
 Representations of34landrelatedLiealgebras part 2
e Introduction

1 Definition
2 Properties

e Thisafterlife lecture is a continuation ofLecture78.5notethat
29 145.2 In that lecture we were dealing w certain categories
e leg E FSnmod see Sect of Lecture14.5 Wehave
discussed that an action of SE en e shouldinclude exact
endefuncters E F e e and a decomposition e Ae st
LET IF define the structure of a weight representation ofad
see Detn in Sec 1.2 ofLec 14.5 on thecomplexificationof
Kele

However this definition isnotparticularly useful as itprovides very
few teds to study the functors E F Weneedmore structure This
structure is a bunch offunctormorphisms
Let's explain an ideologicalreasonfor that In asentencewhat

acts is one level categoricalstructureup comparedtowhat itacts
on For example on a vectorspace categorical level e we consider

an action of an associativealgebra An associative ring can bethought
of as a category w singleobject whose set of morphisms is

additionallyequipped w an abeliangroupstructure so that the composition

map is biadditive So it's categoricallevel 1 If wewantto

pact
on a category whatacts should be of categenial level 2



have functors and their morphisms
Wefollow J Chuang R Rouquier Derivedequivalences forsymmetric

groups and84categorification AnnMath 167 20081

1 Definition
1 1 Revisiting the example of A FSnmed
Let Fbe an algebraically closedfield and a be an element in
TLPCF Let e fSnmed In Sec 1.3 ofLee 18.5 we have
considered endefunctors Eg QResh F Indio of e

By the construction compare to Lemma 6.0 in RTM Fa is
left adjoint to EL Alsobythe construction E comeswith a
distinguished functor endomorphism for Me FSnmed Ge
In acts on E M Theaction of In d en Eam isnilpotent
We will need two more properties

Lemma 1 In the abovenotation EIMCM is n intstable

Proof The degenerateaffine Hecke algebra 71127 acts on Resn M

W X In X 4 In T t n in Thesymmetricpolynomials in
X X are central It follows that any simultaneouseigenspace for
thesepolynomials is stable under anyelementof 7121including
T Tofinish theproofnote that EM is such ageneralized

eigenspace it corresponds to evaluating the symmetricpolynomials

gin Y
X at thepoint 12,2 D

2



Lemma2 Fa is isomorphic to therightadjoint ofEa

Proof Notethat E F Indi is rightadjoint to eg.Ea To
show that Fa is isomorphic to therightadjoint of E it's
enough to show that
A the isomorphismHoms EM N I Homs M FN restricts

to Homs E M N a Homs MFan
Forthis we decompose FSnmed w r t thegeneralizedeigenspaces

fortheaction of the centralsubalgebra of symmetricpolynomials
in theelements J Jn 5Sumeds IS mode wherethe
summation is taken over unordered Ttuples of elements of I I
and FS med is the full subcategory of all 5Snmoduleswhere

flt Jn acts w single eigenvalue f s A symmetric
polynomialsf

Exercise Show E sends IS med te FSn meds where

I isobtainedfrom 2 by removing one copy of2 if I contains
suchotherwise E sends FSumed te o

Use that Fa is left adjoint te E to showthat Fa
sends FSn mode to FSnmeds where d isobtainedfrom

by adding a copy of2
Deduce xt andfinishtheproof D

12 Definition of an al action on e
Let e be as above thedirect sum ofcategories ofmodules

I



ever finite dimensional algebras

Definition An action of3k en e consists of
Data lil Apairofexact endofuncters E F of e

inA directsum decomposition e Ee em
HiiEndomorphisms XeEndE TEEnd E
in A fixedisomorphism between Fandthe left adjointofE

i.e adjunction unit e id FE and counit z EF id
that satisfies the following

Axioms I F is isomorphic to therightadjoint of E
I Consider endomorphisms Xl Ax Te End E where

XP acts by X on the first applicationof E and IXacts onthe
second Theysatisfy the relations of 7 2 PP

TXP ANT P
11111 I LEF s t Xu LeEndEM isnilpotent Mel
Iv The operators EJ LF thedirectsumdecomposition

Kele QKalem give thestructure of a weight representation
of34 Moreover this representation is integrablemeaningthat
I ve ko e I Lfd e74 s t FI us CEI use

Exercise Show that the assignment At t.it It i t d Tj
gift1,1

defines an algebra homomorphism

7 LIPP EndEd

for
all die compareto thesolution to Prob5 inHw3



Example foreach de 7 I c F we have anactionof31 en
e if FSnmodwith thefunctorsbeingEa E Thedirectsum
decomposition E em was introducedin Section 7.3.1 ofLee94.5
Element XeEnd E is as follows On Me 5Snmed it'sdefinedby
X action of J of14 Similarly T EEndEg comesfromthe
action of In 1 n The isomorphism between Faandthe leftadjointet
Ea was discussed in the beginningof Sect 1 ofthislecture
Let's explainwhy the axioms held For N theclaimaboutthe

weightrepresentation was checked in Lecture16.5 Section 1.3

In the construction we have established an 34linearepimorphism
5 E kolasmod It's an exercise to checkthatthe34
action on F is integrable

I is Lemma 2 in Sec TP I fellows from relations
between Jn Jn nh i established in Lemme 4P RTA II

followsfrom the construction of X

13 Actions of other Lie algebras
Let g Ip if char f p g 31 if charf e Theformeralgebrawas discussedin Section 3.1 ofLecture 20 The latteralgebra
is an infinite version of8h it consists of all matrices Imijlijez
s t only finitely many Mig's are montero EnMii o It's a
Kae Moody algebra corresponding to theDynkindiagram whosenodes

are K and we have an edge between iz jiff light Notethat in

goth cases
the nodes of theDynkin diagram are in a natural



bijection w TLA CF
Let's explain s definition of a g action one It closelyfollows
the definition in Sec 1.2 Weneed to replace ii withthedecem

position e Petey where A is theweight lattice of g
Axioms I and 111 are as before Axiom II now says that

all eigenvalues of X are in 7 1 CF Then we can decompose EM
intothedirectsum of eigenspaces EM forXu Theassignment
M H EMI is a functor exercise so weget a functor E e e
All thesefunctors are exactand E f Ea
By the adjunction in I we have an identification End F I

End E P So we can consider X as an endomorphism of FQuse it
to decompose F as QFa

Exercise F is left adjoint to Es

Next axiom in needs to be replacedwiththecondition that
LED FD Kale peak ex equip Kale with thestructure
of a weight g representation Moreover we require thattherepresentationis integrable H R veKale I m o s t CE mv
Famv e

Exercise o Fa is isomorphic to theright adjoint ofEa
T preserves thedirect summand EIEE
Thefollowing data define a categoricalactionof34

I



on E Ea Fa the images of X in EndEa T in End Ej
the isomorphism between E andthe left adjointof E andfinally
the decomposition e mtgem where em is thedirect sum of
all ex s t thepairing of 7 w thesimple reet correspondingto
2 is M

Example 1 E ng5Snmed is a categoricalof representation
w E E Resin F ngIndi Theotherpieces ofdata are as
in Example in Sec 1.2

It turns out that Kale is the irreduciblehighestweight
representation of highest weight w The highestweightspace is
K FS mod

Example2 Consider the category O foroh theweightsare now in
TL CB't whereGogh is still thesubalgebra ofdiagonalmatrices
Define endfunctors E VQ F V of O andendomorphisms
X EndE thetensor Casimir from Pret S in HW3 and Te
End E permutes the tensor factors V This is apart of
a categorical 31 action The weight decomposition ofO is as

follows Let D Exhiwi The O is the infinitesimal block of
the Verma module w highest weight g p where
fly is an a tuplewhere theentry i occurs ai times

e pi n d h 2 1,0
We then identify K d w 1109where E is a tautologi



Cal representation of 31 Underthis identification olg p
corresponds to the tensormonomial egg agun wherejusfungun
and we write ej jell for thetautological basis element of e
Tocheck the axioms is a meaningful andnotquite trivial
exercise basedonproblems 2 and 5 ofHW3

Remarks A Inthedefinition of a categoricalof representation one
can replace the degenerate affine Heckealgebrarelations w the

genuine affine Heckealgebrarelations forsomeg Ref in axiom II
Anexample of a categorical ateaction is on f HIS med

where k is aprimitive lth root of 1

2 One can define a notion of a categorical g representation for
an arbitrary KacMoody algebra g But one needs to replacethe

degenerate affine Hecke algebras that are veryclassical with
the so called KIR IKhevanovLanda Reuquier algebrasconstructed
in RT RRougier 2 KacMoodyalgebras arXiv0812.5023
KLIM Khovanov A Lauda A diagrammaticapproach to categorification
ofquantumgroups TransAmerMath Soc 363 20111 specifically
for the categerificationpurpose

2 Properties

Here we explain some easy to state properties of a categorical

path representations
in E For more including a construction of



derivedselfequivalence of e from the34action see the Chuang
Rouguierpaper LCR Thepreets crucially use therepresentation
theory of degenerate affine Hecke algebras

2.0 Simple subs quotients
Thefollowing is Preposition 5 20 in CRI It implies Theorem

6.15 in RT13

Theorem Let e be equipped w an action of84according tothe
definition in Sec 1.2 Let Le Irr e Then EL has theunique

irreduciblesubobjectandtheunique irreduciblequotient andthey are
isomorphic

The sameholds for FL infact thesetwo functors are inter
changeble

22 Categerification of Left h
We know that E LF FILE X on Kelly This lifts to

a level of categories as fellows CR Section 5.5

Theorem We have the following isomorphisms of endefunctorsof
ex

EF FE O id if I e
Efe i20 s FE if Xso

I



23 Minimal categorifications

By a minimal34categerification we mean a category E w
an action of34 s t
Ketel is a finitedimensional irreducible34 representation
For its highestweight X G Veit

Thefollowing is a consequence of CR Preposition 5.26
It is an analog oftheclassification of finitedimensional irreducible

34irreps

Theorem Minimalcategerifications are classifiedby theirhighest
weights

One can construct theminimal categerification e X w highest

weight I inseveralequivalentways Forexample
ell It artist med

where Cr1kX is the Grassmanian of k dimensionalsubspaces in

Adirectanalog of Theorem forgeneral KacMoody algebras
was establishedby Rouquier in R Section 5.1.2 Forexample
for typeA Liealgebrasg

theminimalcategerifications arise from
the representation categories of cyclotomic degenerate Heckealgebras

qq.ESmod
is an example


