Lecture 1): Locelizetion [/ I//z‘ejm[ extensions T
1) Loced; zation of /m/w/eg aontd
Z) /que £ Zﬂfe(jmz dgaéms.

/@/: /-,4/14]) Sections 35 3451
/) /ocz’VZi zai0n a/ /ﬂﬁa/u/[es ant ’a/
10) Keminoler
Je Scld b a mwé‘tfc/bé'ca/f/u/e subset m o commutatve
ting, So thet we can Foom e localization ALS] LA M
be an A-MoM. /l/c /orm 'L[{c /[S"]'MaM
MLS ] [%/me/”lj se 5§
Tt comes w an A-Cimear map (M = M[S"] mis 2
7L /a,ir [MLS ¥ Cﬂ) ey the f&Z/an; universal //ﬂ/,m}:
for an ALS 1-modile N § N-lneor map 5: M —p/ 31 A[S]-
Cimear 5/-’ MS™] =N w 5’:5—0%) ,‘Z!,szuen {} 5(—?}1{5@)
In ﬁarf/c«/a/, %o pe //014:2 (M M) we can &ssien
pIS'I& Homype (B LSTIALST) by plSTI(E) =45
See Sec 22 in Lec O fov liAaits,
In this sechion we'll studly interaction of localization w. pemels,
ZMa5{5,7uplz/wa A& o[ira/f Sums, W%wé wmtd j/z/e us some Zopls to
co)npuff; (in some Sense) localizadions of modlulles,

11) Localizadion vs eemeds and /'majes.
ﬂur next Zase o Y relate Eer [5"_7] m [S”J Zo rer L im
7] ¥ ¥ s



/?’o/Oaszf/Oh: Led MN e A- Mo dutes &£ ;pé F/omA[/‘{/f/)
() ker [71[5 1) =(rer 7)[5'3
&) im(plS73) =(im y )[S7]

Foof: i) First we dhece ker(p[571) < (kery )[S™]
cer(p [570)= [ §eMIs T 0-¢L5 &) v e
ue S | é{;u[/a) =0& U éke)’yljz §[%’=~§—7 g[ker}ﬂ)[S"J.

Now (L’erju>[5"]= [Ts@/ ;a[m):ojc tﬁr[)u[S'ﬂ)/ fﬁmsn/m} (c)

(i) om /70[5"J)= / WLS"I(§ ) €2 §=(im p)s7] b

Coollon: Lt M b A-molid MM b cn A-suf modite.
ﬁw ‘L/ﬂ/m s 2 metuvel /4[5 o dolb, c';omo//n//f}n
(MM ST = MIS T[S
[Foof
417% /szoyflon % (/V/{’/”“”/Lf//{/: m f—>”7+/1’/./ 771:’/7
im (pLS7) =(imp)[S= (H/m) [S7D; peer (</J[S"]):
(eer y)[j’"]:/f/ 1S1= M1/ M T = (tm)[S7]

12) Locali zations vs dived sum
Let I be aset and M, (eT b Amodides so Hat we can
fom Lt dvedt sum BN
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Lemma: There's a naunal isomophsn DIHLSD = (GH)S7]
Froof:
Set M=@ M. lonsider te map 5: M = D (H:[5]),
(m)) > (), itrs A-lneer. By He aniversas property , ié Lfts
to e ALS]-lrear map §: M[S — D (K.[57), iy, (o)

* s /ly—wfn/e [5’[@%0@ %’-'?o ¥i) Lt _Z;-'/Z/M,-%Of
Ths is ﬂ]gﬁflzt Sufset a/I For el —Z-f’.=0<=7_§]al.55l
u:m;=0. Tare ”:‘e/z 4; So -é/q/z‘ Um; =0 ¥iel = %’Q=

+ 5 is juy‘fp‘i‘m (¥ [f? )él,@///;[f"]) = ()ems’ ). Led
Iy::[n’ef/%qéO? —76}7;'12{2 Se/’f. S€7L‘ S =‘_g Si, 57\;=(_6g{,}§')m;
so féa/{ ’?{Tf: —? ‘V ieI,. geitf /%5=0 /ar oc‘yfj; 7ZZn

;)
S

= (,;_”'_')7 SAOWZP)J ﬂ{ Su‘r/'ez/f/wé, a

Example: M=A%" S5 M[S"] = ALS 1% the localizction
of 2 o moduds is free.

13) A wey to co/M/aa-fe M[ST
ASSWM /’4 /s /ﬁmtze% /p)’egenléeo/ : 3 /4 @Qf» M L/ﬂf/ %n;'{eg jenerq-
feo/ kernel. fﬁoasm 9 genm?)fors [n Ker Ir j/yes a, Su(//'eﬂ‘/oh A °Z
ker Lene an A-Onecr /tm/ﬁ ;u Am’—?A@fw_ M—ﬁ’ﬂe%m/w,
one con View 2his zs a /i’esemfmflon oF MY jene/ceifbm £ rebotions.
___| By Sec 7.7} /"1[5'"] ~ AGL’[S"]/ZM ;U[S’"] 5\/51 gxemp& m Sec. 12
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AP = ALS ™1 So MESI=ALS™1 im @ LS7). S5 we seeel
bo compute yIS”]. foeald (Sec 32.of Lec2) Bhot e A% 0 A%
is  given by o matrx ¥ e Mty (A), SU’/”{/')-' it we view ef+ts
of /4@;/4@( a5 column vectws, Hen ;u(v)-—% Then

}V[SQ’]-' A[S"Jmﬁﬂfsﬂjgf (s jlven ga ‘f[e matnx /‘f;ﬂ)( ).

2) Finite and m,‘fjrd M(ﬁygﬂu.
In whit llows A is a commatetive s £ B is a commatative
Amjgo/m (2 1img w. fixed ﬁomamo;;wélm from A)

[Je Concgpts of fmite &Mffﬂl/ﬁl ﬂ—afédms ﬂwa/ velote o resutits )
jeﬂc’l’aﬁec % eoﬂcqﬂfs o/) #ﬂz’fc ¥4 Mgf/{mjc %&4/ extensions / ano/ /&[uft:o/
resulis). 7]7 we  mportent for Ag,yéfw'a Nhauber f/eor} as we witl
See in 51465€7u01‘é lectures.

2.1) Main A/wﬂ/m-éloﬂs,

Kecell (Sec 21 of foc 5) tht B is ﬁm’fe% jmewfco/ (25 an A-
ﬂé&g}’CO f 34.4¢eB /Jene/dors) st. #6eB 3 Fedlx, x,7|
b= F(5,.6,)

@6/[;4)1‘/0;9: We sy Hhat B i %ﬂ/{e over /| LA a
/mlzf/ﬁ jg/m”ufﬁ 4’/%0M.

In /Dcm‘/ij, finite @%»/'z‘fg je//em/feo/ buit nit vie versa

’__’/j[x:( Is ﬂnifcfg, 96//16/21‘60/ as an A—Q,qu[m but 15 not //m'{e,
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-:Dq%/floni Zezf g fe a commutative 4-4/;0{/&.
be B is /»n%u’a[ over A c'/ A mone (i- (o a/mj,

wetl = 1) £eAL) Fi) -0
. B s /ﬂfﬁ;m/ over /4 // —%{eg /S /ﬂfr{fjm/ [om 4).

! f;‘o B is Zm‘ejrd over Al cf C is leg/a/‘/deﬂ‘f of B
flw C s [ﬂfejm/ over /4

bom: T AcsB we con vew A as a Suérmé, of B Wt call B
an CK‘LLCMS/on o/ /4 Mo( 'éa/gt n/wf ﬂn/fc /éﬂ‘éejl’ﬂj exfcnszons,

7.2) EX@mpﬁis
/) Zﬁf A::L/} B::/ ée 7‘764/5 Here MJ /OMomol/’O/UM f?’om A is

llj/'edf)vc ,So L is a 75&// extension 0/ K. "/ is ﬁn/'fc over K s +he
usual notion Pom the study, of Pell extensions. And [ is mﬁym/
aer K /7[7[ ya: @Zj&é/ﬁjc over K: [/ le/ (}e/\/&:{ are S.T.
g[f)=0 (ie. Cis w%&émjc over K£) & 9- G,X 8 X't +R, w. 2, #0,
Hew st f- a,,-i}, its mome and setispes =0 So € is /m.‘?yd.

Z) Lt /Méﬁr&] be a Mmonic poémmm/. 7w X =xrtDe
B = AL/ is tutalgically intesmt /A Ao note fut €

(s /47/{: Wer/[S/anheO( é 17 b o/'=a{’j £)
Lolow we 'l see ﬁ/ﬁé £ i /n'éfjm,l ver ,4
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3) /%M -éxamlnﬁ: Led A be a domain A 3&)=4,,><"+_._+a0 whove Ry, 15
nit onvertibty Gut 2,#0). Tl X= x+()e B-= A/(;) is nott Mfejmf
over A: if helx] is e mome /D@MOMIQ/Z w. A[Z)=Q z‘n/w Ag m /1&])
which s /'M)ooSS/éfe-

2. 3) Finte vs (hzzfj}’@/_
/E)emmo/@r: fér /?&Za/ LXtensions . %n/{(_ <=>[ﬂ,§#/g/cu’cj 7%4/1‘«’/?/
jeﬂf/ﬂifeo/ /125 2 /?0&/ gx{wm)], 77;15 38/16/’0,&'%5 to //115,3.

Thw: Lot B b 4'%0&1, TFAE
() K is ém%j}%f andd %ﬂ/f@? jf/ft’/’wfco/ /—@%&/m.
() B 5 fwie A-algeha

77& /w’oo/ 0/ ﬂl} =/ 4 ) és ﬁseo/ Oh f/c ;%umy lemma, Wﬂ
Heit [7[ 4{ 5 an A- j&/m {/42 (s Mﬂ/—ﬂ,@f/&a/ ‘fén
A /3 QZSD an ﬂ-a/ 0{}’4_: /OV ’f/{a 40/140070/ /u’/n / 64 fake
2 ) 7

the Ca/;y/ﬂas/'f/an 4 — 4, —> A{z

Lemma 1 _gc}y/ﬂase A s Snite orer A £ A 15 fnite aver A,
T /4_2 Vds %m{e over /4

Proof: fowe 4,.,a.€4, &4,. 4ed st A = Span, (3,4, ), 4:
= 5}% (4,.,4,)
. RV 5/;% (4.6 14-1.,€ j=1.F) a



Notation: For on 4-&/9%}’& ng 4 beB we wite Al 4]
b o A —suo/ﬁ,é(/gm of B jgﬂera;feo/ po/xl é 4.

Broof of () =(): 5@} E s je/mrm‘co/ é, some elemunts 4. 6,
25 an A-%aém. We induck ont.

Bese: k=1: B is jeﬁom{ao/ /y 6 as 4-%%/@. 6 s /ﬂft’JVQ/Z over
/4, A /E 4&] be momc st 28)=0. T £he wnigug
A-alockrn homomonhsm A1 — B w xf facdors as
Al] —AL3)F) —B. S 4 gencrates B hove Alx1—=8 =
A/ ) —B 5; Example 2 bwe, A/ i fm j’m’/ A-modike
=B is pn jewo/ A- modiA.

S-égoi: E i jcwcrufeo/ g; 6. b, (k-1 rjﬂ.‘:) over [’/4[4]

/% mductive asSum/of/on) B is Puite over A Mow e afﬁ?’ Lemma
7 /1[0 /I,=A’I: A;B) %o 75;1/54 L /ai’oo% a

()= (z) wiltl be /)’oa/eo( in 4 et lecure.



