
Lecture 11 Finite integralextensionofrings II
1 Finiteandintegralalgebras cont'd
2 Integral closure
Ref AM Sections 5.1 5.3

1 Finiteandintegralalgebras
Last time we havestatedthefollowingtheorem

Thm Let B be an A algebra TFAE
a B is integralandfinitelygeneratedAalgebra
6 B is finite over A

We'veproved a 6 our firsttask now is toprove 6
a Then we deduce some corollariesofthetheoremparallel to
those in the case offieldextensions

1 1 Caley Hamiltontype lemma
This is themostessential ingredient in proving16 a

Lemma Let M be a finitelygenerated Amodule IC A
an ideal q M M A linearmap s t g M CIM

Then

there is apolynomial fixieA oftheform
f x ax t an with are I K

ft fly to



Proof Note that M upgrades to an A x module w actingby
9 Pickgenerators me M EM Wehave elements hije I
i 1 ns.t

1 Mi j aijMj
Form the matrix X I aj Met A 3 LetX ACx
Note that LetX is apolynomial f x satisfying
exercise hint use that detX Jesusgull Xioli AxijeSijx I
Also note that LetX actsby fly on M So it'senoughto
show that Let X actsby 0
Let M M Mn viewedas a column vector Then Xñ

by 1 Consider the adjoint matrix X x'ij w xij
1 dLet thematrixobtainedfromXbyremoving row i column j
sothat X X Let X Id ThenXm's I Let x m X'Xin

2 film Let X mi e i
SinceMe Mnspanthe A andhenceA x module M

2 flym det X m o meM Thisfinishes theproof

Rem Caley Hamiltonlemma in Linearalgebra is theclaimthat
for a finite dimensionalvectorspace V a linearoperator y
V V wehave y 0 where X is thecharacteristic

polynomialIt'sprovedsimilarly to the lemmaabove

12 Proofof 6 a Let B be afinite A algebra It's finitely
generated as an Aalgebra bc modulegenerators are algebra
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generators It remains to showthat beB is integral overA
In Lemme we takeM B G M M ma 6m I A We conclude
monic polynomial fe A s t f y o 0 fly 1 76
6 is integral over A

Exercise Underthe assumptions ofThm if A is Noetherian
then B is Noetherian

12 Consequencesof Thm
Corollary1 i If f x A ismonic then A x f x is

integral over A
ii If B is an Aalgebra Le B isintegraleverA then

Alx is integral overA
Proof exercise

Corollary2 transitivity of integralalgebras If B is an
A algebra integral over A and C is a B algebraintegral
over B then C is an integral A algebra

Notethat this corollarygeneralizes the transitivity ofalgebraicfield extensions Theproof is similar to that case

Proof Take re C it's integral over Brs Go ba EB s t
6,8 60 0 So 8 is integralover A 60 61 CB But



Go bia are integral over A We use a 167 ofThem to show
that A 6 6k is finiteover A while Albo_bra d CC is

finite over A Go 6k so Albo ban 8 is finite over A By
6 a of Thm 8 is integral over A and we are done

2 Integral closure
2 1 Definition basicproperties
Propositiont Let B be an A algebra If αFEB are

integral ever A then so are αp 28 ax aeA

Proof Consider subalgebras A α Aldg CB AK is

integral over A A xp is integral over A x thx to Cor 1
ByCorollary2 A xβ is integral over A Since25 253

ax Axp they are integral over A

Corollary definition Theelements in B integral over A form
an A subalgebraofB called the integral closure of A in B
We'll denote the integral closureby A

Example If A K c B L arefields then It is thealgebraic
closure of K in L

Proposition2 The integralclosureofABin B is A



Proof apply Corollary2 left as exercise

22 Ringsofalgebraic integers
Definition Let K be a finite field extension ofQ The
integral closure of TL in K is calledthe ringofalgebraic
integers in K

Example Let K Q Then I 7CIndeedassume 8 72
GCD a67 1 fix Cnnx t.tcow.GE 7 f f e

a t Cnan bt c6 so en 6 GCD136 11 fell

Let's consider a specialcase K Q 52 w square freeα Lnot
divisibleby p primep

Proposition Let d be a squarefreeintegerand K A 521
Then Fd if 2 2 or 3 med4

at bala be or a 6 1 7 if 2 1med4

Proof Weneed to understandwhen β at625 a660h
is integral ever TL

Claim TFAE
i β is integral over TL
ii 2a a 622 TL



Proofof Claim Set a 652 Note that β B 2a βB
a 622EQ So xp xp 2ax as6121 hence ii i

Nowassume i Notethat β Ts is a ring homomorphism
I 25 TL 25 So for fx e Cx wehave fp ftp.THence

if fp o then fp o Inparticular if p is integral over TL
then p is integral By Proposition 1 ofSection2 ofLectures

ftp.PPEQ are integral over ByExample elements of Q
integral over I are integers ii follows

Now weget back to theproofofProposition Thefollowing
claim is elementary Number theory

Exercise If 2 2 or 3 meds then ii ab TL

if 2 1modsthen ii either a 6ETL or a bet

Claim exercise finishtheproofof Proposition 5

Remark The
rings of algebraic integers are themost important

integral closures Thereason they are ofcrucial importancefor
Numbertheory as they appear in various classicalnumbertheoretic

questions eg
the claimthat aprimep is the sum oftwosquares if

p t mod4 is provedusing Gaussian integers ICF inparticular

using that it's a UFD
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integersolutions to a 26 I are closely relatedtoinvertibleelements in the ringofalgebraic integers in Q F
LetK OL F It x ̅ is UFD thenFermatLast theoremholds

fordegp

2 3 Normaldomains
Let A be a domain

Definition
A is normal if it coincideswith its integralclosure in

the fraction field Frac A

Special cases
1 L is a field ACL is a subring Claim It is normal
Indeed A is integerclosed in L Frac A CL
At closed in Frac A
In particular any ring ofalgebraic integers is a normaldomain

As a concreteexample for square freeα 7 52 is normal iff
2 2 or 3mod4 for2 1med4 7L 5 its int closure in A521

2 UFD normal Theargument is similar tothecaseof 722
is left as exercise


