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1 Localization ofmodulescontid
1e Reminder

Let SCA be a multiplicative subset in a commutative

ring so that we can form the localization A 53 Let M
be an A module We form the ACS module

M 51 meM se 5
It comes w an A linearmap m M M 5 ma

Thepair MCS Cm has the following universalproperty
for an ACS module N A linearmap 3 M N A 5
linear 3 M S N w 3 Jolm it'sgivenby3 ᵗʰs m

In particular to ye them MMal we can assign

Y 5 Homasg M 5 M 513 by y 5 41st
See Sec 2.2 in Lec 0 for details
In this sectionwe'll study interaction of localization w kernels

images quotients direct sums which willgive us sometools to
compute in somesense localizations ofmodules

11 Localization vs kernels andimages

furnexttask is to relate Kery 5 im p s tokeryimy



Proposition Let M Nbe A modules yetlem MN
i Ker y 5 Kerry 5

ii im y
5 imy 5

Proof i First we check Kerly 5 c Kerry 5

Kerly 5
1 eM s a y 5 Ms 41st

ues upm um Ekery 11 1 Kerry 51
Now Kerry 5 y m o Kerly 5 finishing i

ii im y s YES B 491 imyCS

Corollary Let M be Amodule M CMbean Asubmodule
Then there's a natural A 5 module isomorphism

MIM S MLS M 5

Proof

ApplyProposition to 4 M MIM m m M Then

im y 5 imp 5 M M 5 Ker y S
Kerry S M 5 MLS M S MIM S

1 2 Localizations vsdirect sum
Let I be a set and Mi.ie I be Amodules so that we can

form the direct sum Mi

I



Lemma There's a natural isomorphism Mils Mi 5
Proof

Set M Mi Consider the map 3 M Mi S

Mi MI it's A linear By the universalproperty it lifts
to the ACS linearmap3 M 5 Mi 51 1m MI

3 is injective j Mst ofso i Let I film to
This is a finite subset of I For ie I MI o nieSI
him 0 Take us1,4 so that um so ie I 1m

so

3 is surjective Mf.IE I M 5 Msieims Let
I ie I Mst o finite set Set S si my jetting mi
so that Mf MI ie I Set Mio for it I Then
mist Mg showing the surjectivity

Example M A So M 5 A 5 1 the localization
of a freemodule isfree

13 Away to compute M 5
Assume M is finitelypresented At M withfinitelygeneratedkernel Choosinggenerators in Kerstgives a surjection At
Ker it hence an A linearmap y A Atew M A imy
one can view this as apresentation ofMbygenerators relations
BySec1.1 M 5 A 5 imy 5 byexample in Sec 1.2



5 A 5 SoMCS A 5 94my 5 So weneed

to compute y S Recall Sec3.2ofLec2 that y A A
is given by a matrix Y Matexe A 4 aig if we view elits
of A A e as column vectors thenyou7 4v Then
S ACS19 ACS isgivenbythematrix of exercise

2 Finiteandintegralalgebras
In what fellows A is a commutativering B is a commutative

Aalgebra a ringw fixedhomomorphismfromA
The concepts of finiteRintegual A algebras andrelatedresults

generalize theconceptsof finite algebraicfieldextensions andrelated
results They are importantfor Algebraic Numbertheory as we will
see insubsequentlectures

2 1 Maindefinitions
Recall Sec2.2ofLec5 that B is finitelygenerated as an A

algebra if 6 6nEB generators s t 6eB FeAlx Xn
6 Fb bn

Definition Wesay that B is finite over A if it is a
finitelygenerated Amodule

Inparticular finite finitelygeneratedbutnot vice versa

TAX is finitely generated as an Aalgebra but is not finite
4



Definition Let B be a commutative Aalgebra
beB is integral over A if monis i.e leading

coeff 1 feA 7167 0
B is integral over A if beB is integral overA

Exercise If B is integralover A C is aquotient of B
then C is integral over A

Rem If A B we can view A as a subringof B We call B
an extension of A and talk about finite integralextensions

2 2 Examples

1 Let A K B L befields Here any homomorphismfrom A is
injective so L is a fieldextensionof K L isfiniteover K is the
usual notionfrom the studyof fieldextensions AndL isintegral
over K iff L is algebraic over K if let geKlx are

s.t.glo i.e Cis algebraic over K g anx an x t the w ante
then set f aig it'smenicandsatisfies flete So l is integral

2 Let f x A x be amanicpolynomial Then x ̅ f E
B A x f is tautologically integral A Alsonote that B
is finite overA spanned by 1 x ̅ x ̅40for α degf
Below we'll see that B is integral over A

51



3 Nonexample Let A be a domain g x anx a where an is

not invertible but ante Then x ̅ f B A g isnotintegral
over A if heA x is a monicpolynomial w h x o then hig in A x
which is impossible

2 3 Finite vs integral
Reminder for fieldextensions finite algebraic finitely
generated as a fieldextension Thisgeneralizes to rings

Thm Let B be an A algebra TFAE
a B is integralandfinitelygeneratedAalgebra
6 B is finite A algebra

Theproof of a 16 is basedon thefollowing lemma Note
that if A is an A algebra A is an A algebra then
A
2 is also an Aalgebra for the homomorphism A A take
the composition A A A2

Lemma 1 Suppose A is finite over A A isfiniteoverA
Then A is finite over A

Proof Have a areA 6 beeA S.t A Spang G Ak Az
Spans 61mbe

Exercise A Spang ajbili 1 nl j 1 k



Notation For an A algebra B 6 6k B we write Alb 6,3
forthe A subalgebra of Bgeneratedby b br

Proofof la 161 say B
isgeneratedbysomeelements6 bi

as an Aalgebra We induct onk
Base K 1 B isgeneratedby6as Aalgebra 6 isintegral ever
A let fe A x bemonic set f 67 0 Then the unique
A algebra homomorphism A B W x 6 factors as
A A f B Since6generates B have A x B

A x fl B By Example2 above Ax f is fingen'dAmodule
B is fin genid A module

Step2 B isgenerated by 6 6 k oedits over A A16,3
By inductive assumption B is finite over A Now we applyLemma
1HeA A A B tofinishtheproof

6 a will beproved in thenext lecture


