//17 SAMZO/ we &/eyf ?[4 &i&fm-/aﬁf/éq cO/(y'eyL/(//e_P

10) fecap £ g0e4;

Lt D€, ad JozW-). Consider B infinitesined bloce OF The
Ma/ccvm/ao_?aj/e //o‘/'fp‘fzi/ef are /D/W'J)’J From Lec 24 Set P: -‘w%:/ Plw-))
A: = End ()7 pote Hhatt P is /m/er/‘t‘/uz jene/u‘ol;so ﬂx—fa/f—maa{
see Sec 15 of Zec 23

Tt turs bt e KL (0/{/6%1”}’& Mo/zej(g Allows  From He
exislene of /’Zaafz'f/vc elgebra 77 o/m;,” on A (e meanny of Hhis
witl be f/)/’OfﬁJ}feo/ below). To mare an actusd agumesnt one net gl

a 5[5 more medaﬂe_ /1/.5 wmitl &ﬂlxgo//aﬂfc an ’L%/'I (n Z%e /ﬂ)’e:wf
Lecture.

)

'fﬂ K,,”j}’au/o.

e defne. £l Crothndiece g K,(0) as 4 grogp goantd
{; .(Sjmz{»[_s W] 74/’ /50#//079//;;17 closses M 0/ ofeﬂ(s 5)7 dxaha/
relatons of e foym [M]=CMT+LM"] for all SES

0> M o>M—>M —0,

Sonee cvery 0{422&5 o O has a TH %l%m;fion/ /(o/ﬁ)x) I a

Free ﬁ//&gé’.ﬂjﬂ% w. besis L/ ] Le I (0X)

Lt F0Y =0 b an exact Fnctor Then

[FI1: (M] > [FM] extends %o a s 9oyp 5/7614;/140;/@”//5114 of /f (%)
711



Now we give & aéscr//'ofmh o £(5%)

/Dm/omif/m: 7) Tl elompnts [alwA)] wel/ form a basis of ,(D[QX).
2) Wnder He /'0/&41[[7/;&2.‘1017] ko' [0“() = Zh/) [d/h/-,’l):( W, He

Opem)fm' [@J an K,[@X) gecomes 14& operator w///jﬁ?f ngftpfh
cation by S1, (<4 r-

9007/ /) /o[a/s A ‘L(A ([4[“/)\7 Wely I5 o'leamfo/})ﬂ’wn /[Z/w ])
a/a/ggm a - z‘mwju,fwf matrix. 2 ) Follonss From Yo claim
{/e,z" @ 4(w-)) fbs a5 Yo second tem orts an SES w, X other

tems Alw)) § d(ws; ), B”/aos/zzloﬁ in Sec 72 of Lec X300

/Vow W crp jo/n} 7,{; /&/de A/[ﬁx) 2ndd 7,4, 5 /A ,A/j/w/a
/([ﬁ /pny) see Section 7.2 g (v) o/ Sec 14 o/ ch 4 /raa/rca:—
Sion a/fla /a,fffr

e have a Mg /(/ﬂ/)’a ) HK[@) Sexm/n [Al-))] %

[P N]. Ths m Mep 13 an /sau@glz;hy He transiton /f//dr/x Som [30u)))s
to [PG-N)s 15 uni f)’/@njwfay by Thm in Sc 12 of Loc 14
We abso have 4/0twmé_ k[@/r(/ g[@x) —>Zjn/e«4 by
<[P][MI7:= dm Vom ,(PM)

2 1) bove Yt His 15 2 well-defned /‘umj and (Plw)))s &
[L0wD)]'s we dusl Bzses

7]



2) We con cery A /N}'Mé % L:[&’X)X&{OY) %Zé 2 viA
[Somorphism K,/ﬁ’lf}’?p =5 £ (0%) B Hat o classes [o(w )],
Wwe M foym an orf/o}zormd /a AVAY

12) C mo/w/ Ko
Tle proflems of mﬂ;wz‘mf b thncters of ireducibles [Yeir

mubbiplicities in Yo Vermas reduces o elpressing bhe besis [L(w))]
via e Standard brsis in L/D(@X)=7Zh/ Lecadl, Section 12 of
Lecture 13, Hhat W == H (1) /tf-) =}, (W)/(s-€) ceft13
Lets recall one of e /mz‘s of K cwyiwfwe (Sec 14 of LecZ4)
Ia’w,f% E(0%) w ZW & Mn} [460:07)] (= 2l 1)) 2o w
Thw whit we nad 4o how is [Lw)]=C,|,. ...
Jheers ne known way, 4o hwadene [W/Zf:-/ Comicha,fa//a,%,.
So we Should ase if Hherers an Z/jmo/c “of DY so tad its
/(,, s 7‘/{,/ W) and He bxsis of (rveduables is fm we W (w. some
bwist). This A}ﬁjma/e comes from c'/nl/oadxa"rdy, 2 j/’aa/mg, on A= bnd (p)”

andl 60/75)'0/01)79 the az;fejo;} of (/Waaéo/ A -madites,
ge/&/e we discuss how to introdia Zo j/aaa/mat on A &y phseuss

(”7)'20(40/ K s ~Compare to Sec 13 & Lec X6

led P b a 7[7}’!204:0/ Inite diwensional Cf%{}mfm As 1 Sec 12
0/ Zec 25/ /"LZ Makes Sense fo jfealc a/oul[ z‘é Ca/'ilcjo/;, ,gjlmo/ o/
jmo/t’.o/ 74‘//1'145 %msio/m/ :@ /mw/u/es. _Z:LZ Comes w. j/&o//)/j, 5/)7/22 0/4/0~

/z/nﬁfwfs <75
3]



We can tole about [, (E—jrmoa/) Just a5 fefore, Using- jmo(w/
modelly, /omoma;/'g/fym in SES’s) Tl exact Functor < (/'7 defines an
endomarphism [<j7] of £y (F yrmw(). We equjp K, (R *j}’/mo/ ) with
& Z[v*T-module stvpcituve a} mpx/‘ng, T At é [T

Exm/a& 7ZL /r)/go/aa/é oétj%emf_s' 7 (Ezjrmoo/ are 6)(@%/5,,
ﬁ{j? W.JC—'. 7 Ths is & J-dmaensionad vector ypac w a/e(; —J
So fo[f—jmwo/) = w3 At Veguler [ [w*'1, wheve

7e Z[v*] Cﬁl’/ﬁj/oaha/s t C m O/eJVez a

Now we waent % compare /C[f-grmo() w b (Cmed). We have the
74/}%0/’ 0/ 74}';4’/‘%&&”? 1%. jVQa/M} g ’jr)hoo( ’96‘/”00./ _7‘2( j/l/es YJe
Z[D Ko [E;j/lﬂoo() —a Ke/f—mm/) f/ug Aﬂfarj Z%’al{jA

Ko/ﬂjmoo/)//zra)ﬁ,(@jrma/) — fafﬁmoo/) (1)

F—Qd‘ /‘LZD be &/w(o/dﬂo/ {c»&w m a 5}0@,4[ case; Com/oa/e % Sec2.7 i
Lec 75) El/ery, Iredualle Fmodids admits a grading , anigue up a J/}‘/é
meanny tht if L /’éfjrma/ are 6oth Isomophic To LeDy(E) as
R-modules, Bon 3! je Z w L7=L<G7 in Brgrmod

fOl’o{?ﬂ/gi Y4 fyrmo/) s a free 2L T-mdils £ (1) 15 au /somw/’a/fjm.

1.3) Jl”aa@; n A

Kecoll, “ut A stonds L Londd [w @/ Pl ))iffw e 4o cn/oma;n//}m
41



aﬁe{m s Zaken in e Wfij""} ﬁl/m(;/ @mﬂ an ffm’l/ﬁ;&ma o —J/ﬂ/(p/ =%
Sy, Sec.14 on Lec2S "o A=Endy,, (©B8,)TL 3
/ﬂaa/u[e_ é . /s (jr@éo/ So £ en a/o/m??A/jm d%{&g)’q, A 4674{/'/(,5 ] J/Ra//g.
We clrim that ko['(f-j/mw/) s idontified w. W, (W)
Lt A :jiyﬂrOJ' dente 4o Cﬂijo?; oF /&)’g’epf/ye ofjects in ﬂjrmo/_
(@’ fe A"ero(, /ﬂi’;a/'ed[/l/e as /4~Moo/w/65). Eye}} Zﬂo/fcom/ﬁojojé n /4;77»'7
/s /ho/ecom/m;e/g b /}pr?/'/ conversed, ey 4h/ecom/aofd£ (n 4—/}'?/'
almits a wiipun j/ze o//'»g @/0 t SHH ond /somoﬂim).
Nite tht SMod :—/94}7}/’0}’7 via. B t= Fom (i@_gw,é)
( ). So 1(0[4:717)’?) = K (SMA) - F,(W) (see (v) in Sec 74
of Lec 26')
The Groups K (A ﬁi}oroJ) LK /Ayrmo/) have nedoral L0 modid
strudtues Wb SHUU han a /owéa{ jprirny
:(D(Ajrlo}’ej)x K (/4:7%00/) — Z[v*]  ([P][MI) = [/%'”4 (B4)],
whoe Ao 1 s 15 n C[C’(jrmaol)= Z[v*']

: _Séow %«/f ‘L%'S /M)’MJ, s Zv*] ~linear in 214 Zw/ dﬁmuaﬁz
Ma/ Z[Vf’]—xmzﬂwev /w.r.zl T) n z‘[e nd %umz‘

pec'ajl) Sees 1314 of Lec 26 Hat /(e[/f;j};or?j)-/gff%/) s
ép/wfi%'@/ w Zﬁ/h/) S KA 'j/ﬂloa! ) j/;{_s dentited w s semilmear doad
/m, can st Z‘/ch ahout s modik  as %//:/) ~jbs SO 4 Fee
2Lt modikle w. basis indexed o} W bk dectove that Yo dusd basis

vector of /7/,\,51(0(/4"(71;0}’9])’%”‘/) /s ’é/m/a'
5|



Exampﬁ Zf/’ff n=2 m ‘ffé /RS/: a/ zjﬂéco/'/fﬂam/&; 7 ,(a [ 4 ji/m’/)
~H (W) is H,Hrv. The diel basis of 2his iés H~viH,H . Tndecd,
</7£)/i~l/"’/7£>=<ﬁ/ﬂf/s7=/) </7§+|§ ,L/S— l/"/7’1>= v lyl=g

Lets exP@‘n P /7/’&564‘fm‘/on ‘L‘n/earmz/c zh‘fe//’prffdblz of /%QCM jrmoX )
under s idntification. A jwrd expectation s Yot all ‘ne” objects
in O% =5 A-mod  admit jrzza/mjs. T th offez‘ O guestion &5 in 0/2‘0117&0’
sehbts, Hon 1o co/rg%ona/m;; (jmo/m} s anlgue lgp To a sAfE andd lsompphirm)
It turns out ot H,e L/ofl’zeroa/) is e K-cless of 4(71’40/60[
Ao dkh ('omipa/m{}g, o VA/%-Q)GQ,X

A reason o s choie comes Fom 244 behowir of 2(4 Anctons
@5 Ox —>@y wo/ 'Lllur 3/’&0/&/ 5/2134 7{0 ﬂ—jﬂﬂoo( M Won'?,Z
elobovete. o 7,%5 , 2 ’s /’Miz /00/;'42[ 't 7%27f 7%/'5 640@ Works
mwﬁ A owr punposts,

Now we /w’oazz/ 4> an W/oyﬁw‘f result z‘»é 5’00(’7&( ‘L‘n/eag “hat
Can b used <> expluin A W c‘o(ﬁ/'ea‘u/e.

fact: The jmﬂ/m}, o A s /)oshzn/c mecning ot A. <0 Hv (<o anl
G- B

Nl Bk ander Hhese condbons e can chovse 5 prefored gy on
61/7 (e dlucible A- modidl.: (/'us{ /an‘ /L in d/ejra a

Eemmc: T tuns out , also a resutt of Socga/, Zhat one can estedls),

a 3r40/eo/ a{gdm :komoyu//}m betureen A anod ansther jf’ko/to/ a/jm(m,
6]



wilese {[e j/zzodné (s /mw/}é;{ 5 /oﬂ'five, 71 a{?dm 7 fuc:z‘[an s
tlo bxt-alyebrn Extyy (B L02) (o 4 alyebe stuctie on
LExt, see A3111 i Lisenbuds “Lommutate n/%mfm... " An 1somon-
phsm Endys (BPlN)) 2 bt (DL0)) & @ part of a bjyger
/Uic;fw’e ~ o Foseul a/u%'? ,see A Beilinson, U/ (ins (arj, W Soergel
/Z/g seud A/M'? /ﬂ/ffcmj n {?/efw‘faflon 'L%eo/gz,j T Amer. /%75/ Soc.
(199¢€), 0.2, 973- 527

14) Bolevens 4 K/ cafy‘eafwg
Let's explhin how o /osfz‘/m;», of jmaén;, (end e evistonce of
2 nee ”/“"*Z‘%J, on A —(jrmoﬂ{ |4 foylzﬂf//cs).

m KZ besis is c/ax/«dfriaeo/ 6 Fwe }’a/erfzes A’ee $oc. 17
G o p
of Lec 27), aﬁf/pag/ now we use V' instead of v
() C, et + ?}'-i_sobwza,_,][ H)=Hel+ zr"_gbmzm[ C,) ¥wel/
(i) C,=C, Y wel/
For exw/aﬁ, for N=2, we have é-‘/—é} C;—'/é_/;V'//{ ~Compase
o Ekam/vf wm Sec 73

/a)md‘z[/on [/’) ﬁ/ms aaZz {o be R/ou{ 1,[4 /ofllzivf?_ a/ —fé Jmaﬁzj,

Z@mmm So}n/aovce A i e /ao:;i[/vog, j}’a oo ;4'7/'7,[5 ﬂwﬂoﬂa/ ﬂﬁdm.
Zl/{ Z a/c an ('VVC&d(d/é 4— MaM w 445 0 /r?f /qéﬂfj}’mov/
__,t{c Such, Yot [ is s [//7/’7m rreducible. submodile. Tl W/Z)(~=0

Z



for all t20, e7uiva,&mf§, ) /V/é /s %éft/eo/ 51 (rveduce 64, A-mody-
les in ﬁfgaif[yc /%7/&25.

foof: Lot /VEJ-eroo( LA i€ o sud Yt /gm v Ve
a/cy A ~submoduts in N, is also an A-sbmodu . (e A -0 for <o),
B Sollows et /(V/ =0 ¥ jr0 and, snce A5 semismpte, Het M=L.
This is equiveboat o Y clhin of He Lomme. o

We @/9 His observation as follows. Taxe L € Iv(A) in aé(j 0
£hat Coi’/es/nona/s %o Ll 1) eI (OF) Take M 4o be 2 jmo/ep(
moduts. it cor/tgpanoé Zo Ul ). As aa 0%/»1:27, Modoul., s
Lnjque L}’Vw/ua'{ G4 Su éﬂfoM is L. S s albo rs wz/?w. j/’@é/
Submody lup o a Shift). We can sht e jnaa/m} on M andd as5ume
et L 15 “/"’J 0 s th higug (rreducibt submodus. Then Lemma says
Lhet in K (A ’j)’h'loo[ ) we have 5535565 of (rrps i A{GjO

[M1e LLT+ v Span,,  (127])

Ths s (7)

Now we pro ceed 4o (i) Ths tequives e exeminton of a{wﬁ‘tzj. We
nite Gt if M s an A-modids, M* s an A modeetle. Tf M s (?VQO/QU/,
M:l_e@z ., e, M[* Is (jmo{eo/ : (M *)‘.::(/1//_1.)* (so tht e /a,[yin} map

MOMY — C  fas o/e(jree 0)_ So we jmf 2 contravanant efw'l/a/fuqc&

A -jrmoo/ —s A7 3rmoa( & we houe a j/aaéo/ a/j&{m /J‘OMD///UM, sy
jaA é/’ofp we jVLZ & Contraveriant setf- €7a:'va/&«c¢ NO/ /427%00(
(MM 1w action twsted 4y F) to be dnoted § T,

g1



: [@;J [o[A’jVMOo{) —*/(o(/fjrrnoo/) is Z[u*’]demiﬁ‘nea/

(wrt. vr)

Jﬁ? Swi/_s an irreductle in a/ej 0 % an imedacible in a/ej a Mow Sygpole
that JD? Dxes 2l Wps. T e basis (1T of /(o[/d-jrmoo/ ) is fned
by [5,1

Ledos f_z’/éjn Yow fé i@z‘/‘/?' wtion A — A” wones. bo have A=
EM/IQ ( fw 5 w)r:,op W/m E: CZ] *] CO_W 7Zis reatization (j/mj an
identh cation A <> A7 of yedey @{?&é}’as, brst of all , note
that A7 Lad, (@ B]), whoe BY is tinl grucol modid.
Mor 4o /'o/wz(h{} A w A7 s {ﬂﬁ% 4 esteblsh aj/eo/eg/
P-modid. L'Som%n//w _gm ~ ﬁw’*_ The camz;oo/m//}g Guivetence ﬁ?
is fored 45 A each dbr O cweduibll A-modids (- )

To Show Hhet ﬁwﬁﬁj we can aoue as follows

Lemma: We hoe j/’@aéo/ B moduntl ZSo/fmlyﬂ//W’ _@Ewg@f

Bodf: Tt:s 6/704(54 porove Yot Howe's 2 non a/:;om/azk J(}Um;w/‘f/’/c
6r0neay yérm [.-) on _éS_ W /{//5 {7/&/0(5 a vector Spece /Jomowflm
ﬁwf—’a_g_é-:> st (6 4)=(6r4) (s conditron implaes that He ssomor-
/Olzsm ééwéég: /s f—ﬁnmx?} wnd e ﬂ/ejfee of (5] 15 0 (50 Yot
é—§w “:’ﬁjf 5 jfﬂ%ﬁo{ A prove e existenee of 2 fom we can argue
éﬂo&mfc'w%,: supose M € E- j”'””/ hes 2 aé(j/a 9 K-imenant symmetre
btonear Form //211 We a/w[/u Aygrm (>-) on f@zs/f a5 follows.
Gaall, Section 11 of loc 25, thit 8y, M= LOMSSOM. W e

I



() on £8psM /J S’%lzz/rfg:
(4.0m, 1,6m’) = (h®m hOm’)=0
(1,0m, hsom’)= (hom, 1.8m)= (yn'),.
Frs an to check Yot () has /eiﬂl;’ea/ /)b/oe/z‘/es_ a

. e é;g_w’—‘—’,g_s,: wnd Theorem in $Sec 12 of Lec 26
(end t frll - Scumidt theorem) o chece Dt B, éj:

Lonclusion:

So, Wwe 494/5. G/eckeo/ ﬁé /}’gaerzz/es () and (i), 7115 5/014/; z%d wnoler
He (dntification of /4 /Ajmw/ ) —> 7-/,,/11/) whve 4. jma@/ A-
modits C’DWe,;ﬂohﬂ//iy, +o [7(14/-)\“)6@] (s seal G H, Ao clesses
s 04(3 O inveducibl modudy are He KU basis iy e pomatizaton
2hbove. T prove bhs we wad to prow Yot A i /oﬂ'/zwﬁ jnz/eo/
wnod Hoerss an /SOMo///I//J)v ¢: A — AP of jﬁeﬂ/eo( alyohms st
f/a /@Suﬂm) fOMf/MU/M'é S&g/ 'qu/'l/a[wzz JD? 07[’ //-/Imo/ ﬂm
ezcd irveduil.



