(ep}’ejwlz«z‘/oﬂs of «3{ [and reloted Zje a,éqa%:) , /%w?f 2
0) Introduction
1) ,@afﬂim’ fion.
2) /?D/eklzjej_

4) This afterlile boctmwe is a corfmueton of Lecture 745 (e Het
29 =745 ~Z), Ty Yt lectwe e were a/eaﬁ? w crtain Cafteyoolf/c_r
- /C'J' ff'@ﬂj&,”/ﬂoo/)/ see Sec ! 07[) Lectwe S, We have
Aiscussed Yt an adbon af C\S?{ on C shudd inclosle exact
fﬁc/o/aﬂ/for; é; F f — £ Mo/ R 0écom/00f/'z//p}7 f = A@G S.‘f.
[El [F] o/f'ﬁ[/}w 'LZZL strud ave 07/ 2 h/&jﬂ /’?)’e.fw'fazf/on a/ C@{
(sec. Defon in Sec 17 of Lec 14.5 ) o A Con;oéxﬁ[/’cd/on of )
KZ).

However, Bis definiton is st /aa/z‘z'cu/faxg, wetid as /0}’01/1/65 very
oy Faols 2o )‘z[ua?, He %nﬂ(wﬁ ELF e ned move strdave. This
Sbuture 15 a bund of Sanctor my//ms‘

Leds cy)@a'n an Meoﬁgicq/ reason Br that. T a sentena: whit
ols s one Covel ca;fe}onwf stucture up compared 7 whet it acts
on. for arM/é , o a vector Jpace /azz‘ejar/cd bwel 0) we consider
2 2ton of an assodative M&mfm. A associative 1y can be {40741‘
of as a cu‘ejor} w. Sziyﬁ o{é};@‘ whose set of /w/m/um; s addsto-
M/g €7u1)0)oea/ w. an obelran S0P strudwe so Yt He Co/gym/ﬁon
#ap is bi-adolitve. So it (Q/‘ile&am«[ Level 1 _Zy_/ we want Zo

"‘ldﬂf m a c’q;ffcjo;g, what acdts Should be of cateqoniet towel L:
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have /imﬂ‘ s and Hedy /hop//ym.{
We /o%w I Chuen , £ fou?qier "Derived 5741[1/0/4”% 74 .ymm%%c
Jreups and S{ ~sz)fejor/'//cai£0n * L. Mith. 767 (2008)

7) ﬁe/fm’fmn
17) ,@V/S/’z//ng_ He fxw/ﬁ o ;7@ FS, -mod

(A [ be an 4{7&4@& closed Helo and « be an conant
Z1c[F. LA f=n§/:5h—/mo/. I Sec 12 of Lec H9S we heve
corsidered  endp fmctors c’::Z = ,,@(&S/:)')ou 5=59/Zna(,,:-)o( of €
% He construdtion, compare £o Lemme £9 in [FT11, f is
&tt tzc:/}'wnf % £, Atso, é e constructon, £, comes with a
aﬁ;ﬁ‘@mséca/ FLuntor em/mo////w: tor Me S, -mod ( s e),

J, acts on E M. Th action of J-ol on EM is Aitpotent.

We mlt need +two more properties.

Jemna 1: In e abwe nitation , éj/MC/’// is (n-)n)-stabls

ﬁ’m/f 7L a/ejmmdt afm Hlecke ﬂ,(j\mfr{ Hez) 7 acts on @:ﬂ"’z/ﬂ)
w X1=>d, X7, T () TZ {ywuﬁfm /ggzgmw/w/s 2
/L/ N e antnd. £ Fllows thatt arny Simuaneous e(fjwy)ece Sor
ose /00’9}70/11//%[5 (s stakty wnder any eloneat of Hl2) éw&wﬂn}
T o fmish t /rpa/ note that ESHM i3 such & j%ufe/fz.ea/
ELgenspace (it 60/925}:0}10/: Zo emfua;éc'n;, A, SJ/WW/‘L{)’/C /aﬁ/w}md:

in K, X ot He point [4<). O
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Zﬁ’/mﬂz 2 : /; (S 6':0/14079//(, 4 78 /‘90/% mjﬂzh’f o/ é:e

Boof- Nite that d@ £ = Twl, is rcxj/z‘ 40//27/'/7-5 %o «@ E, T
EF €
Show That E, is /'somo;/M/‘c ‘s Y, //jﬁ aaj’amzz of £, (s
5/704(/74 %o _3’404,‘/ 2(/42!
) 1/[2 /SDMO};M/M: //omjﬂ_/ ( EM ) = ’%WS,, (M FN) restrnots
to z%mS”_/ [l::(/‘/)/f/) R //omS” (M /;:/1/),

For 1%‘5 We a{ecm/oase FS, -mod  w.r? e fafem/&‘zeo/ 6/('76// gprces
Jor e action of U cortred su baloehr of y/mm‘rzc /oﬁ/xomm/k
o the elements I, 0 IS, -wod = B FS,-mod, , whoe e
Sb/mmall)oh ir taken over cmom/fﬂ/ ;— 7.(47045 a/ el men'ts a/ 27
wnd [FS,-mod, s Bo Pl s o/mszjo?t of 2l IS, -modutes, where
£05.,3) acts w 5/}374 ajam&c L), ¥ .y}ﬂ/tff/f)’/c_/doﬁﬁo-
/%/4//5 7/

+ « Show = sends ZFS,,-Moo/i( % S, -mod., whee
o s off‘famao/ 7}501@ A gu, /e/wl///?, oNne ay?# o/ < [ // X contains
Su% o ermise é; Sendls FS;,’/%OD/,( %o 0)‘

e Yok F, is GH adjont 4o £, 4o Shouw Yot 5
Sends [F_S,-,“moa/i(, % [FS,-mod ey where d” is obtaines! Pom o
@ 40/0/»7} 2 590;, of & B

o Deglace (%) and sk 14;/}’00/ O

1.2) Definitron of  an 4\50; ~action on €
Z&‘f £ be &S above: 'Lzé M/eﬂl Suym a/ cg;{?o)/a 0/ /Woa/u//é’s

—
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over fnite fmensionel %%/zs,

Definition: An adtion of S on € consists of:
Dote: () A /OW'V of exact eﬁa/o'/im.//zlar; é: F of €
(i) A divect sum a/fcaM/)assz/oh £ = % Co,
(i) é;mfomw;ﬂ/sm; Xe End (E)] Tebnd (E7),
(iv) A Hyed /50/17070//}/'4 betwern [ and 2 2 ﬂogb/nz‘ of zf:
Le. zzo(/funyf/on wnit & id = FE and count pEF @/'o/,
tot satifies Yo Sollowmy
Asxioms: (T) F i Somelp he 1o o Njh( ﬂi//amz‘ of E.
(1) 5/75/4/” 6440/0#70//’04/1)%5 /// ’/X} T e é;fo//Ez) /h//lu‘e
M ats /} X on He Frst aﬂj&’cu‘)@n of € and 1N acts on H
Secoho[)\ 7Z7 Jazfzsé fZL Vo/e]f/om a/ WKZ)[W
T(H1)="(1X)T+1
(@) 3 welf st KN« & bnd (EM) 15 méafe«z/,—é///éf.
() Tl gaemz‘m [£3LFT & Ao divek sum A/ecom/na:fz‘/on
k(€)= g—? £(E,) amne e strdwe of Weﬁélz Kpresentation
of Lgé/ - Moreoves 2his Vepreseatation is inte va bt Mew/? lhat

Y wek(e) 3 Jtd)eZ, st (F1%- te3v-0

: Show Yot Ye assignmen A {_;ZJ)( {%]J, (<1.,d, ?j-_f—?
MTM /&)4}185 an djd)’& 40}1/0}%0);041'5;44

oA WP — Gl (E°)
By all do /com/oa/e'éo Ho solution £ Pol 5 in in/3)
7



&Mpér br erch se 7 1 CF we have an acton of 3[ on
£ = ”@ FSy-mod with Ho fonctors being £, . The dect sum
A/ecampasfﬁm L= @Q was intoduccd in Section 131 of Lec 745,
Elonent Xe Exd/. E) is as filllows. (h Me S mod | itss defined /;,
/fq=ad/o}7 of J A M Smiﬁyﬁof,,, [ €bad( [::(z) comes Hom e
2clion o/ /ﬂ-//h)\ 72/‘ /Somw?o/ffm Mh/an /5 and! {4 JQ// Q(A//'o/m‘ 078
£, was discussed in He %71)4%!}1} of Sec 17 of His tecture.

Lets c’,yéu'n wfy e axioms hold  For W), Y cloin about te
h/aj/z‘ /?)ZSM’LLA’J[/M wes checeed i Leckwe M5, Section 13
I He construchon we have establshed an ,s’[ ~Unear ?a[maga//‘w
?ﬁ”@ Ko(ﬂ'—é;—/uoa/). s ay ‘o chece 4@‘ 7 g{-
action on F is /mﬁfjm/g/e-

(1) is Lemma Z in Sec. 11 (I) /o//ows %’om relations
between T, , d,, (14-1] estallished in Lemma 41, [PT1]. ()
follows Bom He constrution of X

13) Actions of ober Lie ﬂ/{j&?{ﬂl&

Let g:;@l\[;’ z'/ Mzw/:?a Zg—-é[; Z/ chow F-0. The Former a{je/{—
Ve wes discussed o1 Section 31 of Lecture 20 The bitte a%%r«
(s an 4)176'/1/‘{‘6 version a/ ;@Z 5 #  consists of all matrces /’”ﬂ' )[/.(/- 7
st ﬂhfﬁf 74”/121&% mw? /445/ s ave Honeero £ 5? m;=0. Tts &
bac- /%oé %w’m co/'m;baﬂa/m; A %hﬁm A//'AJVW , whose Nodes
we T and we have an Céa betneen c'éfJ' #H /t’:j/# Nt Gt 1

5&% cases 7.44 ﬂoa/:.r o/ {A %ma’n M}zjﬂw) ave n a netuvel
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{ij‘eaf/on w. 2Z-1cl
ZM”S Z//a/a,a? R /&//m{)on a/ a \‘7 ~acton on ﬁ ﬁ clos %hzj
He definition in Sec 17 e nad o Vfo/zzcc () with He Aecom-
/DOS/fzon £ = @ z o.//m A is 4 we«jH lattic a/g
Avioms (I ) ano( [I) are as betore. Avom (77) now Says Zhet
ﬂ/%ajmvw&ées of /1/ we i Z1(<F) Thn we can aécwx;goje £ES
into e divect sum 0/ 61 en- SpRLes /gﬂ) /6r Tk m.rﬁ;zmnf
M f—P/EM)o( [s 2 74}70‘50)*( ) S0 we gef qumyﬁ/ £-C—=C.
AY Lese finctors are exeit end £ - x@ 15
% 4 A%unyfw}? in (T), we hove an (otntification End(F)=>
L ()P So we can consider X as am maémayﬂ//‘f}n of F £ use it
%o A/ezom/aose Fas @E,

/:: is @[ZZ ﬂaj-a/’n‘f % 6;4

//ﬁxf axiom (V) needs 4o do /f/{?z(eo/ witf e eondton Gt
[EJLEIE KE)- 69 K (6, equp K(E) with He stucture
0/ A W&jéf 3] "}’%I%anfﬂ/f/on /%/fot/er we /’f;mrc {/u{ -{4 /?1)’656}1
totion is Mft;jm/fﬁ, Y& vek(C) I mr»o st [Ej V=
=[F]"=0

. E (s /)‘D)m//a//c z’o % // ﬁ 4.0/ mnf o/ é;
A f)’efcrns ‘5(«. aércﬂz Sunmwo/

“‘l - T /ﬂﬂh/mar/ A/Mfzz, /M/;nc 2 Cth’ﬁol’lﬁ@Z ation o/ CS’{
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on 2 o(/ ‘%, zmaﬁas 07/ )( (n 670//5) Tm EMOZ(E 2)
He ZSpr;;ﬂéism [meu and Ao GHE Q‘//amf of E and ﬁ//u/ﬁ
£, oéCom/th) tion = m@z g, , whoe L, s Ao 4 /eaf sum of

oll f st 4 /“"”7 of 1 A ﬂnyﬁ yoct mrrf)?om//?z{a

o (s M.

Exwpé 1. £ = @17:5 ~-mod 5 4 Cﬁ]ftfjafcmj - /,?m:&;z‘u’/m
w [ o= ”@,&Sﬂ), F @_Zno/,,'j Ie oz%//o/cces of dute are 2
L E,t’am/oﬁ in Sec 127.

T twns ot thet k'/f) (s 74 irveducible /(/jﬁnl A/éﬁ/f
/’e//esen%uf)on ) Jéejz[ h/&({j/f 4 . The 4 ;n/tﬂ( h/e«ja/zz SpRLL IS

K ([FS Mw()

&m t 7 lonsider He cu‘go? O S é/ (A A/e(ffh‘: wre Now [
2" c j where f c g[/ is 36U A Suo/RW/a of ?jﬂm/ meiyres)
Detme endoptunctors E=V ®- - Ve- of P amd maémoya/)sm
K=brd(E) | He 4ensor ésmw fom el S in AW 3, and T €
End (E7) /mﬂu’ff: e tonsor tactors Y Ths is = ot o
A caifgorical S [ -2 tion. % h/ajétz Aécohyyoﬂ Yon of O i as
Sllows. Lt A= IGZZ@J i O is He infinitesimed, $lock of
A Werme  moduts i, 4///”1( Wﬁ{(}/fﬂf whwe:

‘/b//\ s ay n-y /04 whoe e emﬁ;z ( occurs a; Bmes

- (11 1-2 .., 40).

We B /ﬁé/ﬂlﬂﬁ /(/6)) w. [fz)mh//u@ cZ i anz{g/J/
7]



crl /¢re5mf¢/on of SL. . il His ideytificaton [ 2 9‘1-,0)7
for}’c,ygoﬂ/s £ A LenSor  monomis L. 5‘1,@.“@9,,” ,Wle/c/—‘j‘gr., )
and we write €. € S Yo trutolosical bass element of €7
i I = J

/0 0486! 1%, AXloms (S R MZMM;/J 414/ 1t /M/'zza z[}fi)/m,f

/Kajeo/ on /ny//ws 2 and 5 0/ ///'/37

Fomeres: 1) Tn 4, Q/Méﬂ/ll/oﬂ i a Ca:fcjor/cal G-represen Celion one
cen repthe Yo /fjwcfzw‘c 2ffine Hecre ﬂémfm veleions w. the
je/mine aflime Hecre a/é(//m /’a/zz;t‘/aﬁj (or some g-€€ F* in atiom T

An Cmm/oﬁ o a (@Jf?pﬂcd &’4 ~action is on ”% 772 (S, )-mod,
Whoe K is 2 pﬁmiz‘z%: Y oot of 1

Z ) Ohe  can detme a. noton o a M/fedtarica// ﬁfﬁ’f/@Sﬁﬂﬁbf{bﬂ Hr
an belf/ﬂg ﬁzc,/%,g% A/jf’///a f_’] 5&2‘ one needs o Yeplace 7_‘4
[aéjme/vfe) aftme. Hecee alyetras [ thet suwe ver, classicel) wit]
He so clled KLP (Ehovansy-Lands —/@afmr) Mjf/{w constructed
wm LP1. K EOM7uier ”Z*l/a(o/%oo/oi a,éqm/m: Y arNiv: 0812.5023 g
[KL):M. Ehovanar, A Lawde *A dia g rammazic .@o/a/ma/ % qu?ar/%bd/on
4 7wm’fhm j}’m/_c " Trans. Mmer Meth. Soc. 563 (Zot1) .;vec//;'(ajﬁ
Hr the cat fjoﬁ/&’m]‘ lon pupre.

2) Fupaties
Hee e &t’/ﬂ/ojn Some. £a3, % stede /fa/oe/z‘/e: of a cottesoricel

LQZ: g sentatons in €. for more, MDZ/O(M} 2 construction of
S



o/cV/'ch/ elf- e7w'wv&ﬂce o/ C %’om ﬁ{c S{ -2ctpy See 'f/a f/acmj;
/waw'fr /4/%@ [ CP]_ T /arao/s a/ad% use 1‘4 ///resem-éaz‘/on
f/l/eo@ of [A/fjeﬁafajfe) affme Hecee @fjoﬁms,

2.1) SW/J& Subs & iUDLZ/MZZS.

The /oﬁawmj_ is H/o/om//m 520 in [(P] T# (W/oﬁ‘cs Theorem
615 m [PT1]

ﬁeorem: led C b f;a;b/aao/ w an aton of &L accorn/mi £ Hhe
o/%[[ni{)on in Sec 12 Lt LeIn(€). Thn EL hes e am'fac (rre-
duible su o’ﬂé‘erff anid Lo lhigus (e Huci b8 /oz/yf/em‘, znd 7.4? e
z'Somw’pﬁzc‘

The seme holdls for E2 - in falt 7%2,«5 Do Amctors ave (nter
bl

2.7) /az‘fjoriﬁcvf/an of [el] =),
We know Ghot  LEILFI-[FILET= D on K (E) Ths it o
a KW&/ ﬂ/ cvfﬁjm’/es as /aﬂau/s, [C/QJ) _Seaz(mn S5

ﬂearem: /l/t Jowe 4. /é/%wg Z:omofa//’w; a/ endy 'ﬁﬂ&‘ﬁw o/
f;l:

EF ~FEo il® 120

EFeil® =~ FE i A<



2.3) Minimef taf?orz‘/icu‘/om,
k (7 a minimef, (\‘3{ -cd?or/%bwbﬂ We Mean a msz(j a/’d»l E w
an action 0/3{ st
£ (€) is a fnite dmensimd irveslucible S ~representation.
< for s //j/cﬂz h/ejéf A, 4 = /2% 4

ﬂe /wf/ow»% U a Lohsequtnce 07/ [ CP J/ Pfa/yaS/'f(bﬂ 576
I‘f I5 ay MQ/DJ_ a/ 7,% o/am%caf/om a/ /m;ﬁ: ﬂ{meﬂS/b/]A/ t'//caé/cilﬁ

,gél - [/)4’7)5-

Theorem: Minimal fdcjon%caj/om we classified é “heir /(/j/cnz
h/a(ijkf;.

One. can constmct  Be minimal caz‘ejar/%mz‘/aﬂ, ECN) w /ﬁ’n/e;f
weieht A o Severnd eguivalent wiys. for exmfoé,

E0) = @ HY((66c)-mod,
where [} /2 397 is e Grassmanion of k- dmensionl fu/yacﬁ tn
f.'}\

A drect Mb/oj a/ Theorem #ov jmcm/ Lac- //oooéj/ 4,@96’;’4;
wes estekl shed {} /go@akzr in [P1, Section S 1.2 bor exempts,
o zfylae A L Mjfy{ms K o minimes Mﬁom/}‘m;f/on; anse Fom
e /’gdfaenz‘ailf/on Mifc;or)a a/ %yfoa‘wm ? /aéjenc/uft) Hecre ﬁljf/{/aﬁ
?[FS,,MW/ is an exampth.
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