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2 Ring homomorphisms
3 Ideals

References mostly Section1,2 in Chapter 1 of AM examples

that are notpresentthere

BONUS Non commutative counterparts

a Introduction

Thegoal of the firstpartofthe course is to study
1 Rings theirhomomorphisms thislecture
2 Ideals
3 Modules theirhomomorphisms
Hereby studying we meangivingconstructions examples establishing

variousproperties It shouldbenotedthat theseactivitieswillbe
important throughout the course

1 Rings
1 1 Definition

Def A unital associative ring is a set A together

In
twomaps A A A addition multiplication sit



i A is an abeliangroup w.at inparticularOEA
ae An opposite aEA

ii multiplin is

associative ab c a 6c

distributive a 6 cactfc clatb catch 96
CEA

has unit automunique TEA s.t.la at a aeA

Def A is commutative if ab fa a.beA

In this course we will mostly consider commutativerings

12 Examples constructions

e A 0 1 0

1 Fields comm've rings
where

every ato has aninverse
eg Q R C Fp forprimep
2 A 72

3 Rings ofpolynomials A is a comm've ring
cantake eg A Q C or 7 etc
Alx polynomials E a areA finmany to

usualaddition multiplication ofpolynomials
moregeneral A x Xn polynomials Σ a

ai.m.intA canbe obtained byiterating preii constrin

9
example A4.127 A x x2



variation Laurentpolynomials A x Epix lareA fin
manynonzero

4 Products commive rings A A2
product AxA2 a.cz aie A w componentwise

eg 5 161,621 961 962

Def A subring of a ring A is asubsetBCA s.t
B is a subgroup w.it
a be B abe B
1 E B

Then B is aring itself
commutative if A is

Examples of subrings
ICAC RCC
A CA A 11 Xn AE Xn Alx A x

2 Ring homomorphisms

Def Let AB be rings Amap y A B is a ring
home

morphism if
i q g g g g g g y agg g a y s a geA
ii g t 1

Rem thezeromap A B satisfies i but not in
31



Examples constructions

d If BCA is a subring then the inclusion BGA is a hemom'm

1 A A2 Ai 5 1,2 I a G a is a homom'm

2 How to thinkabout homomims 9 A x in B

g Ply A B homomim 6 xi i t n b e B

Conversely from g A B 6 6 B uniquely recover P
P E.inai.int xii E g 2 6,4 6

3 Aringhomomim I B isunique bc 141 it'sgivenby
non 1

4 Compositions inverses g A B y B C homomorphisms

yoy A C is also a homomorphism

g A B a bijective homom'm y B A isalso
a homomim exercise Here we say that y is an isomorphism

Exer The image of a ring homomorphism is asubring

3 Ideals
A is acommie ring

T



I
3 1 Definition examples

Def An ideal in A is a subset IC A sit
i I is a subgroup of A w.r.tt and
ii ae A be I abe I

Examples constructions

e 03CA ACA are ideals

1 Let g A Bbe ring
homom'm Thenkery is an ideal e.g

AEA bakery y ab g a g 61 0 abekery

2 9 aneA Theidealgeneratedby a an isdefinedby
a an biail6 A Moregenerally let Xbe a set
a for xeX be elements of A Then the idealgeneratedby

the elements ax is a xeX taxi for kae to EX
finite Alinearcombinations of elits ax ax ex istheminimal
w.it c ideal containing all ax if ICA isideal w ax

alxeX I Theproof is left as an exercise

Definition An idealofthe form lap andforsome ne7haequiv
alxeX w X finite is called finitelygenerated An idealof
the form a is called principal

a



Rem In reasonable Noetherian rings all ideals are finitely
generated An example ofsuch a ring is F x Xn where F is a
field we'llprove a moregeneralresult Hilbertbasistheorem
a bit later in the course It's quite rare that all ideals are
principal We'll discuss themost important class of ringswhere
this holds principal idealdomains also later inthecourse

3 Every ideal in 7L or F1 3 where F is a field isprincipal

Rem For an ideal ICA theequality A is equivalent to
TE I Further if I contains an invertibleelementsay a
then 1 aa EI I A Inparticularanyfield F has
exactly 2ideals 03 F

Exercise to be used later Let A be a commutative

ring Suppose 03 A are the only 2ideals in Aandthey
are distinct Show A is a field

32 Quotient rings I C A ideal in a commutative ring
quotientgroup A I a I ae A

group
homen'm ST A A I JT a at I

Proposition e For a6eA theelement ab I A I depends

gonly
on a I 6 1 andnot an 96 themselves



1 The assignment a I 6 1 ab I
defines a commutative ring strive on A I w unit 1 1

2 IT A A I is a ring homomorphism moreover the

ring strive on A I is unique s t.IT is a ringhomomorphism

3 Universalpropertyfor A I QT
let g A B be a ring

homomim st Ickery Then
notationmeans there'sunique ring

homomim Al I B
st g fast
Equalities of homomorphisms like this are oftendepictedas
commutative diagrams The homomorphisms are depictedas arrows
and dashed arrows are usedfor homomorphisms whoseexistence
and uniqueness we seek to establish Forexample theclaimof
3 is representedby a commutative diagram as follows
A g

B
Proof of Proposition exercise

Exercise1 Show that yj's surective y is Furthershow
is injective very I

I



BONUS noncommutative counterpartspartP
Nonunital butcommutative rings are notparticularlyimportant
so wedo not considerthem But noncommutative unital rings
are ofgreat importance In thisbonus 2 subsequentones I'll
explain how various constructions in themainbodyofthelectures
work in the noncommutative setting

B1 Examples Below Astands for a assoc'veunital ring
1 Fix ne ko We can consider theringMatn A of non
matrices w coefficientsin A w usual matrix additionmultiplication
Exercise Identify Matm Mat A withMatan A

2 Noncommutativepolynomials
Let xa.tnbe variables By a noncommutativemonomial we

mean a word in thealphabet x xn They aremultipliedby
concatenation Thering Alg 47 ofnoncommutativepolynomials
consists of A linear combination of noncommutative monomials
w naturaladditionAmultiplication elementsofAcommute
with the X's

Exercise Give a description ofhomomorphisms Asx xp B

similarly to what was done in thelecture for the usual
polynomials
I



B2 Ideals in noncommutative rings
The multiplication is no longer commutative so wegetthree

versionsof ideals

Definition A lett ideal in A is a subset Ic A st
1 I is an abeliansubgroupof A wert
2 aeAbeI ab EI
Arightideal is a similarthing but in 2 we require

bae I
A twosidedideal is a subset that isboth left right

ideal

Exercise Let g A B be aringhomomorphism ThenKerry is
a two sided ideal

For a twosidedideal ICA canformthequotientring
A I It enjoysproperties analogous to PropositionfromSect3.2

Example of importance for Quantum Physics The first Weyl
algebra let F be afield Then we consider

Weyl F x
y xyyx 1up

sidedidealgeneratedby

xyyx.IE FCay

I



Premiumexercise Weyl has a F basis oforderedmonomials
Xy's i je7
Premium to betriedatyour own risk

I


