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1 Uniquefactorizationfor idealscont'd
1e Reminder

Recall Sec1.1 ofLec 13 that a Dedekinddomain is a
normalNoetheriandomainwhereevery nentereprime ideal ismaximalOurgoal in this section is toprove

Theorem Let A be a Dedekinddomain ICA a nonzeroideal
Then prime idealsp pie uniqueuptopermutation I p pic

1 1 Fractional ideals

This is thefirst tool we needto prove the theorem

Definition A fractional ideal forA is a finitelygenerated
nonzero A submodule of K FracA

Special cases 1 dekko Ax axleeA is a fractional
ideal calledprincipal
2 the nonzero ideals in A the fractional ideals contained in A



We'llneedtwooperations on fractional ideals

Lemma Let I J ck befractional ideals Then
I aibilaie I bies
J aeklaJcA

are fractional ideals

Proof we'llgive a proof for J leavingthecase of IT as an
exercise hint this is similartoproduct ofideals sect ofLec21

If a be J ceA then atb cae 5 Also be 5 So J
is an A submodule Toshow it's finitelygenerated let de J 0

Then ae adeA at Ax J CA2 SinceA isNoetherian
J isfingenid

Rem Wehave IJ L I JLI IT JI AII by construction

Example Let A 7 Fs J 2,1 Fs Then J αE Q Fs
22 A Fs α A at 6Fs 20,2667L atbek 12J

12 Auxiliary results
Last time we've proved
Lemma Let AbeNoetherian ICAbe a nontero idealThen

nonzeroprimeidealsp PncA st I f Pn
Theproofof Them is based on thefollowingclaim

21



Proposition Let JpCAbenontero ideals s t p ismaximalThen
1 Jp
2 pp A Jp'sA for Jsp
3 J p Jp
4 If J cA is an ideal w J pJ J.jp
Proof
1 Acp J c Jp WTS J Jp This isthemainpartof

theproof
Case 1 J A we need to find an element in Ap A p 1 A
Take aepl 03 By Lemma prime idealsp putto lpopnc al
we can assume that 11pi a j 1 n else we removepj
Since aep we havepo f c al cp Sincep isprimepicp

forsome i w l eg assume in Buteverynonteroprimeideal is
maximal incl Pn prep Take bep pn.li a a beKLA
But 6pcp pn p p pnc a a byCA a bep p A

Case2 general J Assume Jp Take yep
1 A Then

yJcJp
1 5 A linearmap q J J a toya Since is a

fingen'dAmodule theCayley Hamiltontype lemme Sec 1.1
ofLec11 applied to M 3 I A shows monic feAlx w

fly e But fly J 5 isgivenby a fly a Take a ton
fly o ye But A A Contradiction w yeA of 1

2 Notethat Jp cpp.CA exercise Sincep ismaximal



1 p pp pp A of2

3 ppp 1 Remark in sec 1.1 ppl 21 JA of3

4 Assume J p Jp p p Jpp pp A J sett

13 ProofofTheorem
Existence assumethe contrary there's a nonzero ideal JCA
that is not a productofprimes Since A is Noetherian we can
choose J to bemaximal w thisproperty We can find amaximal
ideal p s.t Jcp
Take J Jp By 1 ofPropin J J by2 JCA by 3
J ps Bythe choice ofJ J p pe forsomeprimespo pe
J pp pe Contradiction w choiceofJ

Uniqueness Let J p pe of fic wherep pe qi aremaximal
ideals Sinceppeoh ge9 isprime pick preficforsome
i W.l.o.g.ie By 4 of Propositionpo pe Jpégo_ofc we

argueby induction on l

14 Classgroup
Let FI be the set of all fractionalideals PFI bethesubset
of all principalfractional ideals Theproductoffractionalideals

gequips
FI with an abelian group structure

the inverse is 5



to check 95 A one reduces to the case when JCA using JCAx
forsome 2 then applies thetheorem pp A FPI is a subgroup
Thequotient Cl A FI PFI iscalledthe classgroup of A

It roughlyspeaking measures how far A isfrom being a PID

Bonusdiscussion

Much is known about the classgroups oftherings ofalgebraicintegers andyetmuch is not known
Thefollowing is Theorem 6.3 in N Chapter I

Theorem Let h be a finiteextensionofQ Then Cl ko

Toget a better understanding of Ce It is an important

problem in Numbertheory even for L Q F whichgoesback to
Gauss where even some basic things are not known For asurvey
ofrecent developments one can check
A Bhend MR Murty Classnumbersofquadraticfields
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2 Noethernormalization lemma
Wenowswitchgears prove an important resultaboutfinite

extensions of rings
Recallthat a finitelygeneratedfieldextension is a finiteextin

gotapurely
transcendental one Here's an analog for rings



Theorem Noether Let F be a field A a fingenerated
F algebra Then me Falgebrainclusion F x Xm A
st A is finite over F x Xm

We'll onlyprove this when F is infinite where aproofis
easier For ageneralcase see E Lemma13.2 Theorem 13.3

Key lemma Assume F is infinite F E F x Xn is nonzero
Then F linear combinationsgo yn of

variables X ns.t
F Xn F is finite over Ayain.yn.it

Proofoflemma
F fat fk f is homogeneousof deg i fate

Special case a f 0 0 1 0 Note that a is thecoeffit of
n'infra so in F F exit gift talkin where gieF x Xn
Replacing Fw a F can assume F is menic as an element in

Fxp Xn Xn By Example 2 in Sec2.2 of Lec10 Fxp Xn Fl
is finite over F x tn and we setyi xi

General case F is infinite f e am anef I ficam an a

exercise hint view F as an element of Fftp.n.xnillxnskinductennl
Pick invertible Matron F sit

at bLil
T



Consider F Fo as afunction F F polynomialobtained
from Fby linearchangeofvariables Then f o 0,1
fic as an 0

So F x in F is finite over f x Xn hence

linear change of variables
g x m F is finite over Fya yn w

I fil a

Proof of Thm Pick mind possible ns.t Y F x Xm

A A is finite over F xp Xm Such m exists bc A is

finitelygenerated hence a quotient of F x Xn for some n It
remains to prove the following

Claim g is injective
Proofof claim
Assume the contrary Fekery Fto ByKeyLemma
F x Xm F is finite over FEye ym.is A is finite
over F x Xm F 16c y factorsthrough F x Xm F

By Lemma in Section2.3 in Lecture10 A is finite over
Fye Ym

Contradiction w choiceofm

A


