universal prop when C is a pm th rootof l

C'DThe method which allows us to gofromDistcGuc
to UB can pushed further see APW Forexample one can

define dual Heyl nodules using coindutherfunter
prove an analogue of the Kempf's vanishingThem
prone that there are no higher Ext's between

Weylmodules and dual Weylmodules


