Lecture 1 Finte £ /}/lfzjlfd extension of ymss, I
7) Finite and zhffjrd Mg%ﬂzs, contol
2) Inteerad chosure.
Ref [/4/1]/ Sections 51 5.3

7) Finite and Mffjrd M(ﬁ%ms.
Last time, we howe stated He /J/owz’n} Lheorem.

Thw: Let B o an 4'4,{/?%/4, TFAE
(2) B is c'm%jmf el %n/ffj? jeﬁ(%zfco/ /-%&/m.
(6) B 1s fnte over A

/./e'w, pym/eo( ()=>(6) £ our Pt tosk now s o Prove (5)=>
[k). 771,1 we p/r_o@ca Some com&'ams a/ 7_44; -E[eo/efw /aya%l ‘lfo
those in ’fZL case of Dedd extensions.

7.1) [&Keg—/l/ﬂ\M[ Chon @pa Lemma
This is Most essentiad c'n(jreﬁd'enl‘ n /Won'né (£) = ).

[ emma. Z&f M b a f%/zl&@,jwerd/fea/ 4-/7//00/%/ Tc 4
an idead, - M =M A-Cnear mep st //p//M)CI///. /hen
Heove (s foﬁ//olmwf Hre Alx] of He Lorm

(¥) /&)=X”+ ax" . +&, with a.eI* e

s£ // )=0
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/I?”oo/ /Vo’fe ‘L(/«/’L[ /W U/Djmo/es fa an /4[(] ~IW0M w. X M'? é,,
;ﬁ Hee jeﬂem/‘t‘or; meM We have cloments % €7,
=7._p s’f
(1) xXm; = Z a
form He martrix /l/‘rx —/Ai JeMet, (ALxT) ~ /X)) € Al ]
Note Het ) (s a /oﬁﬂaﬂﬁd /6«) sa7f15/ yng (%)
( : hint —use Yot b2 (X) = Z S(jh[(] [ Xieri) IX éguf).
Also note et od2(X) Mjg /[7) on /4 So /5 eﬂqu/ %
Show Hok  dAIX) acts § i/
Zf/f 7 s //77 -m,) vieweo! as @ column Vet 77m /f/m
o/ (7) Ko/m/o/er He  “aclioint” " matrix )( [X ) w Xg =
/)‘J Aot (He matrix obtained Hom X /07 remoying mw#z £ column # J>
sothet NN = (X) T Thow Vit=7 = dd ()= XN 77 =0 =>
(7) 7[7( Im.= oot (X)m =0 .
_gnca -, j/ﬁn z(,é /4 /ano/ ﬂ/wa, /4/)(]) Ma/wé /b/

/&) :‘7”7///0)/17»0[01‘//\/)/’7 o ¥ meM. Ths /n/f/ef Z%/Waﬂ/ |

Ae

Fem : (7 Meg— Homilton lomma in [ inear algr/m /s fZL heim hot
for o Bnte dimensional vector spac V £ 2 linesr gpevator Iz
V=V we have )([y? g, wheve X is 4l C%Maa‘ar/sf/C/a%no
mial. Tt:s /I/oVea/ Simi /M%, 2o Yo lemma above.

12) B’DD/ 07[ (6) @(&)Zef B e 4%)7/24: /4-4,{7.0/{}&, Tt /?}mée%,
_{enem;fe»( as an A *@%Jm b modile jc/ia’u‘orf ae aé//(m
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jeﬂmoﬂ. T remeins T Show “het ¥ el is zhvfgmj over A.
In Lemme we take M: =8 p: MM, mi>bm, 14 We concludy:
= monc /00%/10/”/4[7/&/4&] st 7//§p)=0=> 0=7P((f)1=//!)

= b /nfejm,( over A O

. Unoler Hle zzSSum/mf/ons of 77}%, if A i /Va%ln/cf/en,
Hen B is NbeZherian

72) /00563754@/45@ of Thm.
lontlary 19 T ) AT iz mome G ALI)H5) &
Mz‘ejm/Z over A
i) It B is an /f—a/geygm £ el & /nz‘ej/a[ wer A, Lhen
Al s z'ni%ral over A

Poof

/01’0[/&1(7 Z /’LZ}’MSMZ/V/‘? of /nz‘fjne/[ a/jggms): 17 £ is ay
sz,(j%m &hz‘ﬁmé owver A and C is a g-a,gfpfm_ (hfgm/
over 5, Z(/m C is an /nzzejm,f A-Mje/ém.

/f/a‘fe 7%«75 fé)s ca}’oﬂw’aﬁ 5\0/7@)’4//}565 ‘ffé 'f/aﬁf/z[)wig, 0/ ﬂz{?&{
yaic bHeld extensions. The /p}'oo/ is simiter 2o Hhat case.
Fooof - Jace ye C, it intepel e B 3 4,4, €5 st
e (k_, Yet..-4=0. So Vs /h{ﬁmj Qyer 4[4 {,C_, JcB But
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by, ave byl o A We use (23=(8) of Thm ©o Show
Z‘/ﬂj 4[4 "/mj (s ;gm/e ovey ,4, wht /4[4,“[,0,, HCC (s
/jnn[e vy 4[02,4,] So 4[4 Q,I,Xj (s %mz‘e over /4 %

8)=(a) of 7;//17, Y i /mzfjml over A and we ave done.  []

2) Ditegul chosure

2.1) Defimtion & basic /970/96;/1‘/&5

Hgodsffion 1: Lok B be en A- %Mm- A4 ogfeg are
M‘L‘?Vw@ er 4/ Hen So ave 0(9% i//?/ 2l (YoeA)

Proof- Lonsicer subedyebres Al2) € Alyplc B, AT i

Z.H%E I/R/é over 4 /4[5 j cs //nzerz:/ Over 4[«1] féx 'Llo (or /
J i 7
by Lardllan Z, Alsp3 is inteqraf over A Since A, Arf
% /

20 € Aly /ﬂ/ 1‘/;1 are mlsjm,l ower A O

(oyoffou? Joletmition: The elomats m B /mé;fmz aver A Form

an A- :z{a/a,é&{m o B celted 4l mz‘ednm@ Losure o/[ Auw B
We:tY 0/6/707{5 He zhfejm,é chosure K} yid

Example: T A=k < B=L are folis, Hon £ s #e alyetraic
01_/?7500@ 0/ K inl/

_]BDPOSIZZzbﬂ Z: The /M{fj"’d losuve 0/ [5”’ A g [B
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Foof %0? [c’voﬁa? Z, bft as

Z2.7) Emgs 07/ A[Cc]zegﬂz,ic c’m‘ejem
ﬁe/im'{/on: /Wf K ée a 7514/{6 %&/0/ fXZ%//S/o/? 0/ Q ﬂe

anegml closure of 7 in K is colled e Z 5 &{iaﬁ/m
c‘n%egers o K.

Extempfe: Let K=4. Tlen 7/—Q= 7. .,/’;70/&:0/J assume féim(f‘ez
CCDE6)=1) = ! fe1=x"s ¢ X"+ 4, w ceZ|f(3)=0
2"+ G Q" b+ 1 l"=0 = a": b 2 [(CD-1] b=+1= L€ 7.

Letss consider a speual case E=A0Z) w. 57qm—;4)/a0/(=o/no%
dwisible KOL, /02 ‘Vpnma /o)

/%pasif/on: LA o be a Sﬁmufe-#ea Lh'féje/, and KK=0Q(JT)
Then  Z* {Z[v’ﬂ i d=z0r 3 mod 9
/a+5J07/a,c{e7Z or @{ef+7/} /'/ d=1 mo 4.

/D},oo/', /’/ﬁ }7&0/ ’L/(J g,ya[gysfa/ﬂ)/ W&#/ ﬁ:dv‘o/\/j /R/gé&),
(s /ﬂfg}%z wver 2.

(Caim: TEAE
(i) B 15 mtesnl wer Z,
(7) ial 2% ézjo/e Z.
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oot of aim: Sert f~‘= 2- 65T Mote tint fﬁg:zd, /§/§=
2l lde@ So ﬂ’f)&—/g"%)(z—ztz)(f—(df&/}, hence (i) = (i),

Now assume (i). Note et BB E 54 1113, éommar///':m
(V] — ZLH]. So e fore 2] e heve 1F) = Fp). Hlonce
i Fpreq tlu FR)-0. I /oan‘iw/w; i # i mtegnd over 7,
Zen /E /s /'m‘fjrd. éZy Pfy)asz'f/oh 7 of Secton X 0/ [eﬂf ure 9,
ﬁ+ﬁ—/ﬁﬁ' el ar met;jrd owver 7. /% Exczm/ofe, liments of
m‘ej)’d over # ave {{jm’. (%) ol ]

%w we jp;f {Qu: %o -%_ /)’00/ o/ p@aosizl/on, 7Z€ /offom'nj/
0/&”14 /S 6/01//{/72[4/} M/ﬂ/ gcr 'é/ewy‘

g O/EZﬂrf/ma//, Pen (i8) <> gbe Z -
Z/ 0/5/ WoJ%/{@ (7)) & C/‘ZXU’ 4/667[ ar g{é Z+,7f/_/

%Jm Z Exerclse /M/ 5/ flz /}’ooz/ 0/ /O;/ofor/i‘/on_ D

/Qema//c : 7ZL /’/}1;5 of %M/w'c Zm‘ejers are fZL thosT /h/f/yo/z‘m'f
[mzegrd OZOSU/{,S, 7Ze. reason . 'L%f?, are o/ cruciel /}ﬂ/ﬂoﬂfaﬂu /or
WNumber ’éAeoy} 2s 75%1 agpear in varons clRssical number z‘/eoro{/c
7ufSZl/0ns) e'j'

A clpim et a prme s % Sum o/ 2w Sgyares /'/
p=1 mod 4 i /)’oyeo/ usng Gaussian /m-‘egeﬁ, 2], in pastiealer

asin% Hat s o UFD

—
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. Zﬂz‘eger solutions to a-db =11 an closel, reloted 1o imert
b cloments in 2 /m} a/ a/j&émjc &m‘ejers 7 Q[\/o?—)
- lAk=0( V7). I 7255 UFD, then Fermet Lost Fheorem folis

far Aéd{ /D,

2. 3) Normel domains

Let A be 2 domain
Definition:

A 15 norm! 47/ it coincides with it wzzedme/g closure (n
te fraction peld Frac (A).

gﬁwd crses: =
’/) / /s @ }{Ja{ Acl 15 a Su{r/ﬂ;\ 5/44/» 44 ts pormal.
_7/—49(&40{ A% s /zﬂ‘?x chised n 2 £ Frac (A4) ¢/ =
A% closed m Frac (A%)

In /parl‘/wja/) ary /Mj of a{rje/fmjc mz‘?ers is a2 noomel doman.
As a conwrete excomple, for Szlyuaz/e—/yee A, Z[W] is noomad iff
A=2 0r 3 mod 4 (/ar 0/57 mod 4 => 2L )E ifs int. cosure i QX))

2) UFD = ramel. Th argument s smiler o the case of 7 &
is Left as



