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1 Dedekind domains

11 Definitionandmain example
Let A be a domain

Definition Wesay A is a
Dedekinddomain if

A is Noetherian
it's normal Sec2.3of Lec 1 i.e I A

every neuteraprime ideal is maximal

Example PID A is Dedekind Indeed PID is tautologically
Noetherian is a UFD hencenormal Sec2.3 ofLec 11 Every
nonzeroprimeideal is oftheform p forprimepeA It'smaximal
if f p then f dividesp f e or epfor invertiblep

The following is themain result of this section a reason
why Dedekind domains are important forNumbertheory

Theorem Everyring ofalgebraic integers integral closure I for

ya finite
extension L of Q Sec2.2 inLec11 isDedekind



12 Finiteness of integralclosures
Themainpart of theproofof Them is to show that It is
finite ever TC a.k.a finitelygeneratedabeliangroup We will
consider a moregeneral situation

Let A be adomain K Frac A Kc L finitefieldextension

Proposition Suppose A is Noetherianandnormal char k e
Then It is a finite A algebra

Applyingthis to A.TL soK Q get

Corollary It is finite over TL andhenceNoetherian

Side remark Proposition is true in the cases when A is adomain
that is a finitelygeneratedalgebra over 7 or over a field LE
Thm4.14 or when A is a Dedekinddomain a specialcaseof
E Thm 11.13 but not truejust underthe Noetherian
assumption

13 Reminders fromLinearalgebra
In theproofof theproposition we'll needsome constructions

from Linear algebra that we recall now
Let K be a field and V a finitedimensionalvectorspace K
I



1.3.17Bilinearforms

By a bilinear form on V we mean a bilinearmapβ VV K
Wesay β is symmetric if p u v pcrul u u andnon

degenerateif ueVl 03 u EV st plu unto
Nowchoose a basis e enev so that K V q am to aili
We view elements of Vas columnvectors TheneveryGilinearβ
is givenby β up atBu for uniquematrix B B pleney
Wehave β is symmetric B is symmetric β is nondegenerate
B is non degenerate
Exercise 1 Let β benondegenerate symmetric Show that
1 dualbasis e i 1 n characterizedbyplei.es Sig take

the columns of B
2 vev v ei.me hint p o Elena ei ei o i

1 3 2 Trace
Let y V V be a linearoperator Bythetrace ofy trly
one means thesum ofdiagonalentries ofthematrixof y in any
basis of V Equivalently if Xp Xn n LimV are eigenvaluesofµ
withmultiplicities then try EyXi

14 Proof of Proposition
Let him L n Every element LELgives a K linear

operatormy L L I teal So for LEL it makes senseto speak
about tr x tr ma E K Theproof will be in 4 steps
I



Step1 Show that de A trade A here we use thatA
is normal

Step2 Define p xy tr xy a bilinear form Lx L k
Sincexy yx mmymym β is symmetric Weill showthatβ
is non degenerate here we use that chark o

Step3 We show basis e en of L over K lying in A
Thx tostep 2211ofExercise dualbasis ei enel
Step4 We use21of Exercise 1 to show A CM Spangle en

use that A isNoetherian to conclude A is afingen'dAmodule

Proofof Step1 Pick deA Let fixieA x be monic st
f x o fma o in Endk L fXi e evalues to In
ofmy that live in a suitablefiniteextension of L DieAt
tr 2 ExieAt Since A is normal TINK A A

tr a EA

ProofofStep2 β is nondegenerate i e uel u ell
trunto We'll show a stronger claim for ne21403 mae s t
aum1 trCumi to
Indeed let u ua u bethepairwisedistinct eigenvaluesof

ma lelements ofsomefiniteextension of L w multiplicities
do die Then trlum É hi u
Consider equations Eguidio for me 1 K We view them asthe

system of linearequations on do de w matrix aimim essenti

T



ally theVandermende matrix Wehave Let X 11,4 I.la u By our
convention ai uj for it so the2ndfactor isnonzeroAlso u to
Ma is invertible Ui to i so 11ui to Sodetx 0 Weconcludethat α 2 0 in which is impossible die7h
char 1 0 This contradiction shows tr um to forsomem hence
is nondegenerate

Proofof Step 3 one can choose a basisof L over K lyingin
A Pick a basisG en of L over K Weclaim a aneA 03
sit ei ailie A

Choose fek x fix xmEfbjxiw6jekiss.t.flei.to
aieAllo D affll Flailil where I IEbja x Cheese

aieA w abjeA j FeAlx is monic e ailiEAT

Proofof step4 that ACM Spanglei A isfingenid
Pick a e A By Exercise 1 a EBleia e ByStep3 eieA
eineA By Step1 pleial tr eia eA So eeM A CM
M isfinitelygeneratedAmodule Since A is Noetherian

Corollaryin Sec 3 ofLec5 shows M is Noetherian A isfinitely
generatedAmodule

13 Proofof Theorem
Set B 74 It is a finitelygenerated TLmodule by

Propositionnormal by Example 1 in Sec2.3ofLec11



It remains to show that every nonzeroprime idealpcB ismaxie
thedomainBlp is a field

Step1 Weclaim that nontero ideal ICB IN 7 403

Pick CEIKA let fe T x bemonic st fla o hasmindeg
w thisproperty f x crux t c ieTC Notethat

C to otherwise forg x f x still haveg a e

C a chat c act 0 Coe I 172

Step2 Note thatpATL is an ideal in TCWehaveph 7 03

74PMI isfiniteset Since B is finitely generatedmodule
over TL Blp is finitelygeneratedmodule over TChence over
711pA 7 ke 7.1 74pn72 Bp Bp is finite as
a set Buteverydomain finite as a set is a fieldexercise hint
everyinjectivemapfrom a finite set to itself isbijective sop is
maximal

2 Uniquefactorizationfor ideals
Ournextgoal is to prove the followingtheoremgoingbackto
Dedekindwhich also explainswhy we careaboutDedekinddomains

Theorem Let A be a Dedekinddomain ICA a nonzeroideal
Then prime idealsp pie uniqueuptopermutation sit I p pic

I



In otherwords the uniquefactorizationwhichmay fail onthe
level of elements alwaysholds onthe levelof ideals

In theproofwe needthefollowing lemma

Lemma Let AbeNoetherian ICAbe a nontero idealThen
nonzeroprimeidealsp PncA st I β pn
Proof

Let Xbethe set of all I forwhichtheclaim fails If
then maxie wv t inclusion JEX bc A isNoetherian Then J isn't
prime Jo12 7J w.J.IT Then J Xleading tocontradictionexercise

I




